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Introduction 


Are you in a Trigonometry class? Are you trying to help a friend or loved one 
with a math class but discovering that you don’t remember everything you used 
to know about math? Are you the curious sort who used to dislike math but now 
want to figure it out, once and for all? 


If you answered YES to any of these questions, then you NEED this book. 
Here’s why: 


Fact #1: The best way to develop trigonometry skills is by 
working out trigonometry problems. 


There’s no denying it. If you could figure this class out just by reading the 
textbook or taking good notes in class, everybody would pass with flying 

colors. Unfortunately, the harsh truth is that you have to buckle down and 
work problems out until your fingers are numb. 


Fact #2: Most textbooks only tell you WHAT the answers to their 
practice problems are but not HOW to do them! 


Sure your textbook may have 175 problems for every topic, but most 
textbooks only give you the answers. That means if you don’t get the 
answer right you’re totally out of luck! Knowing you’re wrong is no help at 
all if you don’t know WHY you’re wrong. 


Math textbooks sit on a huge throne, like the Great and Powerful Oz and 
say, “Nope, try again,” and you do. Over and over, usually getting the 
problem wrong. What a delightful way to learn! (Let’s not even get into 
why they only tell you the answers to the odd problems. Does that mean the 
book’s actual AUTHOR didn’t even feel like working out the even ones?) 


Fact #3: Even when math books try to show you the steps for a 
problem, they do a lousy job. 


Math people love to skip steps. You’!l be following along fine with an 


explanation and then all of a sudden BAM, you’re lost. You’ ll think to 
yourself, “How did they do that?” or “Where the heck did that 42 come 
from? It wasn’t there in the last step!” 


Why do math textbooks insist that in order to work out a problem on page 
200, you’d better know pages 1 through 199 like the back of your hand? 
You don’t want to spend the rest of your life on homework! You just want 
to know when you’re supposed to use the law of sines and when you’re 
supposed to use the law of cosines, which you’ll learn in Chapter 13. 


Fact #4: Reading lists of facts is fun for a while, but then it gets 


old. Enough with this list—let’s cut to the chase. 


Just about every single kind of trigonometry problem you could possibly 
run into is in here. After all, this book is HUMONGOUS! If 750 problems 
aren’t enough, then you’ve got some kind of crazy math hunger, my friend, 
and I’d seek professional help. 


This practice book was good at first, but to make it GREAT, I went through 
and worked out all the problems and took notes in the margins when I 
thought something was confusing or needed a little more explanation. I also 
drew little skulls next to the hardest problems, so you’d know not to freak 
out if they were too challenging. After all, if you’re working on a problem 
and you’re totally stumped, isn’t it better to know that the problem is 
SUPPOSED to be hard? It’s reassuring, at least for me. 


All of my notes are off to the side like this and point to the parts of 
the book I’m trying to explain. 


I think you’Il be pleasantly surprised by how detailed the answer explanations 
are, and I hope you’!l find my little notes helpful along the way. Call me crazy, 
but I think that people who WANT to learn trigonometry and are willing to 


spend the time drilling their way through practice problems should actually be 
able to figure the problems out and learn as they go, but that’s just my 2¢. 


Good luck and make sure to come visit my website at www.calculus-help.com. If 
you feel so inclined, drop me an e-mail and give me your 2¢. (Not literally, 
though—real pennies clog up the internet pipes.) 

—HMike Kelley 
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Chapter 1 


ANGLES AND ARCS 


Pairs of rays and pieces of circle 


Trigonometry is the study of triangles and the component pieces that form triangles: 
angles and sides. In this chapter, you will concern yourself with the former, exploring 
the construction of angles and the units of measurement that assign values to angles. 
Specific attention is given to angles in standard position, as the coordinate plane is an 
essential tool in the study of trigonometry. Finally, you will calculate the lengths of 
arcs based upon the angles that form them. 


Welcome to trigonometry, an entire course dedicated to studying one shape: the 
triangle. If you thought you knew something about triangles before, well, you 
had no idea how much you didn’t know about them. For the next 18 chapters, 
you and triangles are stuck on a desert island together, so you may as well start 
getting to know one another. 


What is a triangle? It’s a two-dimensional shape formed by three line segments. 
Specifically, each line segment intersects the other two segments only at their 
endpoints. A point of intersection is called a vertex (the plural is vertices), and 
two intersecting sides form an angle. In this chapter, you learn how to measure 
an angle using degrees or radians (or rotations, if you are feeling sassy), and how 
to convert between degrees and radians. 


The big takeaway from this chapter is understanding what radians are, because 
you’ll be using them a lot. 


Standard Position 
Angles, front and center 


Note: Problems 1.1—1.3 refer to the diagram below, triangle ABC. 
A 


B 


1.1 Identify the sides and vertices of the triangle. 


A triangle is a two-dimensional (or plane) figure that consists of three 
line segments intersecting only at their endpoints. Line segments are 
named according to the points at which they begin and end, so the 
sides of this triangle are AB, BC, and AC. The vertices are the three points 
at which the segments intersect: A, B, and C. 


These little bars look like line segments, which is why they appear 


over the names of the segments. When you refer to the LENGTHS 
of line segments, you don’t use the bars: AB, BC, and AC. 


Note: Problems 1.1—1.3 refer to the diagram illustrated in Problem 1.1, 
triangle ABC. 


1.2 List three different names for the largest angle of the triangle. 


The largest angle of the triangle appears at the bottom of the diagram 
and has vertex B. One valid name of the angle is simply B; angles may 
be named using their vertices as long as the angle you are describing is 
clear. For example, if multiple angles share the same vertex, then 
simply identifying the vertex is not enough information. 


In these cases, you name an angle using three points in a specific 
order: the first point lies on one side of the angle, the second point is 
the vertex of the angle, and the third point lies on the other side of the 
angle. Therefore, ABC and CBA are also valid names for the largest 
angle of this triangle. 


To draw angle ABC, draw a straight line connecting A to B, and then 


draw a straight line from B to C. The vertex has to be the middle 
letter in the name of the angle. 


Note: Problems 1.1—1.3 refer to the diagram illustrated in Problem 1.1, 
triangle ABC. 


1.3. Are any of the angles in this triangle in standard position? Why or why 
not? 


1.4 


An angle in standard position satisfies the following conditions: 


e One side of the angle overlaps the positive x-axis on the 
coordinate plane. 


e The vertex of the angle overlaps the origin of the coordinate 
plane, the point at which the horizontal and vertical axes 
intersect. 


Therefore, angles in standard position must be, by definition, drawn on 
the coordinate plane. Because this triangle is not plotted on a 
coordinate plane, none of its angles can be in standard position. 


Draw an angle RST that is in standard position and explain your answer. 


The diagram below represents one solution to this problem, though 
there are infinitely many correct answers. However, all answers must 
conform to two requirements. As Problem 1.3 explains, an angle in 
standard position has one side that lies along the positive x-axis. In 
other words, it overlaps the right half of the horizontal axis, like side 
ST in the diagram below. Note that the sides of angles in standard 
position are rays, which begin at a point (ray $7 begins at point S), 
pass through a second specified point (in this case T), and continue in 
that direction. 


The other characteristic of an angle in standard position is a vertex that 


lies on the origin of the coordinate plane, the point with coordinates 
(0,0) at which the x- and y-axes intersect. Note that point S, the vertex 
of angle RST, lies on the origin. 


Because the two conditions (regarding one side of the angle and its 
vertex) are met, you conclude that angle RST is in standard position. 


1.5 Is angle XYZ, illustrated below, in standard position? Why or why not? 


Angle XYZ meets one requirement of an angle in standard position, 
because side ¥Z lies along the positive x-axis. However, the second 
condition is not met; the vertex Y does not lie on the origin of the 

coordinate plane. Therefore, angle XYZ is not in standard position. 


If you were to slide the angle to the left, keeping side YZ on the 
positive x-axis, so that point Y overlapped the origin, the result would 
be angle XYZ in the diagram below, which is in standard position. Any 
angle may be placed in standard position if it is rotated and/or shifted 


properly. 


Or you could just draw it in standard position to start with and save 


yourself the trouble. 


Note: Problems 1.6—1.8 refer to angle CDE in the diagram below. Note that 
angle CDE is in standard position. 


1.6 


Identify the initial and terminal sides of angle CDE. 


The initial and terminal sides of an angle are, respectively, the sides at 
which the angles begin (initiate) and end (terminate). All angles in 
standard position share the same initial side, which lies along the 
positive x-axis. Therefore, the initial side of angle CDE is DE. The 
remaining side of the angle is the terminal side: DC. 


Make sure to name the sides of the angle correctly. Unlike line 
segments, whose endpoints may be reversed when identifying a 
segment, the first point in a ray must be the vertex of the angle, which 
lies on the origin when an angle is in standard position. Notice that D 
(the vertex of angle CDE) appears first in both of the rays named 
above. 


Note: Problems 1.6—1.8 refer to the diagram in Problem 1.6, which 
illustrates angle CDE in standard position. 


1.7 Identify two angles in the coordinate plane that share the initial and 
terminal sides identified in Problem 1.6. 


According to Problem 1.6, the initial side of the angle is DE and the 
terminal side is DC. Imagine that the angle is formed by a single ray, 
anchored at the origin, that begins along the positive x-axis and then 
rotates until it reaches its terminal position. Because you may rotate 
clockwise or counterclockwise from the initial side, you produce one 
of the two angles illustrated below. 


Rotating counterclockwise produces a smaller angle (represented by 
the arrowed arc in the left portion of the diagram above) than rotating 
clockwise. Both of these angles share the same name: CDE. 
Furthermore, both of the angles share the same terminal side, so they 
are described as “coterminal.” 


In trig, only the terminal side matters—not how you got to that 
terminal side. Both of the angles in this problem will have the same 


trigonometric values (which you’ll learn about in Chapters 2 and 3), 
even though they’re not the same size. 


Note: Problems 1.6—1.8 refer to the diagram in Problem 1.6, which 
illustrates angle CDE in standard position. 


1.8 Draw an angle in standard position whose measure is the opposite of 
angle CDE. 


One of the fundamental assumptions of Euclidean geometry is that all 
angles have a positive angle measurement. However, angles assigned 
to the coordinate plane and placed in standard position allow you to 
measure in a more precise manner. In Problem 1.7, you identify two 
different angles with the same initial and terminal sides; the only 
difference between the two angles is the direction you travel, either 
clockwise or counterclockwise. 


If you travel in a counterclockwise direction from the initial side of an 
angle to its terminal side, the angle formed has a positive 
measurement. Alternately, if you travel in a clockwise direction, the 
angle has a negative measurement. Assume, for the moment, that angle 
CDE is formed by traveling counterclockwise, beginning at the 
positive x-axis, rotating through the first quadrant, and coming to rest 
in the second quadrant. 


The x-and y-axes divide the plane into four sections called 
quadrants, which are numbered like this: 


To draw an angle in standard position that has a measure opposite of 
angle CDE, you simply rotate in the opposite direction. In the figure 
below, angle FDE is in standard position, so its initial side is the 
positive x-axis. The angle is formed by rotating clockwise through the 
fourth quadrant and coming to rest in the third quadrant at its terminal 
side, DF. This angle has the same measure as angle CDE, but it is 
negative rather than positive. Therefore, the angles have opposite 
measures. 


angle CDE 


angle FDE 


Measuring Angles 
Degrees, radians, rotations 


Note: Problems 1.9-1.11 refer to angle ABC in the diagram below. The 
angle’s initial side and terminal side both lie on the positive x-axis. 


1.9 Express the measure of angle ABC in revolutions. 


According to the arrowed arc at the center of this diagram, angle ABC 
begins at the positive x-axis, rotates exactly once around the 
coordinate plane, and terminates where it began, at the positive x-axis. 


To visualize this angle, stand up and point at a specific spot on the 
wall. Then, while standing in the same location, slowly turn in the 
counterclockwise direction, keeping your arm straight in front of you 
as you turn. Once you have turned all the way back around to your 
original starting point, your finger will once again point at that initial 
location you chose. 


If you start at a fixed ray, rotate counterclockwise, and then end at the 
precise moment you re-encounter the initial ray, you have revolved 
exactly one time. Angle ABC represents exactly one full revolution 
about the origin in the coordinate plane. Therefore, ABC measures 
exactly 1 revolution. 


Note: Problems 1.9-1.11 refer to the diagram in Problem 1.9, in which both 
the initial and terminal sides of angle ABC lie on the positive x-axis. 


1.10 Express the measure of angle ABC in degrees. 


Problem 1.9 explains that angle ABC measures exactly one full 
revolution about the origin in the coordinate plane. Therefore, angle 
ABC measures 360°, which is read “360 degrees.” 


If someone changes their mind about something and does the exact 
opposite, you may call that “pulling a 180.” Half of one revolution is 


360° + 2 = 180°, so “pulling a 180” means facing the opposite of 
your original direction. (A 180° angle in standard position has a 
terminal side on the negative x-axis.) 


Note: Problems 1.9-1.11 refer to the diagram in Problem 1.9, in which both 
the initial and terminal sides of angle ABC lie on the positive x-axis. 


1.11 Express the measure of angle ABC in radians. 


Degrees are used more commonly than revolutions to measure angles, 
and many students intuitively understand the concept of degrees. 
Another unit of angle measurement, called the radian, is not as 
innately familiar to new trigonometry students, but it is nonetheless an 
important concept. In fact, most contemporary textbooks use radian 
measurements significantly more than degree measurements. 


In Problem 1.12, you are introduced to the radian in greater detail. For 
this problem, however, you need only understand the radian equivalent 
for 360°. Angle ABC represents one full revolution on the coordinate 
plane, so it measures 27 radians. 


1 revolution = 360° = 2m radians 


1.12 Explain what a radian is, and include an illustration to supplement your 
definition. 


Before you can measure an angle in radians, you must first understand 
what a radian is. Consider the following diagram, which depicts an 
angle QCP in standard position and a circle centered at C, the origin of 
the coordinate plane. Note that co and ¢@ are radii of the circle, so both 
have length r. Because they are radii, those segments share one 
common endpoint (the center C) and each have one other endpoint that 
lies on the circle itself. Those points, Q and P, are boundaries of a 
small arc lying entirely in the first quadrant: op. 


Because the vertex of angle QCP is also the center of the circle, QCP 
is a “central angle” of the circle; when the sides of a central angle 
intersect a circle to define an arc (like op in this diagram), the angle is 
said to “subtend” the arc. In other words, an angle subtends an arc 
when its sides slice into a circle, identifying a specific piece of the 
circle that is bounded by the points at which the angle’s sides intersect 


that circle. 


In this illustration, angle QCP intersects circle C in a very specific 
way. The length of the subtended arc op is exactly equal to the radius 
of the circle. Therefore, angle QCP measures exactly 1 radian. 
Roughly speaking, a radian measures approximately 57.29578°, so 
there are far fewer radians in 1 rotation than there are degrees. One 
rotation is equal to more than 6, but less than 7 radians: 
l rotation = 27 radians 
= 2(3.14159265) radians 
= 6.28319 radians 


In the diagram below, each of the shaded central angles has a measure 
of 1 radian. Notice that 6 full radians fit within 1 rotation about the 
coordinate plane, with an additional angle of approximately 0.28319 
radians remaining. 


1.13. Apply the circumference formula for a circle (C = md), in which d is the 
diameter of a circle with circumference C, to justify your answer to 
Problem 1.11. 


According to Problem 1.11, 1 rotation is equal to 2m radians. Whereas 
Problem 1.12 visually demonstrates that 1 revolution is equal to 
slightly more than 6 radians, it does not offer convincing proof that the 
number of radians is exactly equal to 2m. To verify this value, you need 
to apply the circumference formula for a circle, C = md, where d is the 
diameter. Recall from geometry that the diameter of a circle is twice 
the length of a radius: d = 2r. Apply the substitution property to 
replace d with 2r in the circumference formula. 

C=x-d 

C=2°(2r) 

C=2zr 
As Problem 1.12 explains, a central angle measures 1 radian when it 
subtends an arc that is the same length as the radius of a circle. 
Therefore, dividing the circumference of the circle C by the radius r 
calculates the exact number of arcs (with length r) that the circle can 
be divided into. 


This is like dividing 50 pieces of candy by 4 to see how many pieces 
of candy 4 children would get if you attempted to divide the 50 
pieces evenly among them. 


C whites 
— = 6.28319 
, 


Every circle can be divided into approximately 6.28319 arcs that are 
the same length as the radius of that circle. Each of those arcs 
corresponds to a central angle that measures 1 radian. Therefore, 1 
rotation is equal to 2m * 6.28319 radians. Note that it is common to 
leave a radian measure in terms of mt rather than expressing it as a 
decimal (such as 6.28319); radians left in terms of m are more accurate 
than answers expressed a finite number of decimal places. 


1.14 Angle XYZ is in standard position in the diagram below. Express its 
measure in rotations, degrees, and radians. 


Angle XYZ has an initial side lying on the positive x-axis and a 
terminal side that lies on the positive y-axis. In other words, it begins 
and ends at the horizontal and vertical lines that define the first 
quadrant. In Problems 1.9—1.11, you measured angle ABC, which 
extends through all four quadrants of the coordinate plane. Because 
XYZ in this diagram extends through exactly one quadrant, it is exactly 
one-fourth the size of angle ABC. 


To calculate the measure of the angle in revolutions, degrees, and 
radians, divide the solutions to Problems 1.9—1.11 by 4: 


l 
mZ ABC =(1 revolution) +4 = 4 = 0.25 revolutions 


mZ ABC = (360°) +4 = 90° 
27 


mZABC =(27)+4= = 
4 


This notation is read “The measure of angle ABC is equal to.” 


Angles with terminal sides that lie on the x- or y-axes (like angle XYZ 
in this example) are called “quadrantals.” Their measures are multiples 
of 90° (or 1/2 radians). 


IT : 
— radians 
) 


1.15 


1.16 


If an angle measuring 0.45 rotations is in standard position on the 
coordinate plane, in what quadrant does its terminal side lie? 


According to Problem 1.14, an angle terminating on the positive y-axis 
has a measure of 0.25 revolutions. By extension, the negative x-axis is 
the terminal side of an angle measuring 0.5 revolutions, and the 
negative y-axis marks an angle of 0.75 revolutions. In the following 
diagram, 1 revolution is divided into 8 equal parts to help you 
visualize where the terminal sides of angles measured in revolutions 
lie in the coordinate plane. 


1 =().25 revolutions 


ne | ae 
—= (0.375 revolutions —=0.125 revolutions 
& 8 


. or 


0.45 revolutions 


1 
570.5 revolutions 0 or | revolution 


‘ . 
’ . 
5 > a 


) ae 
—= 0.625 revolutions = 0.875 revolutions 
8 


oo|~ 


3 
—=(0.75 revolutions 


4 


An angle measuring 0.45 rotations extends beyond the first quadrant 
(which ends at 90° = 0.25 rotations) but is not large enough to extend 
beyond the second quadrant (which ends at 180° = 0.5 rotations). 
Therefore, the terminal side of the angle lies in the second quadrant. 


If an angle measuring 225° is in standard position on the coordinate 
plane, in what quadrant does its terminal side lie? 


According to Problem 1.14, the first quadrant spans 90°. Therefore, as 
you continue to rotate counterclockwise, each time you pass through 
another quadrant, you rotate another 90°. An angle with a terminal side 
on the negative x-axis (which marks the end of the second quadrant) 


has a measure of 90° + 90° = 180°. Similarly, an angle with a terminal 
side that lies on the negative y-axis measures 180° + 90° = 270°. 


Because 225° is greater than 180° but less than 270°, the terminal side 
of a 225° angle must lie within the third quadrant. Consider the 
diagram below as further verification of the answer. It presents the 
angle in standard position and illustrates a number of other terminal 
sides and their respective angle measurements in all four quadrants of 
the coordinate plane. 


180° 0°, 360 


: 5a 5at < ; ae 
1.17 If angles measuring | and ee radians are in standard position on the 


coordinate plane, in what quadrants do their terminal sides lie? 


According to Problem 1.11, 1 complete revolution in the coordinate 
plane measures 27 radians. Reference the diagram below, which 
illustrates common angle measurements expressed in radians, and note 
that 57/3 lies in the fourth quadrant. 


Frankly, degrees are easier to deal with than radians in this kind of 
problem—you just need to know which degree range an angle falls 
in: 0-90 (quadrant I), 90—180 (quadrant IT), 180—270 (quadrant ITI), 


or 270-360 (quadrant IV). In Problems 1.24—1.30, you learn how to 


convert degrees to radians, and because = -300°, the angle terminates 


in the fourth quadrant. 
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An angle in standard position measuring —57/3 rotates the same 
distance in the opposite direction, terminating in the first quadrant, as 
illustrated in the following diagram. 
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1.18 Convert the angle measurement into decimal degrees: 43° 18’. 


Degrees, like hours, are divided into minutes and seconds. In fact, just 
as one hour contains 60 minutes and each of those minutes contains 60 
seconds, one degree contains 60 minutes and each of those minutes 
contains 60 seconds. The measurement is read “43 degrees 18 
minutes.” 


A quarter of a degree, like a quarter of an hour, is 15 minutes. In 
other words, 15 minutes = 0.25 hours or degrees. The angle in this 


problem has 18 minutes, so the decimal part of the answer will be 
larger than 0.25. 


To convert the angle measurement d° m' s” (where d = degrees, m = 
minutes, and s = seconds), substitute the values into the following 
formula: 

m 5 


d° m' s* =d+—+— 
60 3,600 


By dividing the minutes by 60 and the seconds by 3,600, you are 
converting each into decimal degrees. The angle in this problem does 
not contain any seconds, so you need only substitute d = 43 and m = 
18 into the formula. 

43° 18’ = 434-2 

60 

Reduce the fraction to lowest terms, dividing 18 and 60 by 6, their 
greatest common factor. 
ay 18+6 


60 +6 


3 
10 


Note that the fraction 3/10 is read “three tenths,” which is equivalent 


to 0.3. 
Or you could just type 3 + 10 into your calculator and you get 0.3. 


=43+0.3 
= 43.3 


Therefore, 43° 18’ = 43.3°. 


1.19 Convert the angle measurement into a decimal accurate to the 
thousandths place: 165° 52’39”. 


Substitute d = 165, m = 52, and s = 39 into the conversion formula 


° , ” s . . 
d° m' s*=d+ 60 * 3.600 introduced in Problem 1.18. 


scrataiaria ase 39 
165° 52‘ 39” = 165 + — +—— 
60 3,600 


Because these fractions are more complex than the fractions in 
Problem 1.18, it is appropriate to use a calculator to compute the 
decimal equivalents. Include as many decimals as your calculator 
provides in each step—rounding any of them before the final answer 
may produce an inaccurate answer. 


If you’re one of those “Calculators are evil!” sorts, you might as well 
start getting over that now. If you spend all your time getting bogged 


down with arithmetic, the concepts of trig get lost in the process. 
Embrace technology! 


52 39 
60 3,600 
= 165 + 0.866666667 + 0.010833333 
= 165.8775 
The problem directs you to round to the thousandths place, which is 
three digits right of the decimal point: 165.8775 ~ 165.878. 


Converting Between Angle Measurements 
Especially degrees and radians 


1.20 Express the angle measurement in degrees: 3 revolutions. 


In order to convert from one unit of angle measurement to another, you 
multiply it by a fraction of the following form: 


an angle measured in the new units 


the same angle measured in the old units 


Select a simple angle when you create the fraction. For example, 


1.21 


Problems 1.9—1.10 state that 1 revolution = 360°. This problem 
instructs you to convert from revolutions to degrees, so “an angle 
measured in the new units” would be 360°, and “the same angle 
measured in the old units” would be 1 revolution. Note that the units 
themselves are omitted from the fraction: 


an angle measured in the new units 360 


the same angle measured in the old units l 


Thus, to convert 3 revolutions into degrees, you multiply by 360/1, or 
more simply, 360. 

3° = = 3-360 = 1,080 
You conclude that an angle measurement of 3 revolutions is equivalent 
to an angle measurement of 1,080°. 


Express the angle measurement in revolutions: 210°. 


According to Problem 1.20, to convert from one unit of measurement 
to another, you multiply by the fraction whose numerator is an angle 
expressed in the new units to which you are converting and whose 
denominator is the same angle expressed in the old units from which 
you are converting. In this case, you are converting from degrees to 
revolutions, so the new units are revolutions and the old units are 
degrees. 


Once again, it is appropriate to select a simple angle for the equal 
measurements. Apply the equivalency relationship 1 revolution = 
360°, like you did in Problem 1.20. 


an angle measured in the new units | 


the same angle measured in the old units 360 


Multiply 210° by the conversion fraction identified above. 
1 210 1 
“360 1 360 
_ 210 
~ 360 


210 


Reduce the fraction to lowest terms by dividing its numerator and 
denominator by the greatest common factor of 210 and 360, which is 
30. 


Can’t remember how to reduce fractions? Check out Problems 7.27— 


7.34 in The Humongous Book of Basic Math and Pre-Algebra 
Problems. 


_ 210+ 30 
360 + 30 


) 


12 


Therefore, 210° is equal to ra Or 0.583, revolutions. 


That little bar over the 3 means that the digit repeats infinitely: 


0.5833333333333.... 


1.22 Express the angle measurement in radians: 0.5 revolutions. 


As Problems 1.20—1.21 demonstrate, to convert from one unit of angle 
measurement to another, you need to identify a fraction with values 
representing the same angle in the old and new units. In this problem, 
you are converting from revolutions to radians, so the new units are 
radians and the old units are revolutions. Because radians are typically 
expressed as fractions, rather than decimals, you should rewrite 0.5 as 
a fraction: 

l 

2 


0.5= 


Like Problems 1.20—1.21, you can use the measure of 1 full revolution 
about the coordinate plane to create the necessary conversion fraction: 
1 revolution = 27 radians. 

an angle measured in the newunits  —__ 27 


nn SE ce 
the same angle measured in the old units 1 


Therefore, to convert 1/2 revolutions into radians, multiply by 2m. 


Crossing out these common factors in the numerator and 


denominator is just a quick way to say, “I divided both of these 
things by 2 to reduce the fraction.” 


1.23. Express the angle measurement in revolutions:— radians. 


Apply the same angle measurements that you used in Problem 1.22 (1 
revolution = 27 radians). In this problem, however, the new units are 
revolutions and the old units are radians. 


an angle measured in the new units l 


the same angle measured in the old units 29 


Multiply 71/4 by the conversion fraction above. 


Reduce the product to lowest terms, dividing the numerator and the 
denominator by the greatest common factor (11). 

_ 77 

~ 8yt 


8 
You conclude that 77/4 radians = 7/8 revolutions. 


1.24 Express the angle measurement in radians: 120°. 


You’re not going to see many more references to revolutions from 


now on, because you will work in degrees and radians for the 
remainder of the book. 


Like the preceding problems in this section, you must create a 
conversion fraction whose numerator and denominator are measures of 
the same angle in the new and old units, respectively. In this problem, 
the new units are radians and the old units are degrees. According to 
Problems 1.10—1.11, 1 full revolution measures 27 radians and 360°. 


an angle measured in the new units 2 


the same angle measured in the old units 360 


This fraction should be reduced to lowest terms, because the 
numerator and denominator are both divisible by 2. 
2a _ (27)+2 
360 360+2 
_ m/f 


180 


Therefore, you should multiply an angle measurement by 71/180 to 
convert it from degrees to radians. 


And, as you’ll see in Problems 1.27—1.30, you multiply by “ to 


convert from radians to degrees. 


a 120 az 
120-— = —- — 
180 1 180 

ae 1207 

~ 180 


Reduce the fraction to lowest terms. 
1202 + 60 
180 + 60 

3 
Therefore, 120° = 27/3 radians. 


1.25 Express the angle measurement in radians: 270°. 


As Problem 1.24 explains, to convert an angle measurement from 
degrees to radians, multiply it by 1/180 and (when possible) reduce the 
resulting fraction to lowest terms. 


a 27020 
270:—_ = - 
180 ~=—180 
(2702) + 90 
~ -180+90 
_ 3x 


9 


You conclude that 270° = 37/2 radians. 


1.26 Express the angle measurement in radians: —330°. 


The sign of an angle measurement does not affect the technique you 
apply to convert between different units. Therefore, you should apply 
the same technique modeled in Problems 1.24—1.25: Multiply the 
angle measurement by 1/180. Note that the radian angle measurement 
must have the same sign as the degree angle measurement, so your 
final answer will be negative. 


bf —33020 
—330-——_ = 

180 180 
_ (=3302) + 30 
~  180+30 
P: —Ilila 

6 
llz , 
You conclude that —330°= aa radians. 


) 


According to this, the numerator is negative. If a fraction has a 


negative numerator or denominator, the negative sign is usually 
written in front of the fraction, like this. 


1.27 Express the angle measurement in degrees: ~ radians. 


To convert from radians to degrees, multiply the radian angle 
measurement by 180/n and reduce the resulting fraction to lowest 


terms. 
IU 180 _ 1802 
ye 4 
_ 1807¢ 
gt 
= 180 +4 
- 44 
_ 45 
ae 
+e] 


= 


Therefore, 1/4 radians = 45°. Because most radian measurements 
contain mt, they are easily differentiated from degree measurements. 
(Degree measurements always include the degree symbol, as well.) 
Therefore, the word “radians” is usually omitted when reporting an 
angle measurement. In trigonometry, if no units are written next to an 


angle, you should assume that the angle is measured in radians. Hence, 
it is more common to write the answer to this problem as 11/4 = 45°. 


So you don’t have to write “radians” next to radian measurements to 


specify the units. 


Ri 
1.28 Express the angle measurement in degrees:——. 


Apply the same procedure demonstrated in Problem 1.27: Multiply the radian 
angle measurement by 180/n. Note that an angle with a negative radian measure 
will also have a negative degree measure. 
5x 180 57-180 
6 x 6x 
Before you multiply 5 and 180 in the numerator of the product, reduce the 


numerator value 180 and the denominator value 6, which share a greatest 
common factor of 6. 


5 (180 +6) 
(6+6)z 

__ 52(30) 

a (1)z 


You conclude that —57/6 = —150°. 


1.29 Express the angle measurement in degrees: 


One revolution is equal to 27. Calculate the value equivalent to 27 that 
has a denominator of 4, by multiplying the numerator and denominator 
of 2m/1 by 4. 


This does not affect the technique you use to convert the angle 


measurement—you still multiply by 180/n, but you should expect a 
degree measurement larger than 360°. 
152 180 _ (152)-180 

f x 47 
Note that 180 and 4 share a greatest common factor of 4. Eliminate it 
to reduce the fraction. 

_ (152): (180 + 4) 

7 (4+4)-a 


1.30 Express the angle measurement in degrees: 2. 


All of the other radian measurements so far have had 1 in them 


somewhere, which makes an angle of 2 radians feel weird. Not to 
wor1ry—you still multiply by “2 to convert it into degrees. 


7T 


As Problem 1.27 explains, any angle measurement written without 
units is assumed to be expressed in radians. Therefore, this problem 
instructs you to convert 2 radians into degrees. 
9.180 _ 2.180 
a A: ae 


_ 360 


14 


You conclude that 2 radians = (360/m)°, which is approximately equal to 
114,.592°. 


Complementary and Supplementary Angles 
Sums of 90° and 180° 


Note: Problems 1.31—1.33 refer to the diagram below, in which 21 and 22 
are complementary. 


1.31 Create an equation that describes the relationship between the 
numbered angles in the diagram. 


If two angles are complementary, then the sum of their measures is 
90°. In the given diagram, angles CBD (21) and ABD (22) together 
form right angle ABC. Recall from geometry that perpendicular lines 
(like the x- and y-axes) form right angles, which measure 90°. 
Therefore, the sum of the measures of the angles is 90°: 

mZ1+mZ2=90° 
In the equation above,mZ1 and mZ2 represent the measures of 41 and 22, 
respectively. 


Note: Problems 1.31—1.33 refer to the diagram in Problem 1.31, in which 21 
and 22 are complementary. 


1.32 Given mZ1=31°, calculate mZ2. 


The problem states that mZ1 and mZ2 are complementary, so the sum of 
their measures is 90°. 


mZ\+mZ2=90° 


Substitute mZ1=31° into the equation and solve for m22. 
31° +mZ2=90° 
mZ2 = 90° —31° 
mZ2 = 59° 


Note: Problems 1.31—1.33 refer to the diagram in Problem 1.31, in which 21 
and 22 are complementary. 


1.33 Given mZ2= = calculate mZ 1. 


This is just like Problem 1.32, but this time you’re working in 


radians instead of degrees. 


Complementary angles have measures that sum to 90°. This problem 
expresses the degree measure in radians, so you should begin by 
converting 90° to radians as well. 


99 -— 7 m= 20% 
180 180 
— (90+90)x 
~ (180+ 90) 
- lor 
9 
A 
~ 2 


Problem 1.24 explains this step—how to convert from degrees to 


radians. 


Therefore, complementary angles measured in radians have a sum of 
mW/2. 


mZ1l+mZ2= 


r|a 


€ 


Substitute m22 = 11/11 into the equation 


IT Ry 
mZ\+—=— 
6 a 


Multiply both sides of the equation by 22, the least common multiple 
of 2 and 11, to eliminate the fractions. 
99 mZ1+~)=99( =) 
22|mZ1+ “4 - 22 : } 
22m 220 


22-mZ1+ = 
ll 4 


Reduce the fractions to lowest terms and solve for m1. 


22m/Z1+ 2x =11x 
22mZ1=1la—2z 
22mZ1 = 9x 


Om 
mZ1 =— 
99 


4 


The complement of 1/11 is 91/22. 


1.34 Inthe diagram below, right triangle XYZ has acute angle Z that 
measures a Calculate the measure of the remaining acute angle. 


X 


yo Z 


The small square located at Y indicates that ™4Y¥=90°=7/2, so zy isa 
right angle. According to a geometric theorem, the acute angles of a 
right triangle are complementary. Recall that acute angles measure less 
than 90° (or m/2 radians), so in this triangle, 2X and 4Z are acute. 


The measures of the angles in a triangle add up to 180°. If you 
subtract the 90° right angle from this total, the two remaining acute 
angles have to add up to the remaining 90°, so they are 


complementary. For more details, see Problem 7.28 in The 
Humongous Book of Geometry Problems. 


According to the diagram, m2Z = 1/6. Substitute this value into the 
equation above and solve for mZX. 


, IT 
mZX+—= 
6 


mZX = 


Express the fractions in terms of the least common denominator, 6. 


Reduce the fraction to lowest terms. 


(2+2)z 


hb +2) 


(¢ 
a 
7 
You conclude that mZX = 11/3. 


Note: Problems 1.35—1.37 refer to the diagram below, in which 23 and 24 are 
supplementary. 


X Y Z 


1.35 Create an equation that describes the relationship between the 
numbered angles in the diagram. 


A pair of angles is supplementary if their measures have a sum of 
180°. In the given diagram, angles 3 and 4 combine to create a straight 
angle—the line XZ. Lines are also described as “straight angles” and 
have a measure of 180°. Therefore, angles 3 and 4 are supplementary, 
and their measures have a sum of 180°. 

mZ£3+mZ4 =180° 


Note: Problems 1.35—1.37 refer to the diagram in Problem 1.35, in which 
23 and 24 are supplementary. 


1.36 Given mZ3 = 75°, calculate mZ4. 


According to Problem 1.35, angles 3 and 4 are supplementary. 


Therefore, their measures have a sum of 180°. 
mZ3+mZ4 = 180° 
Substitute mZ3 = 75° into the equation and solve for mZ4. 
75° + mZ4=180° 
mZ4 = 180° —75° 
mZ4 = 105° 


Note: Problems 1.35—1.37 refer to the diagram in Problem 1.35, in which 


23 and 24 are supplementary. 


1.37 Given mZ4 aa calculate mZ3. 


= 
/ 


The measures of supplementary angles have a sum of 11. 


mZ3+mZ4 = nX 


180° = mradians 


Substitute mZ4 = 51/7 into the equation and solve for m2Z3. 


mZ3+—= 
: 
0 
mL3 = m—— 
; 
7 Ox 
a alee a 
/ / 
_~_'% 5% 
mZ3= ae 
7 7 
¢ 250 
mZ3= 


1.38 In the diagram below, parallel lines / and m are intersected by line p, 


which produces same-side interior angles 1 and 2. Given m41= > 


calculate mZ2. 


Arrowheads in the middle of lines indicate that the lines are parallel 


to each other. 


According to a geometric theorem, when two parallel lines are 
intersected by a third, non-parallel line (called the transversal), same- 
side interior angles are supplementary. Same-side interior angles are 
defined as two angles on the same side of the transversal located 
between the parallel lines. 


In other words, angles 1 and 2 are same-side interior angles because 
they are both on the same side of p (both are above the line) and both 
are located between parallel lines / and m. Therefore, the angles are 
supplementary. Note that the problem presents an angle measured in 
radians, so rather than set the sum of the supplementary angles equal 
to 180°, you should set it equal to 7. 


mZ1l+mZ2=7 


Substitute mZ1 = 1/5 into the equation and solve for mZ2. Note that you 
will need to use common denominators to simplify the result. 


mZ2=n—-— 
oO 
aoe 
mZ2= a Ca 
3D 9 
mZ2 =— 


1.39 Calculate x in the diagram below. Express the answer in terms of 
radians. 


Because 4 WPX and 2XPY combine to form a straight line—which 
measures mt radians—you can conclude that the angles are 
supplementary. Thus, the sum of their measures is equal to 1. 
mZ WPX + mZ XPY =x 
(x+2)+(3x—-7)=2 


x+24+3x-7= 
(x+3x)+(2-—7)=a 
4x—5=7 
Solve for x. 
4x=a7+5 
m+5 
x= 
4 


The answer 4+ is also correct. 


Arc Length 
To measure arcs, you first measure angles 


Note: Problems 1.40-1.41 refer to the diagram below, in which @ is a central 
angle that subtends CD on a circle with radius r. 


1.40 Assuming 6 is measured in degrees, express mCD in degrees. 


This is the Greek letter theta, pronounced “THAY-tuh.” In 


trigonometry, angles are often represented by lowercase Greek 
letters. Other common letters: a (alpha) and B (beta). 


Recall, from Problem 1.12, that a central angle subtends an arc when 
its sides intersect a circle. In this diagram, central angle @ subtends CD 
because the sides of the angle intersect the circle at points C and D. 


This problem asks you to calculate the measure of an arc, which is an 
entirely different task than calculating the length of the arc. An arc’s 
measure is exactly equal to the measure of the central angle that 
subtends it. Therefore, because the central angle subtending CD 
measures 6°, you conclude that the arc has the same measure: mCD = 0 


° 


Note: Problems 1.40-1.41 refer to the diagram in Problem 1.40, in which 0 


is a central angle that subtends CD on a circle with radius r. 


1.41 


1.42 


Assuming 6 is measured in radians, calculate s, the length of CD. 


As Problem 1.40 explains, calculating the measure of an arc and the 
length of an arc produce entirely different results. To calculate the 
length of an arc, multiply the length of the radius of the circle by the 
measure of the central angle (in radians) that subtends the arc. In other 
words, apply the formula below, in which s represents arc length, r 
represents the radius, and 6 represents the radian measure of the 
central angle. 

s=r@ 
You conclude that the length CD of in the given diagram is equal to r 0. 
Because no values are given for either of the variables, you cannot 
simplify or expand upon that answer any farther. 


a 


A S SO 
The circumference C of a circle is equal to md, where d is the diameter 
of the circle. Verify this value using the arc length formula. 


According to Problem 1.41, you apply the formula s = r@ to calculate 

the length, s, of an arc given the radius r and the measure of its central 

angle 8 in radians. The circumference of a circle is simply an “arc” 

with a central angle of 2m radians—a full revolution about the 

coordinate plane—so substitute this value into the arc length formula. 
s=rOé 


s=r(2zs) 


The radius of a circle is exactly half the length of its diameter: r = d/2. 
Substitute this value into the formula and simplify. 
d 


— __(9- 
s=5 (22) 


According to the arc length formula, the circumference of a circle, the 
“arc” with a central angle of 27 and a radius of d/2, is md. This exactly 
matches the circumference formula for a circle, and therefore verifies 

that the circumference formula is true. 


1.43 Calculate the length of Az in the diagram below. 
B 
\ | A 


According to the diagram, the radius of AB is r = 12 and its central angle is 0 = 
3/4, Apply the arc length formula. 


_ (12+4)(32) 
(444) 
_ 3:°3x 

= Ox 


1.44 Acentral angle @ on a circle with diameter 10 subtends an arc of length 
5°" “Calculate the measure of 6 in degrees. 


) 


In this problem, you are given s = 35m/6 and d = 10. Recall that the radius of a 
circle is half the length of the diameter, so r = d/2 = 10/2 = 5. Substitute these 
values into the arc length formula to calculate 0. 
s=rO 
35x 
6) 


=56 


Multiply both sides of the equation by 1/5 to solve for 0. 


Y(2)-(2(2 
35a 50 
5-6 5 
(35+5)a _(5+5)0 
(5+5)-6 (5+5) 
(7)x_(1)@ 
(1)6 (1) 
6 


Therefore, the central angle is 71/6. However, the problem requests the 
angle measurement in degrees. Multiply 8 by 180/n to convert it into 
degrees. 


Check the problem when you’re done to make sure you answer the 


question it actually asks. 


7x 180 7 (180) 


6 2 6 7t 
7(180) 
6 
_ 7(180 +6) 
~ (6+6) 
_ 7(30) 
~  Y 
= 210° 


1.45 Calculate the length of XYZ in the diagram below, given the radius of 
the circle is r = 7. 


Note that the arc you are asked to measure is named with three letters 
instead of two letters, which were used to name the other arcs in this 
section. This is because the arc measures more than 180° (mt radians) 
and is therefore classified as a “major arc.” 


Major arcs are larger than a semicircle (half of the circle) and are 


named using three points. Minor arcs are smaller than a semicircle 
and are named using just the endpoints. 


The outer points in the name (X and Z in this case) still represent the 
endpoints of the arc. The middle point indicates which direction 
around the circle you travel to get from one endpoint to the other. 
Therefore, in the diagram above, XZ refers to the smaller “minor arc” 
bounded by X and Z that passes through W. 


To calculate the length of xyz, the darkened arc on the circle, you must 
first calculate the length of WyZ, which is subtended by central angle 
6,, and subtract the length of Wx, which is subtended by central angle 


0,. 


arc length of XYZ = (arc length of WYZ) —(arc length of WX) 


=(r-0,)—(r-0,) 
(-F)-(73) 
= g* = ie— 
3 5 
so 
38 5 


Express the fractions in terms of the least common denominator (15) 
and simplify. 


5 5 
1192 


Chapter 2 


RIGHT TRIANGLE TRIGONOMETRY 


Including all six trig functions 


Once you can measure angles using degrees and radians, as explored in Chapter 1, 
you are sufficiently equipped to extend that knowledge into the primary geometric 
figure of interest in trigonometry: the triangle. In this chapter, you focus exclusively 
on right triangles, and in so doing, you explore how all of the basic trigonometric 
functions are defined (both with and without the use of technology to aid you). 


When you think “trigonometry,” you probably think “sine and cosine.” (And 
you’re right.) You may not know that once you calculate sine and cosine values 
of an angle, you can calculate four other function values as well: tangent, 
cotangent, secant, and cosecant. In this chapter, you’!l learn how to evaluate all 
of those functions with and without a calculator, but first it’s time to review the 
Pythagorean theorem. 


Pythagorean Theorem 
a2 + b2 = C2 


Note: Problems 2.1—2.3 refer to right triangle XYZ in the diagram below. 
x 


Y - 
2.1 Identify the hypotenuse of the triangle and justify your answer. Then, 
classify the remaining sides of the triangle. 


The hypotenuse of a right triangle is its longest side, and it is always 
located opposite the right angle. A small square drawn at a vertex of a 
figure indicates a right angle, so in this diagram, 2Y is a right angle. 
Therefore, the side opposite angle Y is the hypotenuse: XZ. Note that 


XZ is visibly longer than either of the two remaining sides of the 
triangle, XY and XZ, which are called the “legs” of the right triangle. 


Note: Problems 2.1—2.3 refer to the diagram in Problem 2.1. 
2.2 State the Pythagorean theorem in terms of right triangle XYZ. 


According to the Pythagorean theorem, if you square the lengths of the 
legs and then add those squared values together, it is equal to the 
square of the hypotenuse’s length. In other words, if a and b represent 
the lengths of the legs of a right triangle and c represents the length of 
the hypotenuse, then a2 + b2 = c2. 


The lengths of the legs in triangle XYZ are XY and YZ; the length of the 
hypotenuse is XZ. Therefore, according to the Pythagorean theorem, 
(XY)? + (YZ)? = (XZ). 


You use a bar to name a segment (XY), but not when you describe the 


LENGTH of that segment: XY. In other words, XY is the length of 


Note: Problems 2.1—2.3 refer to the diagram in Problem 2.1. 
2.3 Calculate YZ in terms of XY and XZ. 


This problem directs you to calculate the length of one leg (YZ) in 
terms of the lengths of the other leg (XY) and the hypotenuse (XZ). 
Problem 2.2 states the relationship between these lengths, as dictated 
by the Pythagorean theorem. 


(XY) + (YZ)? = (XZ)? 
Solve this equation for YZ. Begin by subtracting (XY)2 from both sides 
of the equation in order to isolate the term containing YZ. 

(YZ) = (XZ)? — (XY) 


The equation is now solved for (YZ)2, but you need to solve for YZ. To 
eliminate the exponent, take the square root of both sides of the 
equation. 


V(vzy = V(xzy -(x¥)’ 


YZ =+,(XZ)’ -(xY)’ 


You have to include the “plus or minus” sign whenever you take the 


square root (or any even root) of both sides of an equation. In this 
problem, however, you drop it in the next step. 


Because length must be a positive value, you omit the possible 
negative solutions (and, therefore, the “+” symbol on the right side of 
the equation). 
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YZ = \(XZ)* —(XY) 


2.4 Calculate the length of the hypotenuse of a right triangle if the lengths 
of the legs are 5 and 12. 


In the formula for the Pythagorean theorem, a2 + b2 = c2, the lengths 
of the legs are represented by a and b. Therefore, if you substitute a = 
5 and b = 12 into the formula, you can calculate the length of the 
hypotenuse c. (Note that substituting a = 12 and b = 5 produces the 
same result—it does not matter which leg lengths are substituted into a 
and b.) 
a’ +h =¢* 
5° +12? =¢? 
25+144=0" 
169=¢* 
To solve the equation, take the square root of both sides. Because 
length is a positive value, you should omit possible negative solutions. 


In other words, don’t worry about the “plus or minus” symbol until 
further notice. 
J169 = Vez 
13=c 


If a right triangle has legs of length 5 and 12, the length of the 
hypotenuse is 13. 


2.5 Calculate the lengths of the sides in the triangle below. 


This right triangle has legs of length 15 and x; the length of the 
hypotenuse is x + 9. In order to calculate the lengths of the sides, you 
will first need to know the value of x. Substitute these values into the 
Pythagorean theorem. 


a+P=e* 
15° +x =(x+9)’ 
995 +x? =(x+9)° 
Apply the FOIL method to square the quantity (x + 9). 
(« + 9) 


= (x + 9) (x+ 7) 


(x)(«) + («)(T) + 


(V(x) + (DC) 


=x + Ix + Ix + FI 


x + 18x + FI 


225+ x2=x2+ 18x + 81 


Subtract x2 from both sides of the equation and solve for x. 
225 =18x+81 
225—81=18x 
144 =18x 
144 | 


18 
8=x 
If x = 8, the lengths of the legs are 15 and x = 8; the length of the 
hypotenuse is x +9=8+9=17. 


2.6 Given a right triangle with hypotenuse length 7 and one leg witha 
length of 4, calculate the length of the remaining leg. 


You are given the length of one leg and the hypotenuse, so substitute a 
= 4 and c = 7 into the Pythagorean theorem and solve for b, the length 
of the remaining leg. (Alternatively, you could substitute b = 4 and c = 
7 into the Pythagorean theorem and solve for a, but in either case, c 
must be equal to 7, as it is the length of the hypotenuse.) 


a+b? =? 
47+)? =7? 
16+b° =49 

b° =49-16 

b* = 33 

b= 33 


If one leg and the hypotenuse of a right triangle have lengths 4 and 7, 
respectively, then the remaining leg has length V33. 


2.7 Calculate the length of the legs in the isosceles right triangle below. 
D 


An isosceles triangle has at least two sides that are the same length. It 
is not possible for a right triangle to have three sides of the same 
length, so in an isosceles right triangle, exactly two sides are the same 
length—the legs. Therefore, in this triangle, CE = DE. 


A right triangle HAS to have one side that is longer than the others, 
the hypotenuse. If all three sides were the same length, you wouldn’t 
have a hypotenuse. (There is a more formal way to prove this—in 


math, there almost always is—but that’s not the point of the 
problem, so don’t worry about it.) 


Let x represent the length of each leg in the triangle; in other words, let 
x = CE = DE. Substitute CE = x, DE = x, and c = 10 into the 
Pythagorean theorem. 


(CE)’ + (DEY =(CD)’ 
x +x? =10 
2x* = 100 
, _ 100 
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_ 


x 


x? =50 
Solve for x and simplify the radical. 


— 
j 


vx” = V50 
x=J25°2 
[25 -J2 


X=VLO°NV 


If you need help simplifying radicals, check out Problems 13.1- 


13.20 in The Humongous Book of Algebra Problems. In fact, 
Problem 13.5 shows you how to simplify this exact square root. 


Note: Problems 2.8—2.9 refer to right triangle PQR in the diagram below. 


2.8 Identify the coordinates of points P, Q, and R, and use them to calculate 
PQ and RQ. 


Points P and Q lie on the same vertical line, which is 4 units right of 
the origin; thus, they both have an x-coordinate of 4. While point Q is 
located on the x-axis (and therefore has a y-coordinate of 0), point P is 
3 units above the x-axis (and therefore has a y-coordinate of 3). Point R 
is located at the origin, so its x- and y-coordinates are both 0. 


P=(43) Q=(40) R= (0,0) 


Note that PQ is a vertical segment, a portion of the vertical line x = 4. 
To calculate the length of the segment, simply subtract the y- 
coordinate of Q from the y-coordinate of P. 


Calculating the lengths of horizontal and vertical segments is easier 
than calculating the lengths of any other kinds of segments. For 


those, you need the “general distance formula,” which is covered in 
Problems 2.11—2.12. 


PQ=3-0=3 


Similarly, QR is a horizontal segment, a portion of the horizontal x- 
axis. Therefore, subtracting the x-coordinate of R from the x- 
coordinate of Q calculates the length of the segment, QR. 


QR=4-0=4 


Note: Problems 2.8-2.9 refer to the diagram in Problem 2.8. 
2.9 Apply the Pythagorean theorem to calculate PR. 


Note that triangle PQR has two perpendicular sides, PQ and OR. 
Perpendicular lines form right angles, so PQR is a right triangle. In 
Problem 2.8, you calculate the lengths of the legs: PQ = 3 and QR = 4. 


Substitute the lengths of the legs into the Pythagorean theorem and 
solve for PR, the length of the hypotenuse. 


(PQ) 3 +(QR) =(PR) 


= ( 
3° +4? =(PR) 
9+16=(PRY 
25 =(PR)’ 
25 =,/(PR) 


2.10 Apply the technique demonstrated in Problems 2.8—2.9 to calculate the 
distance between the origin and a point with coordinates (7,24). 


The line segment connecting the origin to point (7,24) is the 
hypotenuse of a right triangle whose horizontal leg has a length of 7 
and whose vertical leg has a length of 24, as illustrated in the 
following diagram. 


To calculate the length of the hypotenuse, apply the Pythagorean 
theorem a2 + b2 = c2, in which a = 7, b = 24, and c is the length of the 
hypotenuse—the value for which you are solving the equation. 
a’ +h =" 
7 +247 =¢? 
49+576=¢° 


625 = ¢* 


You conclude that the distance between the origin and a point with 
coordinates (7,24) is 25. 


2.11 Apply the general distance formula to calculate the distance between 
points A = (2,3) and B = (-1,5). 


The general distance formula is, as its name suggests, a more general 
implementation of the process applied in Problems 2.8—2.10. It does 
not require that one of the endpoints of a segment is the origin, nor 
does it require that you construct a right triangle in the coordinate 
plane. Essentially, both of those steps are completed automatically. 


According to the general distance formula, the distance between points 
A = (x1, y;) and B = (X5, yo) is D= ¥( x, —x,) +(5,—y,) - Note that 
subscripts are used to differentiate the coordinates in the formula. In 
other words, the x- and y-coordinates of point A both have the 


subscript “1” and point B coordinates have the subscript “2.” 


The subtraction parts of the formula, x — x1 and y? — y1, calculate 


the horizontal and vertical distances between the points, which are 
the lengths of the legs of the right triangle whose hypotenuse is the 
distance between the points. 


In this problem, point A = (2,3), so x; = 2 and y, = 3. Point B = (-1,5), 
SO X, =—1 and y, = 5. Substitute x,, y,, X, and y, into the distance 
formula and calculate D. 


p= (a=) +079) 
= (-1-2)° +(5-3) 
= /(-3)" +(2)" 
= /9+4 


=V13 


The distance between points A and B is v3. 


2.12 Apply the general distance formula to calculate the distance between 
points C = (—6,—9) and D = (4,—7). 


Substitute x, =—6, y; =—9, X» = 4, and y = —7 into the general distance 
formula and calculate D. 


Pp 2 : 
D= V(%_=%,) +(y, —»,) 


= \(4-(-6))' +(-7-(-9))' 


= /(4+6)' +(-7+9) 
= /100+4 
=/104 
Reduce the radical expression. 
= /4-26 
=/4 /26 


= 2/26 


2.13 Calculate the height of an isosceles triangle with a base of length 6 and 


legs of length 8. 


The height of an isosceles triangle is the length h of the segment that is 
perpendicular to the base of the triangle and extends to the vertex of 
the opposite angle. As the diagram below illustrates, the segment 
representing height divides the isosceles triangle in half—including the 
base. Therefore, the two halves of the base in the diagram below both 
have length 3. 


Notice that the height of the isosceles triangle divides the figure into 
two right triangles, each with a hypotenuse of 8 and legs of length h 
and 3. Apply the Pythagorean theorem to calculate h. 


a+P=c 
h? + 3° =8" 
h?+9=64 


h? =64-9 


— 
h=VJ55 


The height of the isosceles triangle is V55. 


2.14 Calculate the lengths of the sides of triangle ABC in the diagram below. 


You are asked to calculate the lengths of the sides of right triangle 
ABC; in other words, you are to calculate AB, AC, and BC. The length 
of the hypotenuse is the easiest of the three lengths to compute, as it is 
equal to the sum of the lengths of segments BD and DC. 
BC = BD + DC 

=6+2 

=8 
Notice that AD splits right triangle ABC into two smaller right 
triangles: ABD and ACD. In each of these triangles, two sides have 
known lengths and the Pythagorean theorem can be applied to 
calculate the remaining side. For example, right triangle ABD has legs 
AD=2\3 and BD = 6. Substitute these values into the Pythagorean 
theorem to calculate AB. 


(AD) +(BDY =(ABY 
(2/3) +6? =(AB)’ 
(2)* -(V3) +6? =(AB)" 
4(3)+36=(AB) 

12+ 36 =(AB) 
48=(ABY 


J48 = /(AB)’ 
V48 = AB 


Simplify the radical expression. 
J16-3 = AB 
V16 -/3 = AB 
4/3 = AB 
Now that you know the lengths of two sides of right triangle ABC, you 
can once again apply the Pythagorean theorem to calculate AC. 


Or you can apply the Pythagorean theorem using the smaller right 
triangle ADC. You know that 4D=2V3 and DC = 2, so substitute them 


into the equation (AD)2 + (DC)2 = (AC)2 and solve for AC. You’ll 
get the same answer. 
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(ABY +(ACY =(BC) 


(4V3) +(Ac)* =(8)" 
(4)° (V3) +(Ac)* =(8)" 
16°3+(AC) = 64 
48 +(AC)’ =64 
(AC) = 64-48 
(ACY =16 
(AC) = VI6 
AC =4 
The lengths of the sides of right triangle ABC are AB=4V3, AC = 4, and 


BC = 8. 


Trigonometric Functions 
sin, cos, tan, cot, sec, and csc 


Note: Problems 2.15—2.19 refer to the right triangle in the diagram below. 


x 


2.15 Identify one leg that is adjacent to, and one leg that is opposite, angle a. 


Trigonometric ratios (like sine, cosine, and tangent) are defined in 
terms of the relationship between the acute angles of a right triangle 
and the lengths of the sides of that right triangle. Therefore, you need 
to know how to describe the legs of a right triangle as either 
“opposite” or “adjacent to” an acute angle. 


Acute angles measure less than 90°, so the acute angles of a right 
triangle are the two angles that aren’t right angles. 


In this triangle, side y is opposite angle a. Both of the other sides in the 
triangle (x and z) are also the sides of angle a; only the side opposite 
an angle is not part of the angle itself. Consider the sides that do form 
the angle, x and z. One of those sides is the hypotenuse of the triangle 
(z); however, the problem specifically states that you are to identify the 
leg that is adjacent to a. Therefore, you conclude that x is the leg 
adjacent to angle a. 


The “hypotenuse” is always the longest side. Only the legs are 
classified as “adjacent” or “opposite.” 


Note: Problems 2.15—2.19 refer to the diagram in Problem 2.15. 
2.16 Identify the leg that is adjacent to, and the leg that is opposite, angle f. 
Angle f is formed by sides y and z. Note that z is the hypotenuse—and 


not a leg—of the right triangle. Because y is a leg of the triangle and 
also a side of angle 6, you conclude that y is the leg adjacent to B. Leg 


Note: 
217 


Note: 
2.18 


x is opposite . 


Problems 2.15—2.19 refer to the diagram in Problem 2.15. 


Calculate sin a and sin P. 


The sine function (abbreviated “sin”) assigns a value to acute angles 
within a right triangle. Specifically, the sine of an angle is equal to the 
length of the leg opposite that angle divided by the length of the 
hypotenuse. 

length of leg opposite a 


sina = 
length of hypotenuse 


According to Problem 2.15, the length of the side opposite a is y and 
the length of the hypotenuse is z. Substitute these values into the 
equation above. 

sin & =+ 


on 


To calculate sin B, you apply the same technique. 
er re length of leg opposite B 
length of hypotenuse 
The hypotenuse is still z, but the length of the side opposite B 
(according to Problem 2.16) is x. 


“s 
sin B =— 


Problems 2.15—2.19 refer to the diagram in Problem 2.15. 


Calculate cos a and cos fp. 


The cosine function (abbreviated “cos”) is very similar to the sine 
function. Its values are also assigned to acute angles of a right triangle, 
and those values are also derived from a ratio. However, the cosine of 
an angle is equal to the length of the adjacent side divided by the 
hypotenuse. 

length of leg adjacent to a 


cosa = 
length of hypotenuse 


According to Problem 2.15, the side adjacent to a has length x and the 
length of the hypotenuse is z. 


cosa =— 


To compute cos f, divide the length of its adjacent side (y) by the 
length of the hypotenuse (z). 


y 
cos B =— 


Note: Problems 2.15—2.19 refer to the diagram in Problem 2.15. 
2.19 Calculate tan a and tan f. 


Like the sine and cosine functions described in Problems 2.17—2.18, 
the tangent function (abbreviated “tan”) is defined based upon the 
lengths of the sides of a right triangle. Unlike the sine and cosine 
functions, however, it only uses the lengths of the legs, not the 
hypotenuse: 


You can remember which trig function goes with which ratio using 
the four-syllable “word” SOH-CAH-TOA, pronounced “SO-cah- 


TOE-ah.” (Catchy, right?) It stands for “Sine equals Opposite over 
Hypotenuse, Cosine equals Adjacent over Hypotenuse, and ‘Tangent 
equals Opposite over Adjacent.” 


length of the leg opposite @ 
tan a = oo 
length of the leg adjacent to a 


Similarly, calculate the tangent of angle B. Note that the opposite and 
adjacent legs of a right triangle reverse when you are referring to 
different acute angles within the triangle. 


; length of the leg opposite 6 
tan B = _tength of the leg opposite 8 
length of the leg adjacent to f 


Therefore, the tangent values of the acute angles in a right triangle are 
reciprocals of each other: x/y and y/x. (Recall that the reciprocal of a 
fraction reverses its numerator and denominator.) 


Note: Problems 2.20-2.22 refer to right triangle ABC in the diagram below. 


B 
2.20 Calculate cos C and sin C. 


The length of the leg opposite acute angle C has length AB = 5, and the 
length of the adjacent leg is BC = 12. The hypotenuse of the triangle 
has length AC = 13. According to Problem 2.18, cos C is equal to the 
ratio of the lengths of the adjacent leg and hypotenuse. 


“Ratio” means fraction, so “the ratio of the adjacent length and the 


hypotenuse” just means “the adjacent length divided by the 
hypotenuse.” 


C length of leg adjacent to angle C 
cosC =—sS a Soa 
length of the hypotenuse 


The sine of acute angle C is equal to the length of the leg opposite C 
divided by the length of the hypotenuse. 


sii ee ee pp 
length of hypotenuse 


Note: Problems 2.20-2.22 refer to the diagram in Problem 2.20. 
2.21 Calculate tan C and cot C. 


According to Problem 2.19, the tangent of an acute angle is equal to 
the quotient of the opposite and adjacent leg lengths. 


C length of leg opposite C 
tan C = oo 
length of leg adjacent to C 


The cotangent function (abbreviated “cot’”) is one of three basic 
trigonometric functions that are defined as reciprocals of other 
trigonometric functions: Cotangent is equal to the reciprocal of the 
tangent function. Therefore, its value is the quotient of the adjacent 
and opposite leg lengths. 
_ length of leg adjacent to C 
cotc = Ta La, nn Fr 
length of leg opposite C 
_ BC 
AB 
12 


Note: Problems 2.20-2.22 refer to the diagram in Problem 2.20. 
2.22 Calculate sec A and csc A. 


Don’t get confused: The last two problems dealt with angle C. This 


problem involves the OTHER acute angle in the triangle. 


The secant and cosecant functions (abbreviated “sec” and “csc,” 
respectively) are—like cotangent—defined as the reciprocals of other 
trig functions. Specifically, secant is the reciprocal of cosine and 
cosecant is the reciprocal of sine. 


The first letters of reciprocal functions DON’T MATCH. In other 
words Secant is NOT the reciprocal of Sine—it’s the reciprocal of 


cosine. Cosecant is NOT the reciprocal of Cosine—it’s the reciprocal 
of sine. 


length of the hypotenuse length of the hypotenuse 
1 ¢s¢ A = SI 


length of leg adjacent to A length of leg opposite A 


In the diagram, acute angle A has an opposite leg of length BC = 12, an 
adjacent leg of length AB = 5, and a hypotenuse of length AC = 13. 


AC AC 
a == csc A = — 
BC 
1 


_138 


12 
Note: Problems 2.23-—2.24 refer to right triangle LMN in the diagram below. 


L 
6 


M 8 


2.23 Calculate tan L. 


The tangent of acute angle L is equal to the length of the opposite leg 
divided by the length of the adjacent leg. 
MN 


tan L = — 


LM 


Reduce the fraction to lowest terms. 


8+2 


nN 


Note: Problems 2.23—2.24 refer to the diagram in Problem 2.23. 
2.24 Calculate csc N. 


The cosecant function is defined as the reciprocal of the sine function. 
Therefore, csc N is equal to the length of the hypotenuse divided by 
the length of the opposite leg. 

LN 


csc N = — 


LM 


Sine equals opposite over hypotenuse, and cosecant flips that 


fraction upside down: hypotenuse over opposite. 


According to the diagram, LM = 6. However, LN is not given. You 
need to apply the Pythagorean theorem to calculate the length of the 
hypotenuse. 
(LM) +(MNY =(LNY 
6°+8? =(LN) 
36 +64 =(LN)’ 
100 =(LN)’ 


100 = J(LNY’ 
10=LN 


Substitute LN = 10 into the cosecant equation. 


Note: Problems 2.25—2.26 refer to isosceles right triangle RST in the 
diagram below. 


©) | 


2.25 Calculate cot S. 


The cotangent of an acute angle is equal to the length of the adjacent 
leg divided by the length of the opposite leg. 


Note: Problems 2.25—2.26 refer to the diagram in Problem 2.25. 
2.26 Calculate sec T. 


The cosine of an acute angle is equal to the length of the adjacent leg 
divided by the length of the hypotenuse. Because the secant is defined 
as the reciprocal of cosine, secant is equal to the length of the 
hypotenuse divided by the length of the adjacent leg. 

ST 

RT 

According to the diagram, RT = 5; apply the Pythagorean theorem to 
calculate ST. 


sec] = 


(RS) +(RTY =(STY’ 
57457 = (sTY 


sec T = —— 
Vj 


Note: Problems 2.27-2.28 refer to right triangle XYZ in the diagram below. 


2.27 Demonstrate that the sine of one acute angle in a right triangle is equal 
to the cosine of the other acute angle. Explain why this is true. 


Note that the angles and the sides of this triangle are named using the 
same letters, but the names are assigned in a very specific way. Each 
angle and its opposite side share the same letter; the angles are named 
with capital letters, and the sides are named using lowercase letters. 
For example, the shortest side x is opposite angle X, the smallest angle 
in the triangle. 


The two acute angles in the right triangle are X and Y. Identify the sine 
of one angle and the cosine of the other. In the solution below, sin X 
and cos Y are compared, although a solution comparing cos X and sin 
Y would also be correct. 
__ YZ YZ 
sin X = — cos ¥ = — 
xY¥ XY 


Notice that the side opposite one acute angle is always the side 
adjacent to the other acute angle—side ¥Z in this example—and the 
length of the hypotenuse (XY) does not change. Therefore, the sine of 
one acute angle is always equal to the cosine of the other acute angle. 


Note: Problems 2.27—2.28 refer to the diagram in Problem 2.27. 


2.28 Demonstrate that the tangent of an acute angle in a right triangle is 
equal to the quotient of the sine and cosine of that angle. 


Although tangent may be defined as the length of the opposite side 
divided by the length of the adjacent side, it is equally correct to state 
that tangent is equal to the quotient of sine and cosine. 


Cotangent is the reciprocal of tangent: 


sin@ 


tan@0 = 
cos@. 


Select one of the acute angles in the right triangle—the solution below 
investigates acute angle X—and calculate its sine, cosine, and tangent 
values. 


According to the problem, tan X is equal to the quotient of sin X and 
cos X. 


sin X 


tan X = : 
cos X 


Substitute the values of sin X, cos X, and tan X into the equation 
above. 


x/z 


* 
This equation contains a complex fraction—a fraction that, itself, 
contains frations. To simplify the right side of the equation, multiply 
the numerator and denominator by z. 


ores | 


The fractions in the numerator and denominator have a greatest 
common factor of z. Reduce both fractions. 


sim X x 
Therefore, tan X =- = a 


cos X 


Trigonometric Tables 
When “close enough” is good enough 


2.29 Use the trigonometric table in Appendix A to calculate sin 88°, accurate 
to five decimal places. 


Before scientific and graphing calculators were readily available to 
scientists, engineers, and mathematics students, other tools were 
necessary to calculate trigonometric values. Greek mathematicians 
constructed the first trigonometric tables, and they have been used for 
over two thousand years to assist in the approximation and estimation 
of trigonometric functions. Although you will use a calculator for the 
vast majority of this book, this section of problems demonstrates that 
you can still derive surprisingly accurate estimations using historical 
methods. 


Here’s the real reason trig tables are included in the book: Because 


some teachers still teach them, even though technology gives you 
faster, more accurate answers. 


In Appendix A, angles between 0° (0 radians) and 90° (m/2 radians) are 
listed in quarter degree increments. The first column represents an 
angle in degrees; the second column represents the angle in radians; 
and then the next six columns, in order, list the cosine, sine, tangent, 
secant, cosecant, and cotangent values of that angle. Locate the row of 


the table that begins with 88°. 


Degrees Radians Cosine Sine Tangent Secant Cosecant Cotangent 


According to this row of the table, sin 88° * 0.99939. All values in the 
table are accurate to five decimal places. 


2.30 Use the trigonometric table in Appendix A to approximate the measure 
of @ in radians, given tan 8 = 0.68728. 


In order to approximate the angle 6 that has a tangent value of 
0.68728, consult the tangent column in the table and look for the value 
0.68728. Notice that the tangent values increase as the angle increases, 
so the larger the angle, the larger the tangent value. 


The row corresponding to 34.50° (0.60214 radians) contains the 
precise tangent value for which you are searching: 0.68728. 


Degrees Radians Cosine Sine Tangent Secant Cosecant Cotangent 


F 34.50 Poooma | 0.82413 | 0.56641 | mes7es | 1.21341 | 1.76552 | 145501 


Therefore, you conclude that 6 ~ 0.60214 radians if tan @ = 0.68728. 
Remember that this trigonometric table is accurate to five decimal 
places, but nearly all of the values in the table are rounded. Thus, you 
cannot conclude that @ is exactly equal to 0.60214 radians. 


2.31 Determine whether each of the trigonometric functions listed in 
Appendix A increase or decrease as the angles increase from 0° to 90°. 


Different trigonometric functions exhibit different behavior on 
different intervals, so this problem specifically identifies the interval 
described in Appendix A, 0° to 90°. In Problems 2.32—2.36, you use 
the table in Appendix A to approximate unlisted trigonometric values; 
when you do, it is important to know whether successive rows in the 
table increase or decrease for the specific trigonometric function you 
are investigating. 


Three of the trigonometric functions increase between 0° and 90°: 
sine, tangent, and secant. The remaining three functions, termed the 
“cofunctions” because their names are derived by adding the prefix 
“co-” to the three functions already listed, decrease: cosine, cotangent, 


and cosecant. 


Here’s one way to remember which functions decrease: “If it’s a CO- 
, down it goes!” 


Note: Problems 2.32-2.33 explain how to approximate tan 45.11° using the 
trigonometric table in Appendix A. 


2.32 Identify two consecutive rows in the table that bound the given angle, 
45.11°. List the angles that bound 45.11° in the table and their 
corresponding tangent values. 


You are given an angle measured in degrees, and each row of the table 
represents a degree measurement exactly 0.25° larger than the 
preceding row. Therefore, the rows that bound 45.11° are 45.00° and 
45.25°; they are duplicated below. 


Degrees Radians Cosine Sine Tangent Secant Cosecant Cotangent 


4500] 0.78540 [over [ovo Pf ia [ian | 


F525] 078976 | 070101 | 071019 | n00sT | 1.42012 | 140808 | 099737 | 


As Problem 2.31 explains, the tangent function increases as the angles 
increase between 0° and 90°. According to the shaded values in the 
previous table, tan 45° = 1 and tan 45.25° = 1.00876. Thus, 1 < tan 
45.11° < 1.00876. 


In other words, because 45.11 is between 45 and 45.25, its tangent 
value is between the tangent values of 45 and 45.25. 


Note: Problems 2.32-2.33 explain how to approximate tan 45.11° using the 
trigonometric table in Appendix A. 


2.33 Construct a proportion to interpolate tan 45.11°, based on the bounding 
values you identified in Problem 2.32. Round the estimate to the nearest 
hundred thousandth. 


According to Problem 2.32, 45.11° falls between the 45.00° and 
45.25° rows in the trigonometric table, so its value, x = tan 45.11°, 
falls between 1 and 1.00876. It may be helpful to imagine a new row 
of the table that represents 45.11°, as illustrated by the shaded row in 


the table below. 


Degrees Radians Cosine Sine Tangent Secant Cosecant Cotangent 


Fas.00 [orsao [ovo Pov] 1 | iaua [aa 1 


cS is a a 
P4525 | 078076 | o7oan | o7io19 | 1.00876 | 142082 | 140808 | 0.99131 


Estimating trigonometric values based upon values that bound them is 
called “interpolating.” You assume, for the sake of approximation, that 
the angles and their corresponding trigonometric values have a linear 
relationship on very small intervals. While this is not true, it does 
provide a reasonably rough estimate. 


Trig graphs are not straight lines, but any graph sort of looks like a 


straight line if you look at a very tiny piece of it. This is a concept 
called “local linearity.” 


Consider the three equations below, which summarize the important 
information from the trigonometric table. The left sides of the 
equations contain the three angles in the problem (45°, 45.11°, and 
45.25°), and the right sides contain the corresponding tangent values 
for those angles (1, the unknown value x, and 1.00876). 


tan 45.00° = 1.00000 
tan 45.11° = x 
tan45.25° = 1.00876 


In the proportion, you will compare differences: How different are two 
angles when compared to their tangent values? Begin by comparing 
the values given in the trig table. When an angle increases from 45.00° 
to 45.25° (for a total increase of 45.25° — 45.00° = 0.25°), the tangent 
value increases from 1.0 to 1.00876 (for a total increase of 1.00876 — 1 
= 0.00876). 


tan 45,00° = 1.00000 
0.25 | tan 45.11° x 0.00876 


tan45.25° = 1.00876 


Now conduct the same comparison for the new angle, 45.11°, and the 
bounding angle below it, 45.00°. In other words, note that an angle 
increase of 45.11° — 45.00° = 0.11° corresponds to a tangent value 
increase of x — 1. 


tan 45.00° 1.00000 
; o.11f bem a 
0.25 tan 45.11° x 0.00876 


tan45.25° = 1.00876 


You are left with four different values, two that compare angle 
differences and two that compare tangent value differences. Substitute 
them into the following proportion: 
small angle difference | small trigonometric value difference 
large angle difference ~ large trigonometric value difference 
O11 x-1 


0.25 0.00876 


Cross-multiply and solve for x. 
(0.11)(0.00876) = (0.25)(x—1) 
0.0009636 = (0.25)(x—1) 
0.0009636 

025 
0.0038544 = x—1 

0.0038544+1= x 

1.0038544 = x 


x—-1 


Multiply the top of the left fraction by the bottom of the right 


fraction and vice versa. Set those two products equal. 


The problem instructs you to round this answer to the nearest hundred 
thousandth, so you should round to the fifth decimal place: x * 
1.00385. Therefore, tan 45.11° ¥ 1.00385. 


The actual value of tan 45.11° is 
1.0038471150116471310256758144812..., so the estimate is very 
accurate for the first four decimal places and less so after that. 

i 


Note: Problems 2.34—2.35 explain how to approximate cos using the 


trigonometric table in Appendix A. 


2.34 List the angles that bound cos in the table, as well as their 
corresponding cosine values. 


Although the angles in the table are listed in increments of 0.25°, the 
radian equivalents of those angles are listed in the second column. Use 
a calculator to compute the decimal equivalent of the angle. 


Now identify the two rows within the trigonometric table that bound 
0.285599 radians. These rows are copied on the next page. 


Degrees Radians Cosine Sine Tangent Secant Cosecant Cotangent 


P1625 
16.50 o.ge708 | 0.95882 | 0.28102 [ 0.20021 | 1.01995 | ss2000 | 337504 


Note that the angle 0.285599 falls between the rows containing radian 
values of 0.28362 and 0.28798. Therefore, the cos 0.285599 will fall 
between 0.95882 and 0.96005. 


Radians Cosine Sine Tangent Secant Cosecant Cotangent 
96005] 0.27983 [020147 | L04iG1 | 3.57361 
rT [0205 330 
e e ad e 
Note: Problems 2.34—2.35 explain how to approximate ©% 7, using the 


trigonometric table in Appendix A. 


IT 
2.35 Construct a proportion to interpolate °s 7 based on the bounding values 


you identified in Problem 2.34. Round the estimate to the nearest 
thousandth. 


According to Problem 2.34, cos 1/11 lies somewhere within the 
interval bounded above by 0.96005 and below by 0.95882. 


cos 0.28362 = 0.96005 
cos 0.285599 = x 
cos 0.28798 = 0.95882 


Apply the technique described in Problem 2.33, comparing angle 
differences to trigonometric value differences, as illustrated below. 


0.285599 — 0.28362 


[ cos 0.28362 


0.001979 a 
0.00436 cos 0.285599 —0,001293 


\ cos 0.28798 vA 


0.28798 — 0.28362 0.95882 — 0.96005 


x 


0.95882 


0.96005 ed 
} x= 0.96055 


Make sure to subtract in the same order each time. In the computations 
above, values from the upper rows are always subtracted from values 


in rows below them. This leads to the negative value —0.00123 among 
the results, because the larger the angle in the table, the smaller its 
cosine value. 


Substitute the four differences into the interpolation proportion. 


small angle difference — small trigonometric value difference 
large angle difference large trigonometric value difference 
0.001979 x—0.96055 


0.00436 —0.00123 


Remember, “co” functions decrease in the table, so the “large 


trigonometric value difference” in the proportion is negative. 


Cross-multiply and solve for x. 
(0.001979)(—0.00123) = (0.00436) (x — 0.96055) 
—0.00000243417 = (0.00436) (x — 0.96055: 
0.00000243417 
0.00436 
—0.0005582959 = x— 0.96055 
—0.0005582959 + 0.96055 = x 


0.95999 = x 


You conclude that cos 1/11 * 0.960. The actual value is 0.9594929736, 
so the estimate is reasonably accurate. 


=x—0.96055 


2.36 Given sin 6 = 0.89835, construct a proportion to approximate @ using 
the trigonometric table in Appendix A. Report the answer in degrees, 
rounded to the nearest thousandth. 


In this problem, you are given a trigonometric value and are asked to 
identify the corresponding angle. Begin by identifying the two 
consecutive rows in the table with sine values that bound 0.89835 
above and below. 


Degrees Radians Cosine Sine Tangent Secant Cosecant Cotangent 
| — i — | — | — | — | 


0.43837 | O89879 | 2.05030 O.A8773 


Apply the procedure modeled in Problems 2.33 and 2.35, calculating 
the proportional differences between angles and their trigonometric 


values. 
sin 63.75 0.89687 
6-63.75 { }0.001 48 
0.25 sin 0 0.89835 0.00192 


\ sin 64.00 0.89879 ‘ 


64.00 — 63.75 0.89879 — 0.89687 


Construct a proportion that relates the differences calculated above. 
small angle difference _ small trigonometric value difference 
large angle difference 7 large trigonometric value difference 
0—63.75 _ 0.00148 
0.25 — 0.00192 


Solve the proportion for 0. 
(@ =63.75)(0.00192) = (0.25)(0.00148) 
(8 —63.75)(0.00192) = 0.00037 
0.00037 
0.00192 
6 —63.75 = 0.1927083333 
6 = 0.1927083333 + 63.75 
8 = 63.94270833 


You conclude that 8 ~ 63.943°. 


The actual angle (accurate to seven decimal places) is 63.9420226°. 


Calculator-Generated Trigonometric Values 
So long, trig tables 


6—63.75= 


2.37 Use ascientific or graphing calculator to compute the following value, 
accurate to eight decimal places: sin 294.59°. 


Different calculators require different rules of syntax. On a basic 
scientific calculator, you type the angle first and then press the sine 
button. Graphing calculators usually require you to type the expression 
in order as you would read it, using parentheses to surround the angle: 
“sin(294.59).” Make sure that your calculator is in degrees mode; if 
you do not know how to do this, consult your calculator owner’s 
manual. If you lost your manual, it is most likely available to 
download on the manufacturer’s website. 


sin 294.59° © —0.90930875 


2.38 Use a scientific or graphing calculator to compute the following value, 
accurate to eight decimal places: tan = : 


Ensure that your calculator is in radians mode and use one of the 
following sequences of keystrokes, depending upon the type of 
calculator you have: 


e Scientific calculator: Type “14 x 1,” divide by 9, and then 
press the tangent button 


e Graphing calculator: Type “tan(147 / 9)” 


The calculator should report a tangent value of —5.67128182. 


2.39 Use ascientific or graphing calculator to compute the following value 
10: 
in radians, accurate to eight decimal places: ee 


Recall that cosecant is the reciprocal of sine. 


You can’t just reverse the numerator and denominator of the angle. 
3 


10 
In other words, se — & sin 2, 
I3 low 


Use one of the following keystroke sequences to compute this value on 
your calculator, and make sure that your calculator is in radians mode: 


e Scientific calculator: Type “10 * m”, divide by 13, press the 
sine button, and then press the reciprocal button, which is 
usually labeled “1/x” 


e Scientific calculator (Alternate technique): Type “10 * 1”, 
divide by 13, press the sine button, press the exponent button 
(usually labeled “xy” or “/”’), type 1, and then make 1 
negative by pressing the “+/—” button 


e Graphing calculator: Type “(sin(107/13))—1” 


Raising a value to the —1 power produces its reciprocal. 


The value of csc 101/13, accurate to eight decimal places, is 
1.50801664. 


2.40 Given sin 6 = 0.3304651, calculate 6 in radians, accurate to eight 
decimal places. 


This problem lists a trigonometric value, and you are asked to identify 
the corresponding angle. Whenever the desired result is an angle, you 
need to apply the inverse trigonometric function on your calculator. 
The inverse sine function is written “arcsin” or “sin-!.” Many 
calculators list inverse functions on the same button as the functions 
themselves, and to access them you must press a “shift,” “alt,” or 
“2nd” button—followed by the function button—to reach them. 


Use one of the following keystroke sequences to calculate 0, ensuring 
that your calculator is in radians mode: 


e Scientific calculator: Type “0.3304651,” and press the “sin- 
1” button 


e Graphing calculator: Type “sin-1(0.3304651)” 


Given sin 8 = 0.3304651, you conclude that 8 ~ 0.33679632. 


Small angles have sine and tangent values that are almost equal to 


the angles, themselves, in radians. Check out the margin note on the 
first page of Appendix A for more information. 


2.41 Given sec 0 = —1.81390613, calculate 6 in degrees, accurate to the 
thousandths place. 


Recall that secant and cosine are reciprocal functions. Therefore, if sec 
9 = —1.81390613, you can conclude cos 8 = —1/1.81390613. Ensure 
that your calculator is in degrees mode and complete one of the 


following keystroke sequences. 


e Scientific calculator: Type “1.81390613,” make the value 
negative by pressing the “+/—” button, press the reciprocal 
button (usually labeled “1/x’’), and then press the “cos-1” 
button 


e Scientific calculator (Alternate technique): Press “1”, make 
the value negative by pressing the “+/—” button, divide by 
1.81390613, and then press the “cos-1” button 


e Graphing calculator: Type “cos-!(—1/1.81390613)” 
Given sec @ = —1.81390613, you conclude that 0 ¥ 123.456. 


Note: Problems 2.42-2.43 refer to the diagram below. 


P 


Q R 
2.42 Given mZP=71* and QR = 9, calculate PR and round the answer to the 
nearest thousandth. 


You are given the measure of one acute angle of the right triangle (P) 
and the length of the opposite leg (QR). You are asked to calculate the 
length of the hypotenuse (PR). To solve this problem, you must first 
identify the trigonometric ratio that relates an angle measurement, the 
opposite leg, and the hypotenuse. Recall that sine is equal to the ratio 
of the lengths of the opposite leg and the hypotenuse. 
rye length of leg opposite 264 

length of hypotenuse 

IR 


PR 
Substitute the given information into the equation. 


sin P= 


sin 71° = — 
PR 


Multiply both sides of the equation by PR to eliminate the fraction. 
Then, solve for PR. 


{ PR \( 9 
(PR)(sin71°)=|== 4d 


(PR)(sin71°)=9 
g 


PR=-— 
sin 71° 

Use a calculator to divide 9 by sin 71°. Remember to set the calculator 

to degrees mode. 


PR® 9.519 


Note: Problems 2.42-2.43 refer to the diagram in Problem 2.42. 


2.43. Given PR = 13.28 and PQ = 4.6, calculate mZP in radians and round the 
answer to the nearest thousandth. 


In this problem, you are asked to calculate the measure of an angle 
given the lengths of its adjacent leg and the hypotenuse. Recall that 
cosine ratio relates these sides in a right triangle. 


Pp length of leg adjacent to Z2P 
cas ff = —2 
length of hypotenuse 


PQ 
PR 
4.6 
13.28 
cos P = 0.3463855422 


cosP= 


cosP = 


Write out all the decimal places your calculator can display. To get 


the most accurate answer possible, don’t round to the thousandths 
place until the very end. 


To identify the angle that has a cosine of 0.3463855422, use the 
inverse cosine function on your calculator. Make sure the calculator is 
set to radians mode. 

P = cos ' 0.3463855422 


P =1.217 


2.44 


2.45 


You conclude that mZP ~1.217 radians, 


A golfer standing at point A (in the figure below), wishing to estimate 
the distance to the flag at point P, walks a distance of 15 yards due 
north to point R and determines that m2 R=79°. Apply a trigonometric 
ratio to compute AP, accurate to the nearest yard. 


15 


The golfer is attempting to calculate the length of the leg opposite 
acute angle R given the measure of R and the length of its adjacent leg. 
Apply the tangent function. 


length of leg opposite R 
he 
length of leg adjacent to R 
P 


d 


tan R= 


AR 
AP 


2 


tan 79° = 


Multiply both sides of the equation by 15 (to eliminate the fraction) 
and solve for AP. Ensure that your calculator is in degrees mode, 
because angle R is measured in degrees. 


15 \( AP \ 

ee Lys | 
15(tan 79°) = AP 

77.16831024 = AP 


15(tan 79°) = 


You conclude that the distance between the golfer’s original position 
(A) and the flag (P) is approximately 77 yards. 


A high dive platform that towers 100 feet above the ground is secured 
by 135-foot-long guy-wires, as illustrated below. Calculate the measure 
of 8, the angle formed by a guy-wire and the ground, in radians, and 
report the answer accurate to three decimal places. 


2.46 


In order to calculate the measure of an acute angle based on the 
lengths of the opposite leg and the hypotenuse, you should apply the 
sine function. Ensure that your calculator is in radians mode, as 
directed by the problem. 


sinf= 
135 
sin 8 = 0.7407407407 
@ = sin™' (0.7407407407) 
6 = 0.8341723248 


You conclude that the guy-wire makes an angle with the ground that 
measures 6 ¥ 0.834 radians. 


The angle of elevation to the top of a building from a point on the 
ground 50 feet away is 81°. Calculate the height of the building and 
round your answer to the nearest foot. 


Construct a diagram based on the given information. 


50 ft 
Apply the tangent ratio and solve for h. 


h 
tan 81° =— 
50 


tan8l° A 

1 50 
50-tan8l°=h 
315.6875757 = h 
316=h 


The height of the building is approximately 316 feet. 


Chapter 3 


THE UNIT CIRCLE 


A little circle, a lot of memorizing 


In Chapter 2, you explore trigonometric ratios (via tables and calculator technology), 
but no rationale for the values of the functions is provided. Why do sine and cosine 
values range between—1 and 1, whereas the tangent and cotangent functions may grow 
infinitely large, in both the positive and negative directions? These are not questions 
you are yet equipped to answer, but this chapter provides a significant step in the right 
direction. 


The unit circle is simply a circle, centered at the origin of the coordinate plane, with a 
radius equal to 1 unit in length. By graphing angles in standard position and 
examining the points at which their terminal sides intersect the unit circle, you 
generate the cosine and sine values of those angles (as well as the secant, cosecant, 
tangent, and cotangent values, which are based upon sine and cosine). 


Now that you have worked through Chapter 2, you have some experience with 
sine and cosine functions. However, tables and calculators don’t tell the whole 
story. In this chapter, you work with unit circles, which are circles that have a 
center of (x,y) = (0,0) and a radius of r = 1. Believe it or not, these simple circles 
are the birthplace of sine and cosine—trig functions get their values from the 
coordinates of points on the circle. This chapter leads you step-by-step through 
the process, so take your time and soak it in. 


By the end of the chapter, you will know the sine and cosine values of the 16 
most commonly used angles in trigonometry. Forget tables—you’ || know these 
values off the top of your head with nary a calculation. Sure, there’s some 
memorization involved, but it’s worth it in the same way memorizing 
multiplication tables was worth it back in grade school. 


45°—45°-90° Triangles 
(HH = V2°L) 


Note: Problems 3.1—3.3 refer to the diagram below, featuring right triangle 
XYZ, in which XY = YZ. 


Z 
3.1 Given mZX =mZZ in the triangle, explain why both acute angles measure 
45°. 


All triangles contain three angles whose measures have a sum of 180° 
= m radians. Apply this geometric theorem to the given triangle by 
adding the measures of angles X, Y, and Z, and setting the sum equal to 
180°. 
mZX+mZY +mZZ=180° 
In this diagram, angle Y is a right angle, so m2 Y = 90°. Furthermore, you 
are given mZX =mZZ. Therefore, you can substitute 90° for m2 ¥ and 
mZZ for mZX in the angle sum equation above. 
mZX+mZY+mZZ=180° 
mZZ+90°+mZZ =180° 
Note that 742 +mZZ= 2(mZZ). 
2mZ Z + 90° = 180° 
Solve the equation for m2 Z. 
2mZ Z = 180° —90° 
2mZ Z = 90° 


. 90° 
mZZ= 


9 


= 


mZZ = 45° 


So once you subtract the right angle from 180°, you are left with 
90°. Because the two remaining angles have the same measure, you 


have to divide the leftover 90° by 2. That gives you two angles that 
each measure 45°. 


You conclude that m2 X = mZZ = 45°. Therefore, triangle XYZ is a 45°— 
45°—90° triangle, a geometric classification based upon the measures 
of its angles. 


Note: Problems 3.1—3.3 refer to the diagram in Problem 3.1, in which XY = 
YZ. 


3.2 Let! represent the length of a leg of triangle XYZ. Apply the 
Pythagorean theorem to calculate XZ in terms of I. 


According to the Pythagorean theorem, given a right triangle with legs 
of length a and b and a hypotenuse of length c, you can conclude that 
a2 + b2 = c2. In this problem, the legs of the triangle are xy and YZ the 
hypotenuse is XZ. 

a’ +b? =c* 


(xy)’ +(¥Z)° =(XZ) 
This problem states that each leg has length /. Thus, | = XY = YZ. 


(1)? + (0)? =(Xzy’ 
P +P =(xzy 
97? =(xzy 


To calculate the length of XZ in terms of /, solve the equation for XZ. 


J20 = (xz) 
J2-J? =xz 
J2:1=XZ 


This may feel familiar. It’s a geometry theorem that is often written 


= /2 - L, where H is the hypotenuse length and L is the leg length. 


Therefore, the length of the hypotenuse is V2 times the length of the 
leg, I. 


Note: Problems 3.1—3.3 refer to the diagram in Problem 3.1, in which XY = 
YZ. 


3.3. Given XZ = 7, calculate the lengths of the legs. 


According to Problem 3.2, the hypotenuse of a 45°—45°—90° triangle is 


equal to V2 times the length of a leg. 
(length of the hypotenuse)= V2: (length of a leg) 


Let | represent the length of a leg of triangle XYZ; note that XZ = 7 is 
the length of the hypotenuse. 


The length of the leg, /, is a fraction with an irrational denominator. 
Traditionally, radicals within a denominator are eliminated in a process 
called “rationalizing the denominator.” 


Multiply the numerator and denominator by the offending square 
root: v2. 


7 
é 


is 
2 
) 
2 


You conclude that the lengths of the legs are 


3.4 Calculate the length of the legs of an isosceles right triangle if its 
hypotenuse has length 56, 


Recall that the hypotenuse of an isosceles right triangle is V2 times the 


length of a leg. Let | represent the length of the leg and 4=5V6 
represent the length of the hypotenuse in the following equation. 


In other words, a 45°—45°—90° triangle 


Solve for I. 


fr 
~ wb V2 
p+ —= = —'l 
v2 v2 
: j 
» |6 (2 
5° j— = [— <8 
V2 2 
5V3 =VI1-1 
5VJ3 —H 4 


Both legs of the isosceles right triangle have length 5V3. 


Note: Problems 3.5—3.8 apply the properties of 45°-45°—90° triangles to the 
coordinate plane in order to generate coordinates on a unit circle. 


3.5 Draw a unit circle on the coordinate plane with central angle @ in 
standard position, given mZ@= 7 


A unit circle has radius 1 and is centered at the origin of the coordinate 
plane. Recall that an angle in standard position has an initial side on 
the positive x-axis and a vertex that lies on the origin, as explained in 
Problems 1.3—1.5. You wish to convert the radian angle measure 71/4 
into degrees to help visualize where its terminal side lies in the 
coordinate plane. 


x 180 z# 180 180 180+4 45 


= - SS = — = 455” 


4 x 4 of 4 4+4 1 


See Problem 1.27 if you can’t remember how to convert from 


radians to degrees. Also, check out Problem 1.17, which helps you 
visualize common angles in radians. 


Draw the unit circle and @ on the same coordinate plane, as illustrated 
in the following diagram. Notice that the terminal side of angle 0 is 
also a radius of the circle, and recall that a unit circle has radius r = 1. 


ar 
ay 


Because you are constructing a 45° angle in the coordinate plane, you 
can apply the properties of 45°—45°—90° triangles (specifically that the 
hypotenuse of such a triangle is V2 times the length of a leg) in 
Problems 3.6—3.8. 


Note: Problems 3.5—3.8 apply the properties of 45°-45°—90° triangles to the 
coordinate plane in order to generate coordinates on a unit circle. 


3.6 Consider the diagram you created in Problem 3.5, a unit circle with 
central angle 6 that measures & radians. Draw a right triangle in the 


coordinate plane whose legs represent the horizontal and vertical 
distances between the origin and the point at which the terminal side of 
9 intersects the unit circle. 


The following diagram specifically examines the first quadrant of the 
drawing generated in Problem 3.5; the origin is labeled point A. Notice 
that C is the point at which the terminal side of 0 intersects the unit 
circle. A vertical segment extends from C to the x-axis, intersecting it 
at point B. 


Because the x-axis is horizontal and BC is vertical, they form right 
angle ABC. Therefore, triangle ABC is a right triangle, with a right 
angle measuring 1/2 and two acute angles, each measuring 1/4. 


Ay- - > triangle is the same thing as a 45°-45°—-90° triangle, but 


it’s written in radians instead of degrees. 


Note that AB represents the horizontal distance between the origin and 
point C; similarly, BC represents the vertical distance between the 
origin and point C. 


Note: Problems 3.5—3.8 apply the properties of 45°-45°—90° triangles to the 
coordinate plane in order to generate coordinates on a unit circle. 


3.7 Calculate the lengths of the sides of the right triangle you identified in 
Problem 3.6. 


The hypotenuse of right triangle ABC below is also the radius of the 
unit circle, so it has length AC = 1. Let | represent the length of the 
legs. 


Remember, 45°—45°—90° triangles are automatically isosceles. 


As Problems 3.2—3.3 explain, right triangles with acute angles 
measuring 71/4 radians (or 45°) have hypotenuses that are V2 times the 


lengths of their legs. 
h= 2-1 
C= 2-1 
1= 2-1 
Solve for I. 
l a2 J2 : l 
V2 V2 
1 8-1 
V2 ars 
1 
| ome — l 
V2 


Rationalize the denominator by multiplying both the numerator and 


denominator by v2. 


You conclude that AB = CB = v2/2. 


Note: Problems 3.5—3.8 apply the properties of 45°-45°—90° triangles to the 
coordinate plane in order to generate coordinates on a unit circle. 


3.8 


3.9 


Identify the coordinates of the point at which the terminal side of 0 
intersects the unit circle. 


The diagram below summarizes the conclusions drawn in Problems 
3.5-3.7. Of specific interest are the lengths calculated in Problem 3.7, 
which represent the horizontal and vertical distances between the 
origin and point C. 


Because AB = ,/2/2, point C i is \ /2/2 units right of the origin; therefore, 
the x-coordinate of point C is /2/2. S Sitnilary, the y-coordinate of point 
Cis /2/2 because BC = 2/2. 


ig \ 
V2 v2 


Point C = -(2 


Identify the coordinates of point P in the diagram below. 


SLA 
LLY 


Like triangle ABC in Problems 3.6—3.8, this right triangle has two 
acute angles that measure 7/4 and a hypotenuse of length 1 (because it 
is a radius of the unit circle). Therefore, the legs of the right triangle 
have the same lengths as the legs in triangle ABC: ,/2/2. 


Note that the x-coordinate of point P must be negative, because P is in 
the second quadrant; you must travel left from the origin to reach P. 
Hence, the coordinates of P are (—/2/2, /2/2). 


The signs of the coordinates tell you what direction to travel from 
the origin in order to reach the point: 
+x coordinate: go right 


—x coordinate: go left 
+y coordinate: go up 
—y coordinate: 

go down. 


30°-60°-90° Triangles 
= I = 4/%+<) 
(Ss 71 HL = V¥3°S) 


Note: Problems 3.10—3.12 refer to the diagram below. 


P 
R 


3.10 Given mZP=30°, calculate mZQ. 


The interior angles of a triangle have a sum of 180°. 
mZP+mZQ+mZR=180° 


Note that mZR = 90°, because R is a right angle. Substitute the measures 
of the two known angles into the previous equation and solve for "4. 
30° + mZ Q + 90° = 180° 
(30° + 90°) + mZ Q = 180° 
120° + mZ Q = 180° 
mZQ = 180° —120° 
mZQ = 60° 


Note: Problems 3.10—3.12 refer to the diagram in Problem 3.10. 


3.11 Let h represent the length of the hypotenuse (PQ), and calculate QR in 
terms of h. 


According to Problem 3.10, the angles of triangle PQR have the 
following measures: 30°, 60°, and 90°. Such triangles are described as 
30°-60°—90° triangles, and their sides (like the sides of 45°—45°—90° 
triangles) have lengths with well-defined relationships. 


In other words, if you know the length of one side of a 30°-60°—90° 


triangle, you can quickly calculate the lengths of the other two sides 
without the use of trig functions. 


Recall from geometry that the relative sizes of interior angles relate to 
the lengths of the sides opposite those angles. More specifically, 
smaller angles within a figure have shorter opposite sides, and vice 
versa. In this triangle, (m2P)<(mZQ), so the side opposite P is shorter 
than the side opposite Q. The hypotenuse of the triangle is the longest 
side, as it is opposite the largest angle, right angle R. 


QR <PR 


Note: 
3.12 


Note: 


According to a geometric theorem, the shorter leg of a 30°-60°-90° 
triangle—the leg opposite the 30° angle—is exactly half the length of 
the hypotenuse. In other words, if s represents the length of the shorter 
leg and h represents the length of the hypotenuse, then the following 
equation is true. 

l 


s=—h 
9 


a 


The shortest side of this triangle has length s = QR. 


eee 

QR= 3 
The answer QR = h/2, which expresses the product as a single fraction, 
is also correct. 


Problems 3.10—3.12 refer to the diagram in Problem 3.10. 


Let h represent the length of the hypotenuse (PQ), and calculate PR in 
terms of h. 


As Problem 3.11 explains, the length of the shorter leg (s) of a 30°— 
60°—90° triangle is exactly half the length of the hypotenuse (h). Let / 
represent the length of the remaining leg of the triangle. Because | is 
opposite a 60° angle, it is longer than s (which is opposite a 30° angle) 
but shorter than h (which is opposite a 90° angle). Additionally, | is 
exactly /3 times as long as s. 


{= J3- § 
The length of the longer leg in this triangle is ] = PR. According to 
Problem 3.11, s = QR = (1/2) h. 


PR=\V3- é& h | 


{3 
PR=~—h 
9 
V3 -h 


You may also correctly conclude that pr = — 


Problems 3.13—3.14 refer to the diagram below. 


3.13 


Note: 
3.14 


18 


Calculate AC. 


This diagram expresses the angle in radians. Recall that multiplying an 
angle by 180/n converts it from radians to degrees. 
x 180 1807 180 


6 2 6 2t 6 


Right triangle ABC is a 30°-60°—90° right triangle whose smallest 
acute angle is B, which measures 1/6 = 30°. Therefore, the side 
opposite B is the shorter of the two legs in the triangle. According to 
Problem 3.11, the shorter leg s is half the length of the hypotenuse h. 
l 
s=—h 


i 
AC =—(BC) 
2 


Substitute the length of the hypotenuse into the equation, as indicated 
on the diagram: BC = 18. 


Problems 3.13-—3.14 refer to the diagram in Problem 3.14. 
Calculate AB and verify your answer using a trigonometric function. 


As Problem 3.13 explains, ABC is a 30°—60°—90° triangle; its 
hypotenuse has length BC = 18 and its short leg has length AC = 9. 


According to Problem 3.12, the longer leg / of a 30°-60°—90° triangle 
is v3 times as long as the shorter leg s. 
l= 3-s 

AB = V3-AC 

AB=J3°-9 

AB=9V3 
The problem directs you to verify your answer using a trigonometric 
function. Consider Problems 2.44—2.45, in which you applied 
trigonometric functions to calculate lengths and angle measurements 
of right triangles given other lengths and angles. 


In this problem, you are given mZB = m/6 and hypotenuse length BC = 
18. Notice that AB represents the length of the side adjacent to angle B, 
so you should apply the cosine function. 


length of side adjacent to 2B 
608 B > 
length of the hypotenuse 
zx AB 
os— = — 
6 BC 
x AB 


In Problem 3.13, you figured out that the length of the side opposite 


angle B is AC = 9, so you could also use the sine function: si» = = = 


Multiply both sides of the equation by 18 to solve for AB. 


18| core = AB 
\ 6} 


Use a calculator to compute a decimal equivalent of AB, and notice 
that the decimal value is exactly equal to 9V3, the length of AB that you 
just calculated. 


ft 5B) a 
13| cos— = 15.58845723 
\ 6} 


9/3 = 15.58845723 


In Problems 3.24—3.30, you learn the EXACT value of <s 7. If you 


come back to this problem, you can prove these values are equal 
without having to compare decimals. 


Note: Problems 3.15—3.16 refer to the diagram below. 
Zz 


a, 


X 
Y 


3.15 Given YZ = 4,3, calculate the lengths of the other sides of the triangle. 


Note that 1/3 = 60°, so XYZ is a 30°—60°—90° triangle with a 
hypotenuse of length h = XY, a short leg with length s = YZ, and a long 
leg with length | = XZ. Because XYZ is a 30°-60°—90° triangle, s is 
half the length of h. 


Solve for XY. 
c # I oe rs Gs 64 
2(4V3)=| I Z |x ) 
8/3 = XY 


Recall that the long leg of the triangle is ./3 times as long as the short 
leg. 


You conclude that the side lengths of triangle XYZ are YZ = 4V3, XZ = 
12, and YZ = 8v3. 


Note: Problems 3.15—3.16 refer to the diagram in Problem 3.15. 
3.16 Given XZ = 6V15, calculate the lengths of the other sides of the triangle. 


As Problem 3.15 explains, triangle XYZ is a 30°—60°—90° right triangle 
with a hypotenuse of length h = XY, a short leg with length s = YZ, and 
a long leg with length | = XZ. Recall that the length of the long leg is 
J3 times the length of the short leg. 


1=J/3-s 
XZ =J/3-YZ 
Substitute XZ = 6/15 into the equation and solve for YZ. 
6V15 = V3 -¥Z 


6VI5 3 -YZ 


V3 Ws 
6 [15 YZ 
tPF re tl 
V3 
6V5 = YZ 


The short leg of triangle ABC is half the length of the hypotenuse. 


| 
s= —h 
9 
YZ = mY XY) 
2 
- ae pe 
6V5 =>(XY) 
Solve for XY. 
2(6y .) ) = Galea, XY) 
12/5 = XY 
The lengths of the sides of triangle XYZ are YZ = 6V5, XZ = 6V15, and 
XY = 12V5. 


Note: Problems 3.17—3.18 refer to the diagram below. 


3.17. Given right triangle RST and an arc of the unit circle with radius RT = 
1, calculate RS and RT, the lengths of the legs of the right triangle. 


Like triangle XYZ in Problems 3.15—3.16, RST is a 30°—60°-90° 
triangle. Its hypotenuse has length RT = 1, the long leg has length | = 
ST, and the short leg has length s = RS. 


The longer leg is opposite the larger angle: 
wmZR= >= 60° and 


mit =~ = 30 


The short leg of a 30°—60°—90° triangle is half the length of the 
hypotenuse. 


The long leg of a 30°-60°—90° triangle is /3 times the length of the 
short leg. 


ST = V3 (RS) 
ST = 43(3 
op V3{1) 
ST = REC, 
ST = af 


Note: Problems 3.17—3.18 refer to the diagram in Problem 3.17. 
3.18 Identify the coordinates of point T. 


The x- and y-coordinates of a point are, respectively, the signed 
horizontal and vertical distances from the origin to that point. Note that 
these are signed distances—the signs of the coordinates indicate 
direction on the coordinate plane. 


Points with positive x-coordinates are right of the origin, and points 
with negative x-coordinates are left of the origin. Points with positive 
y-coordinates are above the origin, and points with negative y- 
coordinates are below the origin. 


According to Problem 3.17, the horizontal and vertical distances 
between the origin and point T are, respectively, RS = 1/2 and ST = 

RS = 1/2 and S?= 3/2, Point T lies in the first quadrant, which is both 
right of and above the origin, so the x- and y-coordinates of T are both 
positive. 


V3 \ 
ey | 
4 


T= (+RS,+S7) =| 


“Nl 


3.19 Given right triangle XYZ and an arc of the unit circle with radius XZ = 
1, as illustrated below, identify the coordinates of point Z. 


Like Problem 3.18, this problem explores a 30°—60°-90° (or m/6—1/3— 
m/2 radian) triangle with a hypotenuse of length 1. The legs of XYZ 
have the same lengths as the legs of triangle RST in Problem 3.18—the 
short leg has length YZ = 1/2 and the long leg has length XZ = 3/2. 
Note that, in triangle XYZ, the long leg represents the horizontal 
distance to Z, and the short leg represents the vertical distance. Point Z 
lies in the first quadrant, so its x- and y-coordinates are positive. 


f Ja. 
/ 


3 1 | 
Z =(+XY,+¥Z) = | 5| 


This is point T from Problem 3.18, with the x-and y-coordinates 
reversed. 


3.20 Given an arc of the unit circle with radius 1 and a point M on the circle, 
as illustrated below, identify the coordinates of M. 


ol 


The triangle in this diagram is a copy of the triangle in Problem 3.19, 
reflected across the x-axis from the first to the fourth quadrant. All 
n/6—n/3—mn/2 radian triangles with a hypotenuse of 1 have a long leg 
that measures ,/3 /2 and a short leg that measures 1/2. 


Furthermore, if the central angle is 11/6, the length of the long leg is 
always equal to the x-coordinate (and the short leg’s length is the y- 
coordinate). Note that M lies in the fourth quadrant, right of the origin 
(so its x-coordinate is positive) and below the origin (so its y- 
coordinate is negative). 


M =(+KL,-LM) =|~>,—- | 


no |= 


Given an arc of the unit circle with radius 1 and a point N on the circle, 
as illustrated below, identify the coordinates of N. 


This triangle is a copy of triangle RST (from Problems 3.17—3.18), a 
30°-60°—90° (or n/6—n/3—mn/2 radian) triangle with a central angle of 
m/3 and a hypotenuse of 1. Therefore, its short leg represents the 
horizontal distance between the origin and N; the long leg represents 
the vertical distance. Because N lies in the third quadrant, which is left 
of and below the origin, both the x- and y-coordinates are negative. 

N =(-OP,-NO) = -+,-8 


9 
= | 


Cosine and Sine in the First Quadrant 
As easy as V1, ¥2,¥3 


3.22 Describe the relationship between the coordinates of points on the unit 


circle and the angles in standard position whose terminal sides 


intersect those points. Justify your answer using the solution to 
Problem 3.19. 


The x-coordinate of the intersection point is the cosine of the angle, 
and the y-coordinate is the sine of the angle. For example, consider the 
following diagram, the solution to Problem 3.19. 


The angle 6 = 7/6 is in standard position, and its terminal side 
intersects the unit circle at point Z = (/3/2,1/2). Therefore, the length 
of the side adjacent to @ is XY = 3/2, and the length of the side 
opposite 8 is YZ = 1/2. The hypotenuse of the triangle is XZ = 1. Apply 
trigonometric ratios to calculate cos @ and sin 0. 


_ length of side adjacent to 0 length of side opposite @ 

608 B= i sin#§ = —aoe 
length of hypotenuse length of hypotenuse 
_ XY YZ 
XZ ” XZ 

_ V3 /2 age 

~  ] aie: 

SB rl 

er 9 


Notice that cos @ is equal to the x-coordinate of point Z, and sin @ is 
equal to the y-coordinate: cosx/6 = J/3/2and sinx/6=1/2. 


The cosine is the adjacent side (which is always the horizontal side 
for an angle in standard position) divided by 1, so it’s basically equal 


to the adjacent side, the x-coordinate. (Anything divided by 1 is 
equal to itself.) Same goes for the sine, which equals the length of 
the vertical side, the y-coordinate. 


3.23 Draw a graph in the first quadrant that includes the following elements: 
I. A.unit circle 


ue HH au. Ce 
II. The angles 0,—,7, 5, and ; in standard position 


III. The coordinates of the points at which the angles intersect the 
unit circle 


In Problems 3.8, 3.18, and 3.19, you generate the coordinates for 
angles m/4,7/3 and 1/6; add these to a graph of the unit circle. The 
remaining angles, 0 and 1/2, represent the positive x- and y-axes. 
Recall that a unit circle is centered at the origin and has a radius of 1. 
Therefore, a unit circle intersects the positive x-axis at point (1,0) and 
the positive y-axis at point (0,1), as illustrated in the following 
diagram. 


The coordinates follow a very predictable pattern. If you begin at the 
positive y-axis and proceed clockwise, the x-coordinates of the points 
are: 0, 1, 2 and /3. (Because (= 0 and 1= 1, you could even conclude 
that the x-coordinates are J0, V1, /2,and V3.) It is important that you are 
able to recite all of these coordinates from memory, given the 
corresponding angle. 


Here’s another way to memorize the angles and their points. It 
involves the denominators of the angles and cosine values: 


ee" 2, and1+2=3 


3.24 Use the diagram you generated in Problem 3.23 to calculate « oss 


3.25 


3.26 


3.27 


In Problem 3.23, you generate the first quadrant of the trigonometric 
unit circle. Notice that the angle 6 = 1/4 intersects the circle at point 
(V2/2, ¥2/2) according to Problem 3.22, points on the unit circle 
represent trigonometric values of angles. Specifically, the terminal side 
of angle @ in standard position intersects the unit circle at point (cos 6, 
sin 8). Therefore, the x-coordinate of the intersection point is the 


cosine of the angle. 
2 


cos = 
é o 
rl 


Because the x- and y-coordinates are the same for 0 = 11/4, you can also 
conclude that sinz/4 = 2/2 


Use the diagram you generated in Problem 3.23 to calculate sin. 


a 


The angle 1/3, in standard position, intersects the unit circle at point 
(1/2, V3/2). The y-coordinate of this point represents the sine of the 
angle. 


v3 
) 


sin— = — 
Use the diagram you generated in Problem 3.23 to calculate cos, 


According to the diagram, a right angle (measuring 7/2 radians) in 
standard position intersects the unit circle at point (0,1). The x- 
coordinate of this intersection point represents the cosine of the angle. 


./ 
cos— = 0 
9 


- 


Use the diagram you generated in Problem 3.23 to calculate sin 


This problem asks you to identify the angle @ in the first quadrant that 
has a sine of 1/2. Note that many angles have this sine value, but only 
one of those angles is between 0 and 1/2 radians, lying within the first 
quadrant. 


Recall that the sine value of an angle is equal to the y-coordinate on 
the unit circle. Because the terminal side of 8 = 1/6 intersects the unit 
circle at point (3/2, 1/2), you can conclude that sin 71/6 = 1/2. 


sin” 


no |e 


— 
b 
3.28 Use the diagram you generated in Problem 3.23 to calculate cos-! 0. 


This problem asks the following question: “Of the angles listed in the 
diagram you generated in Problem 3.23, which has a corresponding 
point on the unit circle whose x-coordinate is 0?” Notice that the 
terminal side of 6 = m/2 intersects the circle at point (0,1). Therefore, 
cos 10 =n/2. 


3.29 Use the diagram you generated in Problem 3.23 to calculate tans, 


Recall that the tangent of an angle is equal to the quotient of its sine 
and cosine values. 
sind 
cos@ 
x  sin(a /4) 


tan— = —————- 
4 cos(z/4) 


tan@ = 


As Problem 3.24 explains, sin 2/4 =cos x/4=/2/2 Substitute these 
values into the equation above. 


ms NZ/2 
tan— = 
4 a 


Any non-zero number divided by itself is equal to 1, even a weird 
number like *=. 


3.30 Use the diagram you generated in Problem 3.23 to calculate ice 


The secant function is the reciprocal of the cosine function, so begin 
by calculating cos m/3. The terminal side of @ = m/3 intersects the unit 
circle at point (1/2, V3/2); the x-coordinate of this point is the cosine of 
the angle. 

x 1 

cos— >= — 

3 2 

The secant of an angle is equal to the reciprocal of its cosine value. 


wt ‘ 
sec— =2 


The reciprocal of 7 is = , or just 2. 


Common Angles on the Unit Circle 
And their cosine/sine values 


3.31 Expand the drawing you created in Problem 3.23 to include the 
following elements: 


I. Aunit circle passing through all four quadrants of the 
coordinate plane 


: ‘ 2a 3a 5x 7x 5a 4a 30 5a 7x lla 
II. The terminal sides of ae : tf 


P > > a) ’ > , > B) 


3° 4° 6 6a Soe Ba @ 
and 27 in standard position 
II. The coordinates of the points at which the angles intersect the 
unit circle 


Although a unit circle is simply a circle with a radius of 1, the term 
“unit circle” often refers to the drawing described in this problem. This 
diagram, duplicated in Appendix B for reference, lists the most 


commonly used angles in trigonometry, as well as their cosine and sine 
values. 


Most teachers expect you to memorize this unit circle, including all 


of the angles and their coordinates. 


23) Foy 21% 
eee: saa 2h + 
by 4 V2 J/2 | 3 \ 2 2 2? 3 \ ? ? n J2 {9 | 
4 a aa * 4 a\2’2] 
5x (_x3 1 a {3 1) 
6 2 *s 6 9 2) 
u:(—1,0) 0, 20: (1,0) 
ad Pile Lx (v8 1 
6 \ 2 - 6 cigs -Z 
ro f ny s Pie —\ 
aod _NSs odM ff: =. 
4 \ 2 2 4 12 2 | 


Problem 3.23 generates a single quadrant of the unit circle, but a clear 
pattern exists for the points in the other three quadrants. Though the 
signs of the coordinates change, the coordinates themselves remain 
constant: 


e Angles with a denominator of 3 are paired with the point 


++ ave 


e Angles with a denominator of 4 are paired with the point 


fe ip \ 
| Vs Ve 
—— 


ao 


e Angles with a denominator of 6 are paired with the point 
Poi oD) 


+— —+ — 
9 € 
\ a aj 


e Angles with a denominator of 1 or 2 have x- and y- 
coordinates of 0 or +1 


To help you generate the angles in the unit circle, consider the 
following observations: 


e Angles in the first quadrant have a numerator of 1 


e The numerators in the second quadrant are exactly one less 
than the denominators 


e The numerators in the third quadrant are exactly one more 
than the denominators 


e The numerators in the fourth quadrant are exactly one less 
than twice the denominators 


It is very important that you can reproduce the entire unit circle from 
memory and recall coordinates given an angle (or vice versa). Most 


instructors expect you to identify the cosine and sine values of these 
angles without the use of a calculator. 


3.32 The diagram below indicates that both cosine and sine are positive for 


angles whose terminal sides lie in the first quadrant. Determine 
whether cosine and sine are positive or negative in the remaining three 
quadrants to complete the diagram, and justify your answer. 


cos @; cos @: + 
sin 6: sin @: 4 


cos 0: cos @: 
sin @: sin @: 


Recall that the cosine and sine of an angle on the unit circle are, 
respectively, the x- and y-coordinates of the corresponding points. 
Therefore, cosine is positive whenever a point is right of the origin, in 
quadrants I and IV. Cosine is negative in quadrants II and III. 


Sine is positive whenever a point is above the origin, in quadrants I 
and II; sine is negative in quadrants III and IV. 


cos @: = cos @: + 
sin 6: 4 sin 6: 4 


cos @: = cos @: 4 
sin @:— sin @: — 


3.33 Identify the signs of the tangent function in each of the four quadrants 
of the coordinate plane. Justify your answer. 


Tangent is equal to the quotient of sine and cosine. To determine the 
sign of tangent in each quadrant, divide the sign of the sine function by 
the sign of the cosine function in that quadrant. For example, in 
quadrant I, both the sine and cosine are positive, and a positive number 
divided by a positive number is equal to a positive number. 

sin@ + 


Yuadrantl: tané= = —_ 
" cos@ + 


Follow the same procedure for the remaining three quadrants. 


. sin@d + 

Quadrant ll; tan@= =—=— 
cos@ = 

ind — 

Quadrant II: tan@ =———=—=+ 
cosd — 

, sin@ = 

QuadrantIV: tan@= =—=— 
cosd + 


Tangent is positive whenever cosine and sine have matching signs. 


In other words, when they are both positive (quadrant I) or both 
negative (quadrant III). 


Note: Problems 3.34—3.35 explain how to identify trigonometric values 
based on the unit circle diagram you generated in Problem 3.31. 


3.34 Assuming 0 = @ _<— is an angle in standard position, in what quadrant 
s) 


does its terminal side lie? 


To identify the quadrant in which an angle’s terminal side lies, note 
that each quadrant of the coordinate plane represents 90° or 7/2 
radians. Given an angle measured in radians, examine the number 
multiplied by z: 


e If0<6@<0.5, the terminal side lies in the first quadrant 
e If 0.5 < @ <1, the terminal side lies in the second quadrant 
e If 1<6@< 1.5, the terminal side lies in the third quadrant 


e If 1.5 < @< 2, the terminal side lies in the fourth quadrant 


The number multiplied by 7 is 7/6 = 7/6 =1.16 which belongs to the 
interval 1 < 0 < 1.5. Therefore, 7 = 77/6 lies in the third quadrant. 


Note: Problems 3.34—3.35 explain how to identify trigonometric values 
based on the unit circle diagram you generated in Problem 3.31. 


3.35 Calculate cos, 


According to Problem 3.31, angles of the unit circle with a 


‘ : i é (+./2/9 +1/9 
denominator of 6 are associated with the coordinate (£V3/2, £1, 2) 


Problem 3.34 explains that the terminal side of 0 = 77/6 lies in the 
third quadrant, in which the x- and y-coordinates of points are both 
negative. Recall that the cosine of an angle is the x-coordinate of the 
associated point. 


If you memorize the unit circle, you don’t need to go through all of 
this logic to answer the question—you just write -*?. This 


explanation is just meant to step you through the thought process 
that happens behind the scenes. 


Note: Problems 3.36—3.37 explain how to identify trigonometric values 
based on the unit circle diagram you generated in Problem 3.31. 


3.36 Assuming é= > is an angle in standard position, in what quadrant does 


its terminal side lie? 


As Problem 3.34 explains, you can use the number multiplied by 7 in a 
radian angle measurement to identify the quadrant in which the 
terminal side lies: 3/2 = 1.5. Notice that this angle does not lie within 
the bounds of the third quadrant (1 and 1.5), nor does it lie within the 
bounds of the fourth quadrant (1.5 and 2). Instead, it is the boundary of 
the third and fourth quadrants, the negative y-axis. Angles like 0 = 
3n/2, whose terminal sides lie on the x- or y-axes, are called 
“quadrantals.” 


Note: Problems 3.36—3.37 explain how to identify trigonometric values 
based on the unit circle diagram you generated in Problem 3.31. 


3.37 Calculate sin. 


As the diagram in Problem 3.31 illustrates, the angle 6 = 3m/2 in 
standard position intersects the unit circle at point (0,—1). The y- 
coordinate of this point represents the sine value of 0. 

3 


sin—=-—] 
9 


& 


3.38 Calculate sin without the use of a trigonometric table or a graphing 


calculator. 


The angle 6 = 3n/4 intersects the unit circle at point (—/2/2, /2/2). The 
y-coordinate of this point represents the sine value of the angle. 


3x 2 
n= 
9 


_ 


Don’t keep looking back at the unit circle you made in Problem 3.31. 


At this point, you need to have those angles, their cosines, and their 
sines memorized. 


Note that the sines of angles terminating in the second quadrant, like 
the y-coordinates of points in the second quadrant, are positive. 


2 . . . . 
3.39 Calculate cos without the use of a trigonometric table or a graphing 


3.40 


3.41 


3.42 


calculator. 


The terminal side of angle 6 = 27/3 intersects the unit circle at point 
(—1/2, ¥3/2); the cosine of 6 is the x-coordinate of this point. 


cos—— = —— 
‘ 9 
Calculate cos~= without the use of a trigonometric table or a graphing 


calculator. 


The terminal side of angle 0 = 1117/6 intersects the unit circle at point 
(V/3/2,-1/2); the cosine of 0 is the x-coordinate of this point. 
Lls J/3 


cos = 
6 2 


Ensure that you are reporting the correct signs in your final answer. 
Because 9 = 11m/6 lies in the fourth quadrant, its cosine is positive and 
its sine is negative. 


Calculate cos without the use of a trigonometric table or a graphing 


calculator. 


The terminal side of angle 6 = 47/3 intersects the unit circle at point 
(-1/2,-/3/2) in the third quadrant. Therefore, sin sin(47/3)=—v3/2 
Calculate cot a without the use of a trigonometric table or a graphing 


calculator. 


Recall that the cosine of an angle is equal to the quotient of its cosine 
and sine values. 


5a  cos(52 /6) 


6 sin(52 / 6) 


The terminal side of m = 57/6 intersects the unit circle in the second 
quadrant at point (-V/3/2, 1/2). The x-coordinate of the point represents 
its cosine value, and the y-coordinate represents its sine value. 


57 —/3 /2 
co. = 
6 Lys 


Multiply the numerator and denominator by 2 to reduce the complex 


fraction. 
(_ V3) ( g) 
ig a . Zz | IT 
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3.43 Calculate csc 7 without the use of a trigonometric table or a graphing 
calculator. 


The cosecant function is defined as the reciprocal of the sine function. 


sina 


csc 7 = 


The terminal side of 8 = 7, which lies along the negative x-axis, 
intersects the unit circle at point (—1,0). Therefore, sin 7 = 0. Substitute 


this value into the equation above. 


csc 7 = — 
0 


Division by zero is an undefined operation. Therefore, you conclude 
that csc 7 is undefined. 


No cosecant value exists for m or any multiple of mt. You’ll see this 


more clearly when you graph cosecant at the end of Chapter 6— 
there are big linear asymptotes where the graph doesn’t exist. 


3.44 Calculate tan 0 without the use of a trigonometric table or a graphing 


3.45 


calculator. 


Note that the “O” in this problem represents the angle measurement 0 
radians, which describes an angle whose initial and terminal sides 
overlap on the positive x-axis. The tangent function is equal to the 
quotient of the sine and cosine functions. 

sin@ 


cos@ 
sin 0 


tang = 


tan0 = 
cos 0 


The terminal side of angle 8 = 0 lies along the positive x-axis and 
intersects the unit circle at point (1,0). Therefore, sin 8 = 0 and cos 0 = 
9 


0 
tan0 =— 
] 


tan0=0 


The tangent of an angle measuring 0 radians is equal to 0. 


Calculate sin-! 1 without the use of a trigonometric table or a graphing 
calculator. 


Inverse trigonometric functions provide a trigonometric value and ask 
you to identify the angle associated with that value. For example, sin-! 
1 asks this question: “What angle @ has a sine value of 1?” Recall that 
the sine of an angle is equal to its y-coordinate on the unit circle. 


Consider the diagram you created in Problem 3.31; only one point on 
that diagram has a y-coordinate of +1, the point that corresponds with 
central angle 6 = m/2. Therefore, sin-1 1 = n/2. 


Chapter 4 


TRIGONOMETRIC VALUES OF GENERAL ANGLES 


Think outside the unit circle 


In Chapter 3, you familiarize yourself with the most commonly used angles in 
trigonometry. However, applications in the real world are rarely limited to angles that 
follow precise, predictable patterns. In this chapter, you explore strategies that analyze 
angles of any measurement. You begin by calculating reference angles and coterminal 
angles, which allow you to express angle measurements more manageably. 


Did you wonder why the trig tables in Appendix A only covered angles between 
0° and 90°? Was it because people in the olden days couldn’t conceive of 
anything bigger than a right angle? Nope. Here’s the real reason (drumroll 
please): No matter how big and ugly an angle is, you can find an angle between 
0° and 90° that has the same cosine and sine values (and therefore the same 
tangent, cotangent, secant, and cosecant values as well). There’s no need for a 
trig table that’s 32 pages long when you can settle for one that’s a quarter the 
size. Genius! 


Why bother rewriting angles at all, you ask? It allows you to apply everything 
you learned about right triangle trig (in Chapters 2 and 3) to angles of any shape 
and size. 


Reference Angles 
Shrink rays that turn any angles into acute angles 


4.1 Given acute angle 0 in the diagram below, draw reference angles in the 
second, third, and fourth quadrants that have the same measure as 9. 


A reference angle is an acute angle formed by a terminal side and the 
x-axis. Reference angles are not necessary in the first quadrant, but 
each of the other quadrants requires them. The diagram below 
illustrates the reference angles for the second, third, and fourth 
quadrants, each with an angle measure of 0. 


Even though the size of 8 may change, all reference angles are acute. 
All four together resemble a bowtie with a knot at the origin. 
Whenever you draw a reference angle, it will look like one of these 


four pieces of bowtie. 


Note: Problems 4.2—4.5 refer to angle a in the diagram below. 


4.2 Draw 8, the reference angle for a. 


The terminal side of a lies in the second quadrant. Recall that a 
reference angle is formed by the terminal side of an angle and the x- 
axis, in this case the negative x-axis. In the diagram below, f is the 
reference angle for a. 


Note: Problems 4.2—-4.5 refer to the diagram in Problem 4.2. Note that B is 
the reference angle for a. 


; 4 : 
4.3. Given sinf=-, calculate sin a. 
2 
The sine function is defined in terms of a right triangle, equal to the 


length of the leg opposite an angle divided by the length of the 
hypotenuse. Draw a vertical line segment extending from the terminal 


side of B to the negative x-axis, forming a right triangle as 
demonstrated in the following diagram. Because sin B = 4/5, the length 
of the vertical segment (the leg opposite B) is 4, and the length of the 
hypotenuse is 5. 


I 
I 
I 
Y 


ee es es cee ae cee cee ae ee eee ee ee es es ms os 


You may be wondering why the x- and y-axes are dotted in this 
diagram. Forget, for the moment, that B is in the second quadrant. It is 
a reference angle, and is therefore not required to be in standard 
position. You can treat the right triangle as you would any triangle not 
confined to a coordinate plane. Its lengths are positive. 


The purpose of a reference angle is to provide the values you need for 
the original angle. Only when you refer to the actual angle do you need 
to concern yourself with the quadrants of the coordinate plane and the 
signs of the functions. 


Because sin B = 4/5, and f is the reference angle for a, you can 
conclude that sin a = +4/5. Angles and their reference angles have 
trigonometric values that are either equal or are opposites. 


This is very important. 


Now it is time to calculate the sine value of a, the original angle. 


signed length of leg opposite f 


acai length of the hypotenuse 
In the second quadrant, where angles a and fi terminate, you travel left 
and up from the origin. Therefore, x-values are negative and y-values 
are positive. The side opposite B (the reference angle) has a signed 
length of +4, because you travel upward from the x-axis to reach the 
terminal side. The hypotenuse is always considered a positive value. 


Therefore, sin a = 4/5, which is exactly equal to the given value, sin . 


Note: Problems 4.2—4.5 refer to the diagram in Problem 4.2. Note that B is 
the reference angle for a. 


; 3 
4.4 Given cosf=-, calculate cos a. 


In Problem 4.3, you draw a vertical segment from the terminal side to 
the x-axis in order to create a right triangle. You can use that triangle 
again in this problem. Because cos B = 3/5 (and cosine is the quotient 
of the adjacent leg and the hypotenuse), the length of the adjacent leg 
is 3 and the length of the hypotenuse is 5. 


The length of the opposite side is still 4, but that’s not needed in this 


problem. 


1 
I 
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Recall that the trigonometric values of an angle and its reference angle 
are either equal or opposites, so cos B = 3/5. You determine the sign of 
3/5 when you consider the quadrant in which the terminal side of a and 
B lie. 

signed length of leg adjacent to #8 


cosa = 
length of the hypotenuse 


The terminal sides of a and B lie in the second quadrant. As a result, 
the side adjacent to B (which is horizontal) extends left of the origin. 
Therefore, it has a negative signed length. Remember that the length of 
the hypotenuse is always considered positive. 


Here’s a quick guide to signed lengths for each quadrant: 


I: horizontal and vertical: + 

II: horizontal = —, vertical = + 
III: horizontal and vertical: — 
IV: horizontal = +, vertical = — 


Seem familiar? They are also the signs of the x-and y-coordinates for 
each quadrant. 


2 
cosa =—_ 


You conclude that cos a is the opposite of cos B. 


Note: Problems 4.2—-4.5 refer to the diagram in Problem 4.2. Note that B is 
the reference angle for a. 


4.5 Given tan tanf = *, calculate tan a. 


Begin this problem in the same way you began Problems 4.3—4.4, 
drawing a vertical line from the terminal side toward the x-axis to form 
a right triangle. 


I 
I 
1 
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Angle a (and its reference angle 3) terminate in the second quadrant, 
where horizontal signed lengths are negative and vertical signed 
lengths are positive. 


signed length of leg opposite f 
CG Sp oP ei ae 
signed length of leg adjacent to § 


+4 

tang =—— 
—$ 

fang =—— 
5 


Note: Problems 4.6—4.7 refer to the diagram below, in which 60 is an angle in 
standard position that measures 135°. 


4.6 Draw a, the reference angle for 8, and calculate mZa in degrees. 


The reference angle for 8 is formed by the negative x-axis and the 
terminal side of 9, as illustrated below. 


mZ6@ = 135° 


Notice that 6 and a are supplementary—together they form a straight 
angle whose initial side is the positive x-axis and whose terminal side 
is the negative x-axis. Therefore, the sum of their measures is 180°. 


mZa+mZ@0 = 180° 


Substitute mZ@ =135° into the equation and solve for mZa. 


mZa+135° = 180° 
mZa =180° —135° 


mZa = 45° 
Note: Problems 4.6—4.7 refer to the diagram in Problem 4.6, in which @ is 
an angle in standard position that measures 135°. 


4.7 Generalize your solution to Problem 4.6 in order to create a formula that 
computes the reference angle a for any angle @ in standard position, 


39 
such that - <mZ0<2zx, Construct the equivalent formula for angles 


measured in radians, as well. 


You have to specify that the angle is between 90° and 180° for this 
formula to work, because all kinds of angles terminate in the second 


quadrant. For example, a 495° angle in standard position also 
terminates in the second quadrant, and 180° — 495° = — 315° is 
definitely NOT its reference angle. 


In Problem 4.6, you recognize that an angle in standard position 
terminating in the second quadrant has a supplementary reference 
angle. Therefore, the measure of the reference angle is the difference 
of 180° and the original angle. In Problem 4.6, angle @ in standard 
position has a measure of 135°, and its reference angle a has measure 
180° — 135°, as illustrated below. 


mZ0 = 135° 


mZa = 180° —135° 


Given any angle 0 in standard position such that 90° < mZ@<180°, you 
can conclude (A) the angle terminates in the second quadrant, and (B) 
the measure of its reference angle is equal to the difference of 180° and 
mZ0, 


mZa=180° —mZ0 


If angle 0 is measured in radians, the measure of its reference angle a 
is computed according to the following formula. 
mZa=2t—mZ6 


These formulas are equivalent because !£0° = 1, 


Note: Problems 4.8—4.9 refer to an angle @ in standard position and its 
reference angle a. Note that mZé = 250’. 


4.8 Draw angles a and 6 in the coordinate plane and calculate the measure 
of a in degrees. 


Angle 8 measures 250°. An angle in standard position that terminates 
at the negative y-axis has a measure of 270°. Therefore, the terminal 
side of @ lies 270° — 250° = 20° clockwise from the negative y-axis, as 
illustrated in the following diagram. Reference angle a is formed by 
the terminal side of 8 and the negative x-axis. Unlike the 
angle/reference angle pair examined in Problems 4.6—4.7, 6 and its 
reference angle overlap. 


Notice that 8 passes through quadrants I and II before it overlaps angle 
a in the third quadrant. Therefore, to calculate the measure of a, you 
subtract the measure of the angle whose initial side is the positive x- 
axis and whose terminal side is the negative x-axis. 


mZa=mZ0—180° 
mia = 250° —180° 


mZa=70° 


According to Problem 4.6, the angle containing the first two 


quadrants measures 180°. 


Note: Problems 4.8—4.9 refer to an angle @ in standard position and its 
reference angle a. Note that mZ0 = 250’. 


4.9 Generalize your solution to Problem 4.8 in order to create a formula that 
computes the reference angle a for any angle 8 in standard position, 
such that 180° < mZ@ < 270°. Construct the equivalent formula for angles 
measured in radians, as well. 


Any angle whose measure falls between 180° and 270° has a terminal 
side that lies in the third quadrant. As Problem 4.8 demonstrates, the 
angle 8 and its reference angle a overlap in the third quadrant. 
Therefore, the measure of reference angle a is exactly 180° less than 
the measure of angle 0. 


mZa=mZ0—180° 
To calculate the measure of reference angle a in radians, express 180° 
as Tl. 


mZa=mZ0—7 


Note: Problems 4.10—4.11 refer to an angle @ in standard position and its 
reference angle a. Note that mZ0 = =, 


4.10 Draw angles a and 6 in the coordinate plane and calculate the measure 
of a in radians. 


Angle 8 terminates in the fourth quadrant. (You may wish to convert 
the angle to degrees if you have trouble visualizing radian angle 
measurements.) Its reference angle a is formed by the terminal side of 
8 and the positive x-axis, as illustrated below. 


Notice that angles 8 and a, when combined, form 1 full rotation in the 
coordinate plane. Therefore, the sum of their measures is 27 (or 360°). 


mZ0+mZa=2z 


You are given mZ¢@ = 52/3. Substitute this value into the equation and 
solve for mZa . 


—+mZLa=2x 
3 
5a 
mZa=2x iy 


Express both terms using the least common denominator 3 and 
simplify the expression. 


2x 52 
mZa = _-— 
3 
_2a 3 5a 
“i se gs 
_ 6a 5x 
"3 3 
_ Ia 
~ 7 
_a2 
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Note: Problems 4.10-4.11 refer to an angle @ in standard position and its 
5x 
reference angle a. Note that m26 = = 


4.11 


Generalize your solution to Problem 4.10 in order to create a formula 
that computes the reference angle a for any angle 8 in standard 


e 39 
position, such that —- <mZ0<2z. Construct the equivalent formula for 


angles measured in degrees, as well. 


270°< 6 < 3¢¢° 


4.12 


4.13 


As Problem 4.10 demonstrates, the measure of reference angle a is 
equal to the difference of 27 and mZé. To express this formula in 
degrees, convert 271 into 360°. 


mZa=21—mZ0 mZa = 360°—mZ@ 


Given angle 0 in standard form that measures 165°, calculate the 
measure of its reference angle a. 


Because 90° < 165° < 180°, the terminal side of 8 lies in the second 
quadrant. According to Problem 4.7, the measure of reference angle a 
for a second-quadrant angle 8 is computed according to the following 
formula. 

mZa=180°—mZ0 
Substitute the given measure of @ into the equation to calculate the 
measure of reference angle a. 

mZa =180° =165° 


= 15° 


Given angle 0 in standard form that measures 321°, calculate the 
measure of its reference angle a. 


Because 270° < 321° < 360°, the terminal side of 8 lies in the fourth 
quadrant. According to Problem 4.11, the measure of reference angle a 
for a fourth-quadrant angle 8 is computed according to the following 
formula. 


mZa = 360° —mZ6 
Substitute the given measure of 8 into the equation to calculate the 
measure of reference angle a. 
mZa = 360° — 321° 
= 39° 


4.14 Given angle 0 in standard form that measures calculate the measure 
a) 


of its reference angle a. 


Note that the terminal side of 6 lies in the third quadrant, because mt < 
71/6 < 3n/2. According to Problem 4.9, the measure of reference angle 
a for a third-quadrant angle @ is computed according to the following 
formula. 


Problem 3.34 explains how to figure out where an angle’s terminal 


side lies. In fact, it uses this exact angle as an example. Make sure 
you understand this trick before you move on to Problem 4.15. 


mZa=mZ0—x 


Substitute the given measure of 8 into the equation to calculate the 
measure of reference angle a. 
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4.15 Given angle 0 in standard form that measures , calculate the 


measure of its reference angle a. 


The quotient of the numerator and denominator (excluding 71) is equal 


to 0.846153, so the terminal side of @ lies in the second quadrant. Apply 
the appropriate reference angle formula to calculate the measure of 
reference angle a. 


The book is using the trick from Problem 3.34. 


a=1-0 


Coterminal Angles 
Two angles that end at the same ray 


4.16 If angles a and B are in standard position on the coordinate plane and 
are coterminal, what can you conclude about o and B? Can you 
conclude that a and 6 have the same measure? Why or why not? 


If two angles in standard position are coterminal, their terminal sides 
coincide. In other words, their terminal sides lie on the same ray. 
Recall that the angles are in standard position, so their initial sides 
coincide as well; both initial sides lie along the positive x-axis. 
Although angles a and f have a great deal in common, you cannot 
conclude that they have the same measure. 


Just because two angles begin and end at the same ray, they may differ 
in the direction or in the number of rotations about the origin. For 
instance, an angle in standard position measuring 0 radians and an 
angle in standard position measuring 271 radians are coterminal, but the 
latter angle has a significantly larger measure. 


Note: Problems 4.17-4.18 refer to angles a and f in standard position, such 


bi 4 33 
that mZa=— and m2p = -=. 


4.17 Graph angles a and f to visually verify that they are coterminal. 


Angle a is positive, so the angle is measured clockwise from its initial 
side at the positive x-axis. Note that an angle in standard position 
measuring (r/2 or 90°) terminates on the positive y-axis. Angle 3 is 
negative, so it is measured counterclockwise from the positive x-axis. 


Angles a and B share the same terminal side (the positive y-axis), so 
the angles are coterminal. 


Note: Problems 4.17-4.18 refer to angles a and B in standard position, such 


that mZc = : and mzp = -2 


4.18 Verify arithmetically that a and B are coterminal. 


Coterminal angle measures are calculated by adding or subtracting 
rotations in the coordinate plane. Because a and B are measured in 
radians, adding 27 (which represents one rotation in radians) to an 
angle measure or subtracting 27 from an angle measure produces a 
coterminal angle measure. 


In the context of this problem, adding 27 to m2 or subtracting 27 from 
mZaproduces the measure of the other angle. 


-=-(=*\(>) E 
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Because the sum of one angle measure and either 27 or —27 produces 
the other angle measure, angles a and B are coterminal. 


Note: Problems 4.19—4.20 refer to angles a and f in standard position, such 
that mZca = 225° and mZ = 585°. 


4.19 Verify arithmetically that a and B are coterminal. 


If two angles in standard position are coterminal, then their measures 
differ by multiples of 1 revolution. Adding 1 revolution (360°) to the 
measure of angle a produces the measure of 8. Thus, a and f are 
coterminal angles. 


In other words, if you add 360° to an angle measure you get one 
coterminal angle. Add another rotation, 2(360°) = 720°, to get 
another coterminal angle. Add 360° multiplied by 3 to get yet 
another coterminal angle. You could also multiply 360° by -1, —2, — 
3, etc. 


Adding or subtracting 360° means looping around the coordinate 
plane and ending up where you started. That’s why the angles have 
overlapping terminal sides—they rotate 360° and return to the place 
they began. 


ma + 360° = 225° + 360° 
= 585° 
Alternatively, you could subtract 360° from m2f to verify that the 
result is mZa, also proving the angles are coterminal. 
mZB— 360° = 585° — 360° 


= 295° 


Note: Problems 4.19—4.20 refer to angles a and f in standard position, such 
that mZa= 225° and mZf = 585°, 


4.20 


4.21 


Graph angles a and B to visually verify that they are coterminal. 


Angle a has a terminal side that lies in the third quadrant. It has a 
reference angle with measure 225° — 180° = 45°, so its terminal side 
forms a 45° angle with the negative x-axis. Angle B is formed by 
rotating once fully around the coordinate plane (360°) and then 
traveling 585° — 360° = 225° to terminate on the same ray as angle a. 


Given an angle @ in standard position with a measure of 320°, calculate 
the measures of one positive and one negative coterminal angle. 


Coterminal angles have measures that differ by multiples of 1 rotation 
(360°). Therefore, adding 360° to the measure of 8 produces a 
coterminal angle. 
mZ.0 + 360° = 320° + 360° 
= 680° 
Subtract 360° from the measure of 8 to produce a negative coterminal 
angle. 
mZa— 360° = 320° — 360° 
=—40° 


Thus, angles in standard position that measure —40°, 320°, and 680° 
are coterminal. 


Be 9: 
4.22 Given an angle @ in standard position with a measure o oh 


the measures of one positive and one negative coterminal angle. 


Coterminal angles have radian measures that differ by multiples of 1 
rotation (27 radians). Add and subtract 27 from 97/8 to produce the 
measures of two coterminal angles, one positive and one negative. 
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Thus, angles in standard position that measure —77/8, 97/8, and 25/8 
are coterminal. 


ae 21: 
4.23 Given an angle @ in standard position with a measure of — eal calculate 
9 


the measures of one positive and one negative coterminal angle. 


Unlike Problems 4.21—4.22, adding 27 (one rotation) to this angle does 
not produce a positive result, as demonstrated below. 


-——+27=- 
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That’s because 


Although the result is not positive, by adding 27, you identify a 
negative coterminal angle measurement. To continue the search for a 
positive coterminal angle, add 27: to this result. 


4.24 


4.25 
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The result is still negative (and represents yet another negative 
coterminal angle), so add 27 to this result. 


Therefore, angles in standard position with measures —211/5, —117/5, 
and 97/5 are coterminal. 


Given an angle 8 in standard position with a measure of 1,691°, 
calculate the measure of coterminal angle a, such that 0° s mZa@ = 360°, 


In Problem 4.23, you must repeatedly add 1 rotation to negative 
coterminal angle measures until the result is positive. In this problem, 
you must subtract 1 rotation (360°) repeatedly until the difference is 
greater than or equal to 0° but less than or equal to 360°. 
1,691°— 360° = 1,331° 
1,331°— 360° = 971° 
971°— 360° = 611° 
611°— 360° = 251° 
Therefore, mZa@ = 251°and a lies within the interval bounded below by 
0° and above by 360°. 


Evaluate cos 840° without the use of a graphing calculator or a 
trigonometric table. 


Apply the technique described in Problem 4.24 to identify an angle 
coterminal to 840° but lying within the interval bounded below by 0° 
and above by 360°. In other words, subtract 360° from 840°; if the 
difference is greater than 360°, subtract 360° from the result and repeat 
the process as necessary. 


It doesn’t matter how many times you whirl around the origin, like a 
pointer on a board game spinner. It only matters where that pointer 


lands on the unit circle. Each time you subtract 360°, you ignore 1 
rotation. 


840° — 360° = 480° 
480° — 360° = 120° 
Because 840° and 120° are coterminal angles, they have equivalent 
trigonometric values: cos 840° = cos 120°. The problem indicates that 
you cannot use a graphing calculator to evaluate the function, so the 
angle is likely on the unit circle. Calculate the radian equivalent of 


120°. 
120 x _120x 
1 180 180 
_ (120+ 60) 
~  180+60 
2x 
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Indeed, the angle belongs to the unit circle. Assuming you have 
memorized the unit circle—as directed in Chapter 3—you should 
remember that cos 27/3 = —1/2. You conclude that cos 840° = —1/2. 


If you need to review the unit circle, refer to Appendix B. 


4.26 Evaluate sin —675° without the use of a graphing calculator or a 
trigonometric table. 


In Problem 4.23, you repeatedly add 1 rotation to coterminal angle 
measurements until the result is positive. Apply the same technique 
here, repeatedly adding 360°, until the result is positive. 

—675° + 360° =—315° 

—315° + 360° = 45° 
Because —675° and 45° are coterminal angle measures, their 
trigonometric values are equal: sin —675° = sin 45°. Note that 45° is 
equivalent to 7/4 radians, and according to the unit circle, sinz7/4 =./2/2. 
You conclude that sin —675°) = V2/2. 


4.28 


the measure of coterminal angle a, such that 0 = mZa=2z, 


io 


Jet 


This problem, like Problem 4.26, requires you to repeatedly add 1 
revolution to the angle measurement until the result is positive. Note 
that 1 revolution is equal to 27 radians, and the denominator of the 
given angle measurement is 7. Therefore, you should repeatedly add 
2n = 14n/7 to the angle measurements. 


38a 14x 247 
— be a = =—— Pe 
7 7 ] 
24x 14x 102 
7 7 7 
10x 4a 4x 


Thus, Za = 42/7, Because 0 < 47/7 < 1471/7, a is coterminal to 8 and 
lies in the interval bounded below by 0 and above by 271. 


On. 
Evaluate cos“without the use of a graphing calculator or a 
trigonometric table. 


Calculate the angle coterminal to 1071/3 that lies between 0 and 27 by 
subtracting one revolution (27) from the ee 


J 9; n= -(5 
3 : < es 1 (5 | 


Because 107/3 and 47/3 are coterminal, they have the same 
trigonometric values. 


4.29 Evaluate coi - | without the use of a graphing calculator or a 


trigonometric table. 


Calculate the angle coterminal to —437/6 that lies on the unit circle by 
repeatedly adding 2m = 127/6 until the result is positive. 
43x 127% 31a 


6 6 6 
3lx 12x 19x 
6 6 6 
19x 12x 73 


6 6 6 
Because —431/6 and 57/6 are coterminal, they have the same 
trigonometric values. 


/ 
cot|— 


432 | 5a 
: = cot— 
6 | 6 


_ cos(5z / 6) 
sin(57r / 6) 
so aoghS. {2 


L/2 


Multiply the numerator and denominator by 2 to reduce the complex 


fraction. 
wa 


\ / 


/ 


At) 


f\ 


_ 


aad ( 4330 \ | 
Thus, cot|-—=] =-—/3. 
\ 6 | 


Angles Beyond the Unit Circle 
Calculating trig values you didn’t memorize 


Note: Problems 4.30—4.32 refer to an angle @ in standard position whose 


. . . . . tan 0 =— 
terminal side lies in the third quadrant, such that as 


4.30 Construct a right triangle in the third quadrant using 0’s reference angle 
a. Include the signed lengths of the legs in your diagram. 


A third-quadrant reference angle is formed by the terminal side of an 
angle and the negative x-axis. Do not worry about precisely calculating 
the size of 8 or its reference angle a in your diagram. It is more 
important to label the triangle correctly than to precisely predict the 
size of the angles. 


Just make sure the terminal side is in the third quadrant. 


Recall that the tangent ratio relates the opposite leg and the adjacent 
leg, so the length of the leg opposite a is 1 and the length of the 
adjacent leg is 3. 


Notice that you must travel left and down from the origin to reach the 
end of the hypotenuse in the diagram. Therefore, the horizontal leg and 
the vertical leg both have negative signed lengths in the diagram. 


However, tan 8 is positive because it is equal to the quotient of the two 
negative lengths, as demonstrated below. 


This is true for any third-quadrant reference angle right triangle. 
Points in the third quadrant have negative x-coordinates (negative 


horizontal lengths) and negative y-coordinates (negative vertical 
lengths). 


signed length of side opposite « 


signed length of side adjacent to @ 


Note: Problems 4.30—4.32 refer to an angle @ in standard position whose 


e 6 e e e tan 9 = — 
terminal side lies in the third quadrant, such that ie 


4.31 Calculate sin 0. 


In Problem 4.30, you construct a right triangle and indicate the signed 
lengths of its legs: —3 and —1. Substitute these lengths into the 
Pythagorean theorem to calculate the length of the hypotenuse of that 
right triangle. Note that it does not matter whether you substitute the 
lengths of the legs (which are positive values) or the signed lengths of 
the legs (which are, in this case, negative values), because the 
Pythagorean theorem squares them. In both cases, the result will be 
positive. 


The sides really have lengths of +1 and +3. The negatives are only 


there to indicate direction, so most teachers leave them out of the 
Pythagorean theorem. 


Update the diagram from Problem 4.30 to include the length of the 
hypotenuse. 


Apply the sine ratio. Substitute signed lengths into the following 
formula, remembering that the length of the hypotenuse is always 


considered a positive value. 
signed length of side opposite @ 
sin 8 = 
length of the hypotenuse 
—] 


~ +4/10 


To rationalize the denominator, multiply the numerator and 
denominator by v10. 
_=-1 V0 
~ Vio VI0 
—1V10 
V100 
V10 
10 


Note: Problems 4.30—4.32 refer to an angle @ in standard position whose 
terminal side lies in the third quadrant, such that tan 6 = =. 


4.32 Calculate cos 0. 


In Problem 4.30, you construct a right triangle and determine the 
signed lengths of its legs; in Problem 4.31, you compute the length of 
its hypotenuse. Refer to that right triangle when you calculate cos 0. 
. signed length of leg adjacent to a 
Lg) 
length of the hypotenuse 
_ 3 
~ +10 
Rationalize the denominator to complete the problem. 
_-3 10 
~ Vio VI0 
—3,10 
¥100 
3/10 
10 


Note: Problems 4.33—4.35 refer to an angle @ in standard position whose 
terminal side lies in the second quadrant, such that sin 6 = “. 


4.33 Construct a right triangle in the second quadrant using 0’s reference 
angle a. Include the signed lengths of the legs in your diagram. 


Second-quadrant reference angles are bounded above by an angle’s 
terminal side and below by the negative x-axis. You are given sin q = 
3/4. Recall that the sine function is the ratio of the opposite leg length 
to the length of the hypotenuse. Therefore, the side opposite reference 
angle a has length 3 and the length of the hypotenuse is 4, as 
illustrated in the following diagram. 


Notice that the signed length of the vertical leg is 3. It is positive 


because it lies above the origin, in the second quadrant. 


However, the horizontal leg is LEFT of the origin, so it is going to 


have a negative signed length (as you’ll see when you calculate it in 
Problem 4.34). 


Note: Problems 4.33—4.35 refer to an angle @ in standard position whose 
terminal side lies in the second quadrant, such that sin 6 = “ 


4.34 Calculate tan 0. 


In Problem 4.33, you create a right triangle based on angle a, the 
reference angle for 0. The vertical leg of the triangle has length 3 and 
the hypotenuse has length 4. Apply the Pythagorean theorem to 
calculate the length of the horizontal leg. 
a’ + b? = C 
3° +57 =4° 
9+6b° =16 
b? =16-9 
5? =7 


[= 
/ 


b= Vv 


Recall that horizontal lengths in the second quadrant (as well as the 
third quadrant) have negative signed lengths. Complete the diagram 
you began in Problem 4.33, filling in the length of the horizontal leg: 


=_,/7 
Vi 


To calculate tan 8, use the signed lengths in the diagram. 


signed length of leg opposite @ 
tan @ = —— 
signed length of leg adjacent to a 


+3 


j*7 
oma! / 


Note: Problems 4.33—4.35 refer to an angle @ in standard position whose 
terminal side lies in the second quadrant, such that sin 6 = *. 


4.35 Calculate sec 0. 


The secant function is the reciprocal of the cosine function, which 
divides the length of the adjacent leg by the length of the hypotenuse. 
Therefore, secant does the opposite—it divides the length of the 
hypotenuse by the length of the adjacent leg. Consider the diagram you 
completed in Problem 4.34, which states that the signed length of the 
leg adjacent to a is —V7 and the length of the hypotenuse is 4. 


This is worth repeating in case you haven’t quite wrapped your head 
around it: You can calculate the trig values of an angle (like 8 in this 


problem) if you calculate the corresponding trig values of its 
reference angle (like a) using SIGNED lengths. 


length of the hypotenuse 
sec BS 
signed length of leg adjacent to @ 


Rationalize the denominator. 


Note: Problems 4.36—4.39 refer to an angle @ in standard position such that 
cos 9 = -=and sin@ <0. 


4.36 Identify the quadrant in which the terminal side of 6 lies. 


The problem lists a negative value for cos 0 and states that sin 8 < 0, so 
sin 8 is negative as well. As explained in Problem 3.32, cosine and 
sine values are both negative in the third quadrant. Therefore, the 
terminal side of 8 lies in the third quadrant. 


Note: Problems 4.36—4.39 refer to an angle @ in standard position such that 
cos 8 = -= and sin 0 < 0. 


4.37 Construct a right triangle using 8’s reference angle a. Include the 
signed lengths of the legs in your diagram. 


According to Problem 4.36, the terminal side of @ lies in the third 
quadrant, so the right triangle should be located there. The cosine 
function is defined as the quotient of the adjacent leg’s length divided 
by the length of the hypotenuse. 

signed length of leg adjacentto@ = —5 


cos@ = 
length of the hypotenuse +8 


In the diagram below, the signed length of the leg adjacent to reference 
angle a is —5, and the length of the hypotenuse is 8. 


Note: Problems 4.36—4.39 refer to an angle @ in standard position such that 
cos 9 = -and sin@ <0. 


4.38 Calculate cot 0. 


In Problem 4.37, you construct a right triangle in the third quadrant 
based on a, the reference angle for 8. You are given the lengths of the 
hypotenuse and the horizontal leg adjacent to a, but you need to apply 
the Pythagorean theorem to calculate the length of the vertical leg 


opposite a. 
a+b? = 
5 +h* = 8" 
25+b° =64 
b° =64-25 
b* = 39 
b= J/39 


The vertical leg of this right triangle extends below the origin, so its 
signed length is —v39, as illustrated below. 


Now that you know the length of the adjacent leg, you can calculate 
cot 0. 
re signed length of the leg adjacent to a 
signed length of the leg opposite @ 


—5 


~ —/39 
5 


7 /39 


A negative divided by a negative is equal to a positive. 


Rationalize the denominator. 


_ 5 39 
7 39 39 
5/39 
39 


Note: Problems 4.36—4.39 refer to an angle @ in standard position such that 
cos 9 = -2.and sin@ <0. 


4.39 Calculate csc 0. 
The cosecant function is defined as the reciprocal of the sine function, 


so it is the quotient of the lengths of the hypotenuse and the opposite 
leg. 


length of the hypotenuse 

ese Q = Oo 

signed length of leg opposite @ 
8 


Vv 39 


Rationalize the denominator. 

8 439 

J/39 /39 
8/39 


39 


Note: Problems 4.40-4.43 refer to an angle @ in standard position such that 
tan 0 = - and sin 0 < 0. 


4.40 Identify the quadrant in which the terminal side of 8 lies. 


You are given a negative value for tan 8, and according to Problem 
3.33, tangent is negative for angles that terminate in either the second 
or the fourth quadrant. You are also given sin 8 < 0, which (according 
to Problem 3.32) is true for angles in the third and fourth quadrants. 
Therefore, the terminal side of 8 must lie in the fourth quadrant to 
satisfy both of these conditions. 


Note: Problems 4.40-4.43 refer to an angle @ in standard position such that 
tan 8 = -" and sin 8 < 0. 


4.41 Construct a right triangle using 8’s reference angle a. Include the 
signed lengths of the legs in your diagram. 


As Problem 4.40 explains, the terminal side of 8 lies in the fourth 
quadrant. The reference angle a is bounded below by that terminal side 
and above by the positive x-axis. Notice that the horizontal leg of the 
right triangle extends right of the origin, so its signed length is 
positive; the vertical leg extends below the origin, so its signed length 
is negative. 


Recall that tangent is equal to the quotient of the opposite and adjacent 
legs. Thus, the signed length of the vertical leg opposite a is —7, and 
the signed length of the horizontal leg adjacent to a is +4, as illustrated 
below. 


Note: Problems 4.40-4.43 refer to an angle @ in standard position such that 
tan 8 = -/ and sin 0 < 0. 


4.42 Calculate cot 0. 


You are given tan 0 = —7/4. Recall that cotangent is the reciprocal of 
tangent. Thus, cot 8 = —4/7. 


Note: Problems 4.40-4.43 refer to an angle @ in standard position such that 
tan 0 = -' and sin 6 < 0. 


4.43 Calculate cos 8. 


In Problem 4.41, you create a right triangle in the fourth quadrant and 
list the signed lengths of its legs. Expand the diagram, calculating the 
length of the hypotenuse according to the Pythagorean theorem. 

a+b? =¢" 

+72 =’ 

16449 =¢" 

65 =" 
V65 =< 

The leg adjacent to reference angle a has signed length 4, the leg 
opposite a has signed length —7, and the length of the hypotenuse is 
65, as illustrated in the following diagram. 


Use this diagram to calculate cos 0. 


signed length of leg adjacent to a@ 


cos = 
length of the hypotenuse 


Note: Problems 4.44-4.45 refer to an angle @ in standard position such that 
cos 6 --2and sin 8 > 0. 


4.44 Calculate the following: sec 0, sin 8, and csc 8. 


To calculate sec 8, take the reciprocal of the given cosine value and 
rationalize the denominator. 


10 {V2 ) 


3/2 \ 2 |} 


_ 102 
$4 

fw 10/2 

BQ 

_ 10/2 

6 
Simplify the fraction to lowest terms. 
(10 +2)J/2 
) 


ey ea 3 
(6+2 


~ [5 
ov 2 


3 
To calculate sin 8 (and its reciprocal sec 8), you must construct a right 
triangle based on a, the reference angle for 8. Given cos @= - — you 


can create a right triangle with an adjacent side of length 3V2and a 
hypotenuse of length 10. 


Note that 6 terminates in the second quadrant, because the problem 
States that cos 6 < 0 and sin 8 > 0. Furthermore, the signed horizontal 


length is negative because it extends left of the origin. 


Apply the Pythagorean theorem to calculate the length of the leg 
opposite a. 


a+h=c 
(3/2) +? =10° 
(9)(v4)+5? =100 
9(2)+4? =100 
18+b° =100 


b* =100—18 
h? = 82 
b= /82 


Note that the signed length of the vertical leg is +v82, because it 
extends above the origin. Now calculate sin 0. 


signed length of leg opposite @ 
nS eee 
length of the hypotenuse 


_ 482 
10 


The reciprocal of sin 0 is equal to csc 8. 
10 

82 

10, 


7 
Vv 8 2 


cscO= 


fo foeat 
V82 
82 | 
_ 10/82 
82 


Reduce the fraction to lowest terms. 


(10+2)./82 


CSC 0 = 
(82 +2) 
_ 5¥82 
41 
52 [82 5/82 


Thus, sec@ = —— ,sin@ = —- and csc@= 
3 10 


Note: Problems 4.44-4.45 refer to an angle @ in standard position such that 
3/2 


cos 6=—"~2and sin 0 > 0. 


4.45 Calculate tan 8 and cot 0. 


In Problem 4.44, you construct a right triangle in the second quadrant 
based on a, the reference angle for 8. You also determine the signed 


lengths of the legs of the right triangle. The diagram below 
summarizes the information. 


Use the right triangle above to calculate tan 8. 


sin 


Because tané = , 
cos@ 


and you figured out what 8 were in Problem 


4.44, you could divide the sine by the cosine to get the answer. 


signed length of leg opposite a 


signed length of leg adjacent to a 
_ +82 
~ =3V2 
V41-2 


3/2 


V41: fd 
3+ 3 
41 
3 


Calculate the reciprocal of tan 8 and rationalize the denominator to 
compute cot 0. 


= 3 | V41 
V/41 i J41 ; 


3/41 
4] 


3V41 


Thus, tan@ =— 2 and cot@ =—-——. 
3 41 


Chapter 5 


GRAPHING SINE AND COSINE FUNCTIONS 


Get on the right wavelength 


In the preceding chapters, you explore sine and cosine as numeric values based on the 
lengths of the sides of a right triangle. However, this does not provide a holistic 
picture of the trigonometric functions themselves. Graphing the functions and 
transforming those graphs are visually effective ways to better understand sine and 
cosine as periodic functions. 


The graphs of cosine and sine are “periodic,” which means that they repeat over 
and over as you travel horizontally across the graph. More specifically, they look 
like waves that wiggle above and below the x-axis to a maximum height of y = 1 
and a minimum height of y = -1. 


In this chapter, you graph sine and cosine, but you don’t stop there. You also find 
out what happens to the graphs when you tweak them a little. For example, once 

you know what the graph of sin x looks like, you’! be able to quickly sketch the 

graphs of 3 - sin x and sin 2x. 


However, before you even think about sine and cosine, it’s worth spending some 
time with less complicated periodic graphs to see how they work. 


Periodic Functions 
Graphs that repeat and sort of look like a heartbeat 


Problems 5.1—5.5 refer to the graph of periodic function f(x) below. 


5.1 Identify the domain of f(x). 


The domain of a function is the collection of values for which the 
function is defined. Given a graph of a function, the most 
straightforward method to determine its domain is to imagine a series 
of vertical lines on the coordinate plane. Any vertical line drawn on 
the plane that intersects the graph represents an x-value for which the 
function is defined (and, therefore, a value in the domain of the 
function). 


The collection of all the numbers you can plug into the function, 
usually in place of x or 8. 


Consider the graph of f(x) in this problem. If you were to draw a 
vertical line at x = 1, it would intersect the graph at height y = 3. 
Therefore, the function is defined at x = 1, and f(1) = 3. In fact, any 
vertical line drawn on the coordinate plane intersects this graph, so the 
domain of f(x) is all real numbers. 


The correct answer in set notation, if required by your instructor, is “{x 
| x is areal number}.” Note that the small vertical line between the x’s 
in set notation is read “such that.” Therefore, you read the answer as 
“the set of all x, such that x is a real number.” Written in interval 
notation, the domain is (—00,00), 


Interval notation indicates a set of possible values between two 
boundaries. In this case the boundaries are -s aa ~ (the ends of the 


real number line), so all of the real numbers fall within the 
boundaries. 


Problems 5.1—5.5 refer to the graph of periodic function f(x) in Problem 5.1. 
5.2 Identify the range of f(x). 


In Problem 5.1, vertical lines in the coordinate plane help you 
determine the domain of f(x), the set of possible inputs for a function. 
Similarly, horizontal lines that intersect the graph of a function 
represent members of the range—the set of outputs for the function. 


Consider the given graph of f(x). If you were to draw a horizontal line 
along the x-axis, which has equation f(x) = 0 (or y = 0), it would 
intersect the graph repeatedly. The function has a vertical height of 0 at 
x =-6,x =-4,x =-3, x =-1,x=0,x=2,x=3,x=5, and x= 6. Keep 
in mind that f(x) is a periodic function, so the repetitive pattern of its 
graph will continue in both the positive and negative directions along 
the x-axis. It will intersect the graph infinitely many times over the 
entire domain of f(x). 


Horizontal lines as high as f(x) = 3 and as low as f(x) = —1 intersect the 
graph, but anything outside of those bounds will not. For instance, the 
horizontal line f(x) = 4 that is 4 units above the x-axis lies a full unit 
above the peaks of f(x); it does not intersect the graph, so f(x) = 4 does 
not belong to the domain. 


Because the horizontal lines between (and including) f(x) = —1 and f(x) 
= 3 all intersect the graph, the domain of f(x) is —1 < f(x) < 3. In set 
notation, the range is {f(x) | —1 < f(x) < 3}, and in interval notation, the 
solution is [—1,3]. 


Parentheses in interval notation indicate that the boundaries are 
excluded, and brackets mean the boundaries are included. For 


example, [—1,3] means “all the numbers between —1 and 3, 
INCLUDING -1 and 3.” 


Problems 5.1—5.5 refer to the graph of periodic function f(x) in Problem 5.1. 


5.3 Identify the minimum and maximum function values of f(x). 


Problem 5.2 states that the range of f(x) is —1 < f(x) < 3, because the 
function has a maximum height of 3 and a minimum height of —1. 


Problems 5.1—5.5 refer to the graph of periodic function f(x) in Problem 5.1. 
5.4 Calculate the amplitude of f(x). 


The “amplitude” of a function is defined as the difference of the 
function’s maximum and minimum values, divided by two. According 
to Problem 5.3, those values are 3 and —1, respectively. 


; (maximum — minimum ) 
Signe se 


Visually, the amplitude of a periodic function represents the distance a 
function stretches from the horizontal line that is equidistant from the 
function’s maximum and minimum values—the “middle” of the 
function, as illustrated below. 


Think of the max and min as the top and bottom of a big rectangle 
that stretches across the graph. If you divide that rectangle in half, 


the amplitude is the distance from the “middle” to the top and 
bottom of the rectangle. 


aac aes 
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Problems 5.1—5.5 refer to the graph of periodic function f(x) in Problem 5.1. 
5.5 Calculate the period of f(x). 


Recall that a periodic function infinitely repeats the same function 
values in the coordinate plane. The smallest horizontal distance over 
which the function does not repeat is called the period of the function. 
In other words, the period is the number of units, along the x-axis, it 
takes for the function to repeat itself. 


Consider the graph of f(x). It intersects the x-axis at x = 0, rises toa 
height of 3 at x = 1, returns to the x-axis at x = 2, dips below the x-axis 
until approximately x = 2.5, and then returns to the x-axis at x = 3. The 
function repeats the same pattern again between x = 3 and x = 6. In 
fact, the same pattern is repeated left of the y-axis, between x = —6 and 
x = —3 and again between x = —3 and x = 0. 


itt HEE 
iit HE 
Te /\_| Nes | 
HN PAS 
AA VAR 


| Ney | \- 
fee 7 “Vee 7 
| | | 


——————" 


one one one one 


period period period period 


The values of f(x) repeat every 3 units along the x-axis, so the period 
of f(x) is 3. More formally, the period is equal to the difference of two 
x-values marking the beginning and end of one complete iteration of 
the graph. For instance, the rightmost full iteration of f(x) begins at x = 
3 and ends at x = 6. Therefore, the period is 6 — 3 = 3. 


Problems 5.6—5.9 refer to the graph of periodic function g(x) below. 


5.6 Identify the domain of g(x). 


As Problem 5.1 explains, any vertical line that intersects the graph of 
g(x) represents a member of the domain. Any vertical line drawn on 
this coordinate plane will intersect the graph, so the domain of g(x) is 
all real numbers. In set notation, the domain of g(x) is {x | x is a real 
number}; in interval notation, the domain is (—%,°0). 


Problems 5.6—5.9 refer to the graph of periodic function g(x) in Problem 
5.6. 


5.7 Identify the range of g(x). 


Different instructors require you to report the answer different ways, 


so the book lists the three most commonly used formats. You don’t 
have to use all three—just figure out which your instructor prefers. 


The function reaches a maximum height of 10 (at x = —10, x = 2, and x 
= 14) and a minimum height of —4 (at x = —5 and x = 7). All horizontal 
lines between g(x) = 10 and g(x) = —4 also intersect the graph, so the 
range of g(x) is 4 < g(x) < 10. In set notation, the range is {g(x) |-4 < 
g(x) < 10}, and in interval notation, the range is [—4,10]. 


Problems 5.6—5.9 refer to the graph of periodic function g(x) in Problem 
5.6. 


5.8 Calculate the amplitude of g(x). 


According to Problem 5.7, the maximum and minimum values of g(x) 
are 10 and -4, respectively. Substitute these values into the amplitude 
formula presented in Problem 5.4. 


(maximum — minimum) 
9 


- 


_10—(=4) 


amplitude = 


Problems 5.6—5.9 refer to the graph of periodic function g(x) in Problem 
5.6. 


5.9 Calculate the period of g(x). 


To identify the period, locate points on the graph that have the same 
height and determine whether or not they represent a point after which 
the graph repeats. For example, the graph of g(x) reaches its maximum 
height at x = 2 and again at x = 14. In both cases, the graph 
immediately drops to a height of g(x) = 2 exactly 2 units to the right: 
g(4) = g(16) = 2. The pattern is further confirmed when you move 1 
unit to the right; both graphs jump 3 units higher: g(5) = g(17) = 5. 


In the following diagram, one period of g(x) is shaded, representing 
the horizontal distance between two points at which g(x) reaches its 
maximum value. You are not required to use the maximum values of a 
periodic graph to mark the “beginning” and “end” of one period. You 
may choose to mark the beginning and end of a period using any two 
corresponding points, such as minimum points or x-intercepts, and 
your final answer will be the same. 


one 
period 


One period of g(x) is bounded on the left by the vertical line x = 2 and 
is bounded on the right by the vertical line x = 14. The period is equal 
to the difference between these x values. 
period of g(x)=14—2 
=19 


Note: Problems 5.10—5.12 refer to the graph of periodic function h(x) below. 


Se 


5.10 Identify the domain and range of h(x) on the interval —2n < x < 2n. 


The graph has vertical asymptotes at x = —m and x = 71, so vertical lines 

drawn at these x-values will not intersect the graph. Whereas h(x) gets 

infinitely close to the asymptotes as you approach those dotted vertical 
lines from the right and the left, the graph never actually intersects 


them. Hence, the graph is undefined at x = —m and x = nm. The domain 
of h(x) is all real numbers, excluding —n and 1. In set notation, the 
domain is {x | xX is areal number such that —2m < x < 2n, x #—n, and x # 
m}. In interval notation, the domain is |—2%,-7)U(~, 7) U(a, 27), 


Asymptotes are lines that a function approaches but never reaches; 
they are usually drawn as dotted lines. While they are not technically 


part of the function, they definitely shape its graph. 


The problem only asks you to identify the domain for the portion of 
h(x) displayed in this diagram (—2m < x < 27), but h(x) is periodic. All 
of the function values (and the undefined values) will repeat infinitely. 


Horizontal lines drawn on the coordinate plane will intersect h(x) at 
and above the x-axis, so the range of h(x) is all real numbers greater 
than or equal to 0. In set notation, the range is {h(x) | h(x) = 0}. In 
interval notation, the range is [0,°°). 


Note: Problems 5.10-5.12 refer to the graph of periodic function h(x) in 
Problem 5.10. 


5.11 Calculate the amplitude of h(x). 


The minimum value of the function is h(x) = 0, but the function has no 
finite maximum value. Its graph increases without bound as it 
approaches the vertical asymptotes. Therefore, amplitude is not 
defined for h(x). 


Note: Problems 5.10-5.12 refer to the graph of periodic function h(x) in 
Problem 5.10. 


5.12 Calculate the period of h(x). 


One full period of the graph occurs between x = —m and x = 1. To 
compute the period, calculate the difference of the x-values. 
period = 1—(—7) 
=na+2 


=27 


Remember, h(x) is undefined at 7, at the asymptote. If you add the 


period zrto (or subtract it from) that undefined x-value, you get other 
x-values at which h(x) is undefined. For example, 7 +27 =3, so h(x) 
is also undefined at 37. 


Transforming Periodic Graphs 
Move, stretch, squish, and flip graphs 


Note: Problems 5.13—5.17 refer to the graph of periodic function f(x) below. 


5.13 Graph f(x) — 1. 


It is helpful to identify key points on a graph before you attempt to 
transform it. For example, (—6,—2), (—4,2), (—2,-2), (0,2), (2,-2), (4,2), 
and (6,—2) may be considered key points on the graph of f(x) because 
they are the points at which f(x) changes direction. 


When you transform a graph, think about the way in which the 
transformation affects the individual points you’ve identified. For 
example, to graph f(x) — 1, you subtract 1 from each of the f(x), or y, 
coordinates of the points. The transformed key points on the graph of 
f(x) — 1 are (—6,—3), (-4,1), (—2,-3), (0,1), (2,-3), (4,1), and (6,—3), as 
illustrated below. 


Subtracting a constant from a function shifts its graph vertically 
downward the corresponding number of units. 


Note: Problems 5.13—5.17 refer to the graph of periodic function f(x) in 
Problem 5.13. 


5.14 Graph f(x) + 2. 


As Problem 5.13 explains, subtracting a constant from a function shifts 
its graph downward the corresponding number of units. Similarly, 
adding a constant to a function shifts its graph upwards. Thus, the 
graph of f(x) + 2 is simply the graph of f(x) shifted up 2 units on the 
coordinate plane. 


In other words, a real number (not a variable). 


Note: Problems 5.13—5.17 refer to the graph of periodic function f(x) in 
Problem 5.13. 


5.15 Graph f(x + 1). 


Problems 5.13—5.14 explore the transformations that occur when 
constants are added to, or subtracted from, a function. This problem is 
slightly different, because it adds 1 to the input of the function, rather 
than the output. Accordingly, the graph will shift in a horizontal 
direction rather than vertically. 


Think about how adding 1 to the input of a function affects its graph. If 
you substitute x = 0 into f(x), the output is 2, so f(0) = 2. You will get 
the same output (2) from the function f(x + 1) if you evaluate it for x = 
—1. 


Because the graph of f(x) passes through the point (x,f(x)) = (0,2). 


f(-) +1) = f(-14+)) 
= f(0) 


= 9 


a 


Because 1 is added to each input value, f(x + 1) reaches f(x)’s function 
values exactly 1 unit sooner than f(x). Interpreted graphically, this 
means that f(x + 1) is the graph of f(x) shifted 1 unit to the left, as 
illustrated below. 


A horizontal shift is also called a “phase shift.” 


fix+1) 


Note: Problems 5.13—5.17 refer to the graph of periodic function f(x) in 
Problem 5.13. 


5.16 Graph f(x — 3). 


As Problem 5.15 explains, adding a constant to the input of a function 
—in other words, adding it inside the parentheses rather than outside 
—shifts the graph to the left. Similarly, subtracting a constant from the 
input of a function shifts the graph to the right. Therefore, the graph of 
f(x — 3) is the graph of f(x) shifted 3 units to the right. 


In the following diagram, corresponding key points on the graph are 
compared. The y-intercept of the original, dotted graph of f(x) is (0,2). 
This point is shifted 3 units to the right in the graph of f(x — 3), and the 
corresponding coordinate on the new graph is (3,2). 


3 units 


Many students errantly interpret f(x — 3) as a leftward horizontal shift, 
because they equate a negative number with leftward movement in the 


coordinate plane. Remember, adding within parentheses results in a 
leftward shift and subtracting within parentheses results in a rightward 
shift. 


Note: Problems 5.13—5.17 refer to the graph of periodic function f(x) in 
Problem 5.13. 


5.17. Graph f(x — 1) + 2. 


The graph of f(x — 1) + 2 undergoes two transformations from the base 
graph of f(x). Subtracting 1 within parentheses results in a horizontal 
shift 1 unit to the right. Adding 2 results in a vertical shift of 2 units 
upward, as illustrated below. 


Consider key point (0,2) on the original graph of f(x). Shifting this 
point 1 unit to the right and 2 units up produces new point (0 + 1, 2 + 
2) = (1,4) on the graph of f(x — 1) + 2. 


Note: Problems 5.18—5.21 refer to the graph of periodic function g(x) below. 


5.18 Graph 2g(x). 


Problems 5.13—5.17 explain what happens to a graph if you add or 


subtract a number from the function and/or the function’s input. 
Problems 5.18—5.21 explain how to handle multiplication. 


Multiplying a function by 2 stretches the graph of the function 
vertically by a factor of 2. In other words, its maximum and minimum 
values stretch twice as far from the x-axis. Consider the graph of g(x); 
its maximum value is 1 and its minimum value is 0. Once transformed, 
the new graph 2g9(x) will have a maximum value of 1 - 2 = 2, but its 
minimum value remains unchanged: 0 - 2 = 0. 


Much like adding a constant to a function shifts its graph vertically (as 
explained in Problems 5.13—5.14), multiplying a function by a constant 
stretches its graph vertically. 


Note: Problems 5.18—5.21 refer to the graph of periodic function g(x) in 
Problem 5.18. 


5.19 Graph =2(x). 


Multiplying a function by a positive real number less than 1 will 
compress the graph, rather than stretch it. The original graph of g(x) 
has maximum and minimum values of 1 and 0, respectively. Multiply 
each by 1/3 to calculate the maximum and minimum values of (1/3) 
(g(x)): (1/3)(1) = 1/3 and (1/3)(0) = 0. 


Note that the scale of the following graph is slightly modified to better 
visualize the effects of this transformation. The original, dotted graph 


of g(x) stretches to a maximum height of 1, but the transformed graph 
of (1/3)(g(x)) reaches only one-third as high. 


Note: Problems 5.18—5.21 refer to the graph of periodic function g(x) in 
Problem 5.18. 


5.20 Graph g(3x). 


Multiplying the input of a function—in other words, multiplying inside 
parentheses instead of outside—either compresses or stretches the 
graph horizontally. The coefficient of the independent variable (in this 
case 3 is the coefficient of the independent variable x) identifies the 
number of periods that will repeat within one period of the original 
graph. 


This transformation is a bit more complex than simple shifts, so it 
bears some further explanation. To calculate the period of a 
transformed graph, divide the period of the original graph by the 
coefficient within parentheses. In this example, the original graph of 
g(x) has a period of 3. Note that the period is a positive value, so you 
must take the absolute value of the quotient. 
period of g(x) 


period of g(3x) = " 


3 


2 
J 


[1 

l 

The period of the transformed graph g(3x) is 1, so rather than requiring 
a horizontal distance of 3 to complete one period of the graph, g(3x) 
requires a horizontal distance of only 1. Therefore, three complete 
periods of the graph appear where only one period of the graph 


appeared originally, as illustrated below. 


So the graph of g(3x) has three humps between x = 0 and x = 3 
instead of one hump like g(x). 


Note: Problems 5.18—5.21 refer to the graph of periodic function g(x) in 
Problem 5.18. 


5.21 Graph (5 “} 


As Problem 5.20 explains, multiplying the input of a function by a 
constant either compresses or stretches the graph horizontally. While 
multiplying by a positive constant greater than 1 results ina 
compressed graph (as demonstrated in Problem 5.20), multiplying by a 
positive constant less than 1 elongates the graph. 


To compute the period of the transformed graph (+x), divide the 
period of the original graph g(x) by the coefficient of x. 
period of g(x) 


1/2 


{1 \ 
period of g| Pd | = 
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{1/2 
Multiply the numerator and denominator of the complex fraction by 2 
to simplify it. 


The transformed graph has a period of 6, so one period is twice as long 
as a period of g(x), as illustrated below. 


The coefficient of x tells you how much of the new graph will 
appear in one period of the old graph. In this problem, g(x) has a 
period of 3, so you know that only 1/2 of the original graph fits in 
the same horizontal space. In other words, the period of the new 
graph is twice the period of g(x). 


hix) 


5.22 Graph —h(x). 


Multiplying a function by —1 reflects its graph across the x-axis. To 
generate the transformed graph —h(x), multiply the h(x)-coordinates (or 
y-coordinates) of each point on the original graph by —1. For example, 
key points on the original graph h(x) include (—4,—1), (—3,—4), (0,-1), 
(1,-1), (2,4), and (5,-1). Therefore, the graph of —h(x) will contain 
points (—4,1), (—3,4), (0,1), (1,1), (2,4), and (5,1). 


—h( x) 


Note: Problems 5.22-5.25 refer to the graph of periodic function h(x) in 
Problem 5.22. 


5.23 Graph h(-x). 


Multiplying the input of a function by —1 reflects the graph across the 
y-axis. To generate the transformed graph h(—x), multiply the x- 
coordinate of each point on the original graph of h(x) by —1. For 
example, the key points on the original graph h(x) include (—4,—1), (— 
3,4), (0,—1), (1,-1), (2,-4), and (5,-1); they correspond to the points 
(4,—1), (3,—4), (0,—1), (—1,-1), (-2,-4), and (—5,—1) on the transformed 
graph h(-x). 


A(—x) 


Note: Problems 5.22-5.25 refer to the graph of periodic function h(x) in 
Problem 5.22. 


5.24 Graph —2h(x). 


This problem combines two transformations: multiplying a function by 
—1 (which reflects the graph across the x-axis) and multiplying a 
function by 2 (which stretches the graph vertically). To generate the 
graph, multiply the y-coordinate of each point on the original graph of 
h(x) by —2. For example, the point (0,—1) on h(x) corresponds with the 
point (0,2) on —2h(x). 


In other words, this combines Problem 5.18 (where you stretch by a 
factor of 2) and Problem 5.22 (where you reflect across the x-axis). 


Note: Problems 5.22-5.25 refer to the graph of periodic function h(x) in 
Problem 5.22. 


5.25 Graph h(-x) + 4. 


This problem requires you to perform two transformations. Because 
the input of the function is —x rather than x, you must reflect h(x) 
across the y-axis. Then, because 4 is added to h(—x), you must shift the 
graph of h(x) up 4 units. 


h(—x) +4 


Note that horizontal and vertical shifts should be completed after all 
reflections, stretches, and compressions have been completed. In other 
words, address multiplied constants before constants that are added or 
subtracted. 


Sine Functions 
Oscillating between —1 and 1, until you transform them 


5.26 Graph sin 8 on the interval —2m < 0 < 2n. 


The graph of function f(6) = sin 6 is a periodic wave that intersects the 
horizontal axis at multiples of m. Consider one period of the graph, 
bounded on the left by 6 = 0 and on the right by 8 = 2m. The following 
sine values are derived from the trigonometric unit circle: sin 0 = sin 
2n = 0, sin n/2 = 1, sin m = 0, and sin 37/2 = —-1. Therefore, the points 
(0,0), (m/2,1), (1,0), and (31/2,-1) belong to the graph of sin 8, as 
illustrated below. 


5.27 Graph f(8) = sin(@ — 71). 


As Problem 5.16 explains, subtracting m from the input of a function 
shifts the graph of sin 8 a total of m units to the right. 


ececee sin @ 


sin (@—) 


5.28 Graph f(8) = sin @ + 1. 


As Problem 5.14 explains, adding 1 to a function shifts its graph up 1 
unit. 


sin @ +1 


5.29 Graph f(8) = —sin 8. 


As Problem 5.22 explains, multiplying a function by —1 reflects its 
graph across the x-axis. 


------ sin @ 


— -sin @ 
—2 


5.30 Graph f(8) = sin (-8). 


As Problem 5.23 explains, multiplying the input of a function by —1 
reflects its graph across the y-axis. 


coos sin @ 


sin (—@) 


Note that reflecting sin 8 across either the x- or y-axis produces the 
same graph. 


This is true for this graph, not for all graphs. 


5.31 Graph f(8) = 3sin 8 and calculate the amplitude of f(8). 


The function y = sin @ has an amplitude of 1, because the 
untransformed graph of sin 8 stretches to a maximum vertical height of 
1 and a minimum height of —1. According to Problem 5.18, 
multiplying sin 6 by 3 changes the amplitude of the graph, which now 
reaches maximum and minimum heights of 3 and —3, respectively. 
Therefore, the amplitude of f(8) is 3. 


If a trig function is multiplied by a real number, the absolute value of 
that real number is the amplitude of the graph. In other words, the 


amplitude of f(x) = A- sin x is |A|. Amplitude is always a positive 
value. 


sin @ 


5sin 0 


5.32 Graph f(8) = sin 20 and calculate the period of f(8). 


As Problem 5.20 explains, multiplying the input of a function by a real 
number greater than 1 causes the graph to compress horizontally. In 
this problem, you compress the graph of y = sin 8 by a factor of 2 
because the input 8 is multiplied by 2. In other words, two complete 
periods of sin 8 appear between 8 = 0 and 6 = 2r on the horizontal 
axis, in the interval where one period of the untransformed graph 
normally appears. 


sence sin 0 


— sin 20 


To calculate the period of f(8), divide the period of the untransformed 
graph y = sin 8 by the coefficient of 8 in the transformed graph f(8). 


If the new graph has equation f(x) = sin (Bx), then divide by B. 


period of sin@ | 
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5.33 Graph / (6)=sin( 0+ =|-2. 


Adding 1/4 to the input of the function y = sin 6 shifts its graph left 1/4 
units; subtracting 2 from the function shifts the graph down 2 units. 


5.34 Graph f(0)=—ssin| 70} 


Transform the graph of y = sin 8, compressing it to one-third of its 
original amplitude, reflecting it about the x-axis, and then stretching 


the graph horizontally, so that only one-fourth of the original graph of 
sin 8 appears between 0 and 2m. 


Cosine Functions 
The sine graph schooched slightly to the left 


5.35 Graph f(0) = cos @ on the interval —2n < 6 < 2n. 


According to the trigonometric unit circle, cos 0 = cos 2m = 1, cos m/2 
= 0, cos m =—1, and cos 3/2 = 0. The graph of f(8) = cos @ is very 
similar to the graph of y = sin @. In fact, as Problem 5.36 explains, the 
two graphs are equivalent apart from a simple horizontal shift. 


5.36 Graph f(8) = cos 6 and g(@)= sin 6+ fo visually verify that f(®) = g(8). 


The graph of g(@) shifts the graph of y = sin @ a horizontal distance of 
m/2 units to the left. The resulting graph coincides with the graph of 
f(8) = cos 8. 


------- f(@) =sin 8 


—_— y=cos@ 


amen o(f)= sin{o+=) 


5.37 Graph /(@)=4 cos( 0 -*2) 


Multiplying the cosine function by 4 stretches its amplitude by a factor 
of 4. Thus, the graph of f(8) stretches to a maximum height of 4 and a 
minimum height of —4. Subtracting 3n/4 from the input of the function 
shifts the graph 3/4 units to the right. 


Each of the tic marks along the x-axis represents a distance of 1/4, so 
move the graph three tic marks to the right. 


-- y=cos@ 


— f (0) = 4cos|o-—*} 


5.38 Graph f(8) = cos(—38) + 2. 


When graphing a function using numerous transformations, you 


should complete them in the following order: 


1. Horizontal and vertical stretching/compression, which occur when 
either the function or its input is multiplied by a real number 

2. Reflections about the x- or y-axes, which occur when either the 
function or its input is multiplied by —1 

3. Horizontal and vertical shifts, which occur when a real number is 
added to (or subtracted from) a function or its input 


Technically speaking, the first two steps in the list above may be 
reversed, but horizontal and vertical shifts must always be completed 
last. 


In this problem, the input of y = cos 8 is multiplied by —3, so the graph 
of y = cos 8 is reflected about the y-axis and compressed by a factor of 
3. Then, because 2 is added to the function, the graph is shifted upward 
a distance of 2 units. 


The graph of y = <°s® is “y-symmetric,” because the right and left 
sides of the graph look like reflections of each other, as if the y-axis 
were a mirror. When you reflect a y-symmetric graph across the y- 
axis, it looks exactly the same as it did before you reflected it. 


(0) = cos (38) + 2 


Note: Problems 5.39—-5.40 explain how to graph zg (0) = cos| 0-2 which 


contains a specific pair of transformations: a horizontal shift and a period 
change. 


5.39 Calculate the 6-coordinates on the graph of g(8) that correspond with @ 
= 0 and 8 = 27 on the untransformed graph of y = cos 8. 


If you multiply the input of a function by a real number and add a 
value to (or subtract a value from) the input as well, you have to apply 
a specific technique to graph this pair of transformations. 


In other words, if you graph a function f(x) = cos (Bx + C), where B 


# 1 and C ~ 0, then you have to apply this technique. In this 
problem, B = 1/2 andc=-™, 


The period of the untransformed graph y = cos @ is 27. Recall that one 
full period of cos 8 occurs between the horizontal boundaries of 8 = 0 
and 8 = 2n. To locate the starting and ending points of one aa on 


the transformed graph g(8), set the parenthetical quantity Fu —x Jequal 


to 0 and 27 and solve for 0. 


. 1 
—A@—-x=0 —§@—x=2n 
2 2 
1 l 
—O=2 50 = 3a 
i oe 
2|50|=2(@) 25 0) 2 (32) 
@=2x 6=62 


Note: Problems 5.39—5.40 explain how to graph g(@) = cos| 40 x} which 


contains a specific pair of transformations: a horizontal shift and a period 
change. 


5.40 Graph g(8). 


According to Problem 5.39, the period of y = cos @ that normally lies 
between 6 = 0 and 0 = 2m lies between 0 = 2n and 8 = 6m on the 
transformed graph of g(@). Note that neither the amplitude of y = cos 8 
nor its vertical position changes. 


Look at the graph of cosine between ¢@= 0 ana ¢=2r. Draw that same 
shape between the new boundaries, @= 2% ana 6=¢9r 


> ee f(?)= cos 6 


—_—— 7(0)= cos|=0— =| 


5.41 Graph /(@)= cos{40—“fand calculate its period. 


Apply the technique described in Problems 5.40—5.41. Because one 
full period of y = cos 0 lies between 0 = 0 and 0 = 21, set the 


parenthetical quantity | 40 —= equal to both values of 6 to identify the 
values of 6 that bound one period of f(8). 


9 2 
19=~ 10 =22+— 
2 2 
1 (= ix 
—|(49) =(—— 49 = —+— 
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The portion of the untransformed graph y = cos 6 that lies between 0 = 
0 and 8 = 2n will lie between 8 = 1/8 and 8 = 5n/8 on the transformed 
graph of f(8). 


at te {(®) =cos 0 


—— /{(6)=cos [0-3 


The period of a transformed graph is equal to the absolute value of the 
original, untransformed period divided by the coefficient of 0. 


; period of cos@ 
period of f() = |———_*—_________—_. 
coefficient of 0 in f (0) 
_[ex 
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Note that the difference of the 8-values calculated above is also equal 
to the period of f(8). 


St 
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Chapter 6 


GRAPHING OTHER TRIGONOMETRIC FUNCTIONS 


Tan, cot, sec, and csc 


Chapter 5 explores graphical transformations, the effects that constants have on the 
graphs of functions depending upon their placement within the function. For example, 
multiplying by a constant within a function stretches or compresses that function, 
whereas adding or subtracting a value within the function shifts its graph but does not 
affect its shape. In this chapter, you are introduced to the graphs of the four remaining 
trigonometric functions, and you apply the same transformations to these slightly 
more complex graphs. 


Sine and cosine are defined for all real numbers, but that’s not true for the other 
four trig functions. Because tangent, cotangent, secant, and cosecant are all 
defined as quotients containing sine and/or cosine, graphs in this chapter are a 
little more complicated. Whenever quotients are involved, you have to worry 
about dividing by zero, which is not allowed. 


Any time the denominator of a trig function could equal zero, you have to create 
an invisible fence in the graph—like the kind people dig into their yards to keep 
their dogs from running away. These “fences” are vertical lines called 
asymptotes, which functions (like dogs) can approach but not cross. 


Tangent 
Large function values, limited domain 


6.1 Graph f(8) = tan 0 on the interval —2m < @ < 2m. 


Recall that tan @ is defined as the quotient of sin @ and cos 0. 
Therefore, tan 8 is equal to 0 whenever sin 8 = 0, but tan 0 is undefined 
whenever cos § = 0. Points of interest on the graph of f(8) include (0, 
0), (1/4, 1), and (—1/4, —1). 
wv _ sin 7/4 

cos 17/4 

_ 42/2 
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6.2 Based on the graph you created in Problem 6.1, identify the domain, 
range, and period of f(®) = tan 0. 


As Problem 6.1 explains, f(8) = (sin 8)/(cos 8) is undefined whenever 
its denominator is equal to 0, as indicated by vertical asymptotes on 
the graph. Therefore, the domain of f(8) is all real numbers such that 8 
# (km)/2, where k is an odd number. 


ln 3x Sw Tx Fr 


In other words, the domain of cosine excludes 2’ 2’ 2'’2'2’” as 


well as the opposites of those numbers. 


Apply the technique first described in Problem 5.2 to identify the 
range of the graph. Note that f(@) = tan 6 has neither a minimum nor a 
maximum value, and any horizontal line drawn on the coordinate 
plane intersects the graph. Therefore, the range of f(8) is all real 
numbers. 


One full period of the graph appears between consecutive asymptotes. 
For example, one period of f(8) = tan 8 lies between 8 = —n/2 and 0 = 
1/2. Subtract those 6-values to calculate the period. 


period of f (@)= aire} 
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6.3. Graph g(@) = 2tan 0. 


Multiplying the function y = tan @ by 2 doubles each of the function 
values. Consider the point (1/4, 1) on the untransformed graph of y = 
tan 8. Multiply its y-coordinate by 2 to generate the corresponding 
point on the graph of g(@). You conclude that g(@) passes through the 
point (7/4, 2). 


Flip back to Problem 5.18 if you need to review this transformation. 


— g(8@) = 2tané 
noentoe y=tan@ 


6.4 Graph ’(@)= tan(0+=] and identify the domain of h(6). 


Adding 1/2 to the input of the untransformed function y = tan @ shifts 
its graph m/2 units to the left. 


This is explained in Problem 5.21. 


tan( 0 + 


—— h(@) 


Identify the function k(®@) graphed below, a transformation of the graph y 


6.5 


; =4 


Two transformations change the graph of y = tan 0 into the graph of 
k(8). First, it is shifted 1 unit up on the coordinate plane, so you must 
add 1 to tan 6 to create k(8). Second, the period of the graph is 
compressed horizontally, so you will need to multiply the input by a 
real number value. It appears that the graph is compressed by a factor 
of 2, but it is important to verify this observation empirically. 


Notice that one full period of the graph lies between two consecutive 
vertical asymptotes, 8 = —1/4 and 8 = 7/4, for example. Thus, the 
period of k(@) is the distance between those 8-values. 


x { x) 
sriod of k(@) =——-|-— 
period of k(@) 4 | 7| 
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The graph is, indeed, compressed horizontally by a factor of 2, because 
the new period is half the size of the original period |= = 1 “1 |. Thus, 


the input of function k(8) should be multiplied by 2. 


This is explained in Problem 5. 21. 


If you need further evidence, recall that the period of a transformed 
graph is equal to the absolute value of the untransformed period 
divided by the coefficient of 8 in the transformed function. In the 
following formula, let x represent the coefficient of 8 in k(8). Solve the 
proportion for x. 

period of tan@ 


period of £(0) = —— 
coefficient of @ in k(@) 
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In conclusion, the graph of k(8) is compressed horizontally by a factor 


of 2 and is shifted up 1 unit. Therefore, k(®) = tan (20) + 1. 


Cotangent 
A reflection of tangent 


6.6 Graph f(8) = cot 6 on the interval —2m < @ < 2m and identify the period of 
f(8). 


Recall that f(8) = cot @ is defined as the quotient of cos 8 and sin 0. 
Therefore, it is equal to 0 (and intersects the x-axis) whenever cos 8 = 
O and is undefined whenever sin 8 = 0. 


Like the graph of y = tan 8, the graph of (8) = cot 8 passes through the 
point (11/4, 1), as demonstrated below. 


sina /4 cos%/4 /2/2 


cost#/4 sina/4 J2/2 


As illustrated in the graph of cot 8, one period of the graph lies 
between vertical asymptotes 8 = 0 and 0 = mn. Therefore, the period of 
f(8) is the distance between those 8-values. 
period of f/(@)=2—-0 
= 
Thus, the graphs of tangent and cotangent both have the same period, 
Tl. 


6.7. Based on the graph you created in Problem 6.6, identify the domain and 
range of f(8) = cot 0. 


The graph of f(8) = cot 8 has vertical asymptotes at each multiple of 1. 
Hence, the domain of cot 8 is all real numbers such that 6 4 kn, where 
k is an integer. Like the graph of y = tan 9, the graph of f(8) = cot 0 
increases and decreases without bound, and any horizontal line drawn 
on the coordinate plane intersects the graph. Thus, the range of f(8) is 
all real numbers. 


6 = eee 173, —2, —|rr, 


cot 0 is not defined at 9% !*- 2%, 3, .... 


6.8 Graph j(8) = cot (-8) + 2. 


Compared to the untransformed function y = cot 8, the input of j(6) is 
multiplied by —1 and 2 is added to the function value. Therefore, to 
graph j(8), you reflect the graph of y = cot 8 about the y-axis and move 
it up two units. 


—— y= cot 


HO) = cot (8) +2 


6.9 Graph hA(@)= =cot (20). 


All of the points on h(6) are one-third as high as the corresponding 
points on the graph of y = cot 0. Furthermore, two periods of h(8) lie in 
the interval 0 < @ < 1, where only one interval of y = cot 8 lies. 


6.10 Create a function g(8), a transformation of y = tan 8 that coincides with 
the graph of f(8) = cot 8. 


Reflecting the graph of tangent across the x-axis and then moving it to 
the left 7/2 units produces the graph of f(8) = cot 8. Thus, the graph of 
g(8) = —tan (8 + 1/2) coincides with the graph of f(8). 


i. *) {1% 
~tanl@ 2] and 9(6) = tan {> -) are other correct answers. 


Note that there are numerous correct answers to this problem. You can 
reflect the graph of y = tan 8 across either the x- or the y-axis, and you 
can shift the reflected graph 1/2 units to the left or the right. 


Secant 
U-shaped pieces that shoot off of the cosine graph 


Note: Problems 6.11—6.13 explore the graph of f(8) = sec 8. 


6.11 Draw the graph of y = cos 8 as a dotted curve on the coordinate plane 
and use the graph to determine the domain and period of f(8) = sec 8. 


Notice that sec 8 = 1/cos 8 and tan @ = (sin 8)/(cos 8) have the same 
denominator, cos 8. They also have the same domain, because they are 
both undefined only when cos 8 = 0. Problem 6.2 states that the 
domain of tan 0 is all real numbers such that 8 # krt/2, where k is an 
odd number; that is also the domain of f(8) = sec 8. 


If cos 8 = 0 then ¢= + but you aren’t allowed to divide by 0. 
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-—-- y=cos 6 


“t 
The function values of f(8) = sec 8 are equal to the reciprocals of the 
corresponding values of cos 8, so they repeat when the values of cos 8 


repeat. Because y = cos 8 has period 27, you conclude that f(®@) = sec 8 
also has period 21. 


In other words, if f(x) is the reciprocal of periodic function g(x), then 
f(x) and g(x) have the same period. 


Note: Problems 6.11—6.13 explore the graph of f(0) = sec 0. 
6.12 Demonstrate how the graph of f(@) = sec 8 can be generated from the 
graph you created in Problem 6.11. 


Recall that sec 6 and cos 8 are reciprocal functions. Therefore, the 
larger one function is, the smaller the other is. For example, according 


to the unit circle, cos m/3 = 1/2. The corresponding value of secant is 
larger: sec 5 = 


=2Given an even smaller cosine value, the secant 


1/2 


grows even larger: if cos 8 = 1/100, then sec@ = = 100. 


1/100 


Graphically speaking, as the graph of cos 0 gets closer to the x-axis, 
the graph of sec 0 increases or decreases without bound. As illustrated 
in the following graph, f(8) = sec 6 has the same vertical asymptotes as 
the graph of y = tan 9; both are undefined at 0 = kn/2, where k is an 
odd number. As the graph of f(8@) = sec 8 approaches the vertical 
asymptotes at those values, the function values are very large positive 
or negative numbers, like the graph of tan @. 


If cosine is tiny and positive, secant is a huge positive number; if 


cosine is tiny and negative, then secant is a huge negative number. 


aa== y=Ccos@ 


ee | = $e¢ é 


Notice that the graphs of cos 8 and sec 8 share point (0, 1). According 
to the unit circle, cos 0 = 1, and the reciprocal of 1 is 1. Similarly, the 
graphs share point (m, —1) because cos m = sec mt = —1. 


Note: Problems 6.11—6.13 explore the graph of f(0) = sec 0. 
6.13 Use the graph you generated in Problem 6.12 to identify the range of 
f(8). 


Horizontal lines drawn on the coordinate plane intersect the graph of 
f(8) at height f(8) = 1 and above, as well as height f(8) = —1 and below. 


However, the graph does not exist between heights of —1 and 1. 
Therefore, the range of f(8) is all real numbers excluding any value y 


such that —1 < y < 1. In interval notation, the range of (8) is 
(—2,—1] U[l, 2), 


6.14 Graph g(8) =-sec 8 — 1. 


Begin with the graph of y = sec 8 and apply two transformations. 
Multiplying a function by —1 reflects it across the x-axis, and 
subtracting 1 from it moves the graph down 1 unit. 
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6.15 Graph h(8) = sec (38). 


Consider one period of the untransformed secant graph, beginning at 0 
= 0 and ending at 8 = 2m. The graph of h(8) will contain three full 
periods of this shape in the same horizontal interval, as illustrated 
below. 


---- y = sec 
—— h(@)= sec(30) 


Cosecant 
Similar to secant, but based off of sine 


Note: Problems 6.16—6.18 explore the graph of f(@) = csc 0. 


6.16 Draw the graph of y = sin 8 as a dotted curve on the coordinate plane 
and use the graph to determine the domain of f(8) = csc 8. 


In Problem 6.11, you determine the domain of sec 8 by examining the 
graph of its reciprocal, cos 8. As that solution demonstrates, sec 0 is 
undefined wherever cos @ intersects the horizontal axis. Similarly, (8) 
= csc @ is undefined at each value of 8 at which sin 0 intersects the 
horizontal axis. 


Thus, the domain of f(8) is all real numbers such that 8 # kn, where k is 
an integer. Note that f(@) = csc 8 has the same domain as y = cot 9, as 
cot 8 and csc 8 have the same denominator, sin 0. 


The sine function is equal to zero at positive and negative multiples 
of 


6=...,-3%, -247, —I7, 
Bor, (8, Zary Sh seus 


Note: Problems 6.16—6.18 explore the graph of f(@) = csc 0. 


6.17 Demonstrate how the graph of f(8) = csc 8 can be generated from the 
graph you created in Problem 6.16. 


Consider the solution to Problem 6.12, which explains that small 
values on a function correspond with large values on the reciprocal 
function. Thus, whenever the graph of y = sin 8 approaches the 
horizontal axis, the graph of f(8) increases or decreases without bound. 


-——- jy=sin@ 


{(@) = csc 6 


Note: Problems 6.16—6.18 explore the graph of f(@) = csc 0. 


6.18 Use the graph you generated in Problem 6.17 to identify the range of 
f(8). 


Like the graph of y = sec 9, any horizontal line drawn on the 
coordinate plane intersects the graph of f(8@) = csc 8 except horizontal 
lines between f(8) = —1 and f(8) = 1. Thus, the range of f(8), like the 
range of y = sec 0 identified in Problem 6.13, is all real numbers 
excluding any value y such that —1 < y < 1. In interval notation, the 


range of f(8) is (-~.- HULL), 
1 
6.19 Graph 2(0)=cse(50} 


One full period of y = csc 8 lies between 8 = 0 and 8 = 2m. Because the 
input of g(8) is multiplied by 1/2, only half of that period appears in 
the transformed graph of g(8), as illustrated below. 


The period of cscO (like the period of sec8) is 21. 


6.20 Graph A(0)= ~cse(0 + > 


The graph of h(@) is the graph of y = csc 8 reflected across the x-axis 
and shifted to the left m/4 units. 


Chapter 7 


BASIC TRIGONOMETRIC IDENTITIES 


Simplifyingtrig statements 


This chapter is the first of two dedicated to trigonometric identities, equivalency 
statements that will serve as tools for future chapters and mathematics courses. The 
preceding chapters focus on a concrete representation of trigonometric functions— 
how they are defined in terms of right triangles, how they derive their values from the 
unit circle, and how they are affected graphically with the introduction of real number 
values. In order to master more advanced trigonometric theorems, however, you must 
first focus on comparatively more abstract concepts. 


The first six chapters of the book may have felt a little like geometry, but the 
next clump of chapters will feel more like algebra. This chapter marks the 
beginning of trig identities, formulas you need to memorize. These formulas 
allow you to manipulate complicated trig expressions and make them much 
simpler looking and easier to deal with. And don’t worry about having to 
commit even more things to memory—unlike the unit circle, you’|l use these 
formulas so much, the memorization will come naturally. 


Each new section in this chapter brings a new batch of identities to memorize. 
Basically, all of the problems in each section will fall into one of two categories: 


1. Simplifying trig expressions (sort of like simplifying fractions to lowest 
terms, so that what you end up with is nicer looking than what you started 
with) 

2. Verifying identities (where you take an equation that doesn’t look like it 
could possibly be equal and show that it is) 


Reciprocal and Cofunction Identities 
Cos is reciprocal of sec, cofunction of sin 


7.1 List the six cofunction identities and explain how they are related. 


Each of the three trigonometric functions that begin with the prefix 
“co-” is described as the “cofunction” of the function with the same 
name, when the prefix is omitted. For example, sine and cosine are 


cofunctions. If f(x) and g(x) are trigonometric cofunctions, then 
substituting m/2 — x into one of the functions is equivalent to 
substituting x into its cofunction. 


The other two pairs of cofunctions: secant/cosecant, 


tangent/cotangent 


ifr me fpr 


For example, because sin x and cos x are cofunctions, the following 
statements are true. 


sin| ——x|=cosx and c os| ——*x |= sinx 
\2 } \2 / 


Ensure that you state the parenthetical quantity correctly—you must 
subtract x from 7/2, not vice versa. Apply this pattern to the four 
remaining cofunctions to complete the set of six cofunction identities. 


f TU \ / fy 4 \ 
tan| — —* | = cotx cot|——x | =tanx 
9 9 
\s } 4 / 
/ bf \ / bi 4 \ 
sec| ——x | = CSC x esc] > —x |= Sec x 
(2 } 2 / 


7.2 Simplify the expression: co ==} sin x. 


As Problem 7.1 explains, cos| =x | =sinx, So substitute the equivalent 


quantity into the expression to simplify it. 
( os —s| -sinx = (sinx)(sinx) 


—SIn x 
The product (sin x)(sin x) may also be written (sin x)2, but the notation 
sin? x is more common. Note that the statement (sin x)(sin x) = sin x2 is 
incorrect—multiplying sin x times itself is equal to the square of the 
entire quantity (sin x), not just the sine of x2. 


If an entire trig expression is squared, write the exponent after the 
name of the function. In other words, (cos 5x)(cox 5x)(cos 5x) = 


cos3 5x. If you write “cos 5x3,” it looks like you’re plugging 5x3 
into cosine, not raising (cos 5x) to the third power. 


7.3 Simplify the expression: cot =— x|- 5tanx. 


Apply a cofunction identity to rewrite cot (1/2 — x) as its cofunction, 
tan x. 


{x \ 
c ot| ike \ 5tanx =tanx—5tanx 


=—4tanx 


Notice that tan x and —5 tan x are like terms, so they should be 
combined to simplify the expression; the result is —4 tan x. 


7.4 Simplify the expression: S@(%/2=) ae 
cos 

Apply the cofunction identity sin (1/2 — 8) = cos 8 to rewrite the 
numerator of the fraction. 

sin(a /2—60) _ cosé 

cos . cos0 
=1 

Reducing the fraction (cos 8)/(cos 8) to lowest terms produces the 
equivalent value 1. However, you cannot conclude that (cos 8)/(cos 8) 
= 1 for all values of 8. For instance, substituting 8 = 1/2 into the 
expression produces an indeterminate value, as demonstrated below. 


cosa /2 0 
cos /2 0 
Typically, instructors do not require you to state limitations of 
simplified expressions, so 1 is an acceptable answer for this problem. 


7.9 List the six reciprocal functions and express each in terms of sine and 
cosine. 


Each of the six trigonometric functions can be expressed as the 
reciprocal of another trigonometric function, as demonstrated below. 


cosé = 


sing = tan? = 
csc secO coté 


secO= cord = 
sin@ cos@ tan@ 


cscO = 


Furthermore, the tangent and cotangent functions may be expressed in 
terms of sine and cosine. 
1 _ sind 1 _ cos@ 


tan @ = —— = =— 
tan@ — sin@ 


= cot@ = 
cot@d cosé 


7.6 Simplify the expression: —— (a /2=0) 3cscO 


Apply the cofunction identity cos (1/2 — 8) = sin 8 to rewrite the 
denominator. 


I . 
— 3csc 0 = ———3csc0 


cos(s / 2-6 sin 
According to a reciprocal identity, 1/sin 8 = csc 8. 
=cscO—3csc@ 
=—2cscé 
sin@ 


7.7 Simplify the expression: eh 


It is helpful to rewrite this expression as a product—the numerator 
divided by 1 multiplied by the denominator divided into 1. 

sin? sind 1 

cscO = 1s esc 
Recall that 1/csc 6 = sin 0. 


ve sin@ 


-sin@ 
=sin° 6 


= 
esc @é 


but that answer is not as simplified as sin’o. 


sin 6 


you could have rewritten “"-— 


Because sie = 


7.8 Rewrite the expression as a single fraction: sec 8 + tan 0. 


Express sec @ and tan 0 in terms of sine and cosine. 
] sin@ 
4 


cos@ cos@ 


secO+tan@= 


The fractions have a common denominator, so they may be combined. 
_1+sin@ 
cos@ 


7.9 Simplify the expression: sec x (cos x — 1). 


Express sec x in terms of cosine using a reciprocal identity. 


secx(cosx—1)= (cosx—1) 


Apply the distribution property, multiplying each of the terms within 
the parenthetical quantity by 1/cos x. 


l ] 
= (cos x) +—(-1) 
cos x cos x 


cosx 1 


COS X COS xX 


Note that cos x/cos x = 1 and 1/cos x = sec x. 


= 1-secx 
7.10 Simplify the expression: tan'(2— ‘sec’ x. 


According to a cofunction identity, tan ‘*/2-*) = cot x. Therefore, tan2 
(1/2 —x) = cot x. 


2 | I 3 =e 2 sa on 
tan i—~—<*I'sec x=cot x:sec x 
2 


Rewrite the expression cot2 x - sec? x in terms of sine and cosine to 
simplify. 
3 cos” x I 


- 9 3 
sin x COS x 


Cesk * cosx 
cosx * casx -cosx* sin’ x 
] 


cosx:sin? x 


This answer is pretty good—it’s probably okay if you stopped here. 


However, an answer without fractions is usually better than one with 
fractions in it. 


Apply reciprocal identities to eliminate the fraction. 
l I 


cosx sin’ x 


=secx’csc x 


: : ieee sin’ 6 
7.11 Simplify the expression: 3cot 1 eee mite /ea =k 


Express cot 8 in terms of sine and cosine, and apply a cofunction 
identity to rewrite the denominator within brackets. 


sin’ @ ‘cos@\| sin® @ 
Sicot6| —$ —___——— =3| : : 
4sin(a /2-—@) .sin@ /!| 4cos@ 


_ 3-cosé: sin’ 0 

~ 4:sin@- cos 

_ 3: cos - sin - sind 
7 4sinrO + cos 

_ 3sin8 

4 


=—sin@ 


7.12 Simplify the expression: sec x 3 cotx + csc” |c- “| +sin “| 


Express sec x and cot x in terms of sine and cosine, and apply a 
cofunction identity to rewrite csc? (1/2 — x) as sec? x. 


~ COSx F ? 
3°-— +sec’ x +sinx 


SInx 


1 cosx 1 sinx 
= 3-— + —— = 
cOsSx sinx cos x 1 


ae 
sec x Scotx +esc*|——x]+sinx = 
\2 } COSx 


Apply the distributive waged 


‘a f. cosx \ sin x 
: 3-4 | ae J+ wale 
98 x | .cosx }\ cos’ x LCOSX | } 


,COSX sin x, 
: a l sin x 
cesx *sinx COS xX COSxX 


=$- +sec’ xt+tanx 


sin x 


= 3cscx+sec x+tanx 


cos x = cosl x, so when you multiply (cos x)(cos2 x), it’s the same 


as multiplying (cos! x)(cos2 x). Add the exponents when you 
multiply: (cos! x)(cos2 x) = cos! + 2 x = cos3 x. 


Negative Identities 
What happens when you plug in —x? 


7.13 Evaluate each of the six trigonometric functions for —x to generate the 
negative trigonometric identities. 


Consider the graphs of the trigonometric functions that you generate in 
Chapters 5 and 6. Any graph that is symmetric about the y-axis—in 
other words, the graph is a reflection of itself across the y-axis, as 
though that vertical line were a mirror—is described as an “even 
function.” If f(x) is an even function, then f(—x) = f(x). You get the 
same output when a real number and its opposite are substituted into 
the function. 


Of the six trigonometric functions, only two have y-symmetric graphs 
and are, therefore, even functions: cos x and its reciprocal sec x. 
Therefore, cos (—x) = cos x and sec (—x) = sec x. The other four 
trigonometric functions are origin-symmetric, and are considered “odd 
functions.” If g(x) is an odd function, then g(—x) = —g(x). Hence, 
substituting x and —x into an odd function produce opposite results: 
sin(—x) = —sin x, tan (—x) = —-tan x, csc (—x) = —csc x, and cot (—x) = —cot 


Odd functions do exactly opposite things on either side of the origin. 
Think of the graph of tangent as an example. Immediately to the 


right of the origin, the graph shoots up and to the right, but to the left 
of the origin, the graph shoots down and to the left. 


7.14 Simplify the expression: sin (—x) csc (—x). 


Both sine and cosecant are odd functions, as explained in Problem 
7.13, so sin (—x) = —sin x and csc (—x) = -csc x. 


sin (—x) csc (—x) = (—sin x)(—csc x) 
Apply a reciprocal identity to simplify the expression, and note that the 


product of two negative values is positive. 
=+(sinx)(cscx) 


=(sin x)| | 
\sinx} 


sin x 


sinx 


=} 
7.15 Write the expression as a single fraction: 3sec (—8) + 2. 


Secant is an even function, so sec (—9) = sec 8. Apply a reciprocal 
identity to express the first term as a fraction. 
3sec(—0)+2=3sec0+2 
cos@ 
3 
= +9 
cos@ 


=<3)9 


+2 


In order to add the terms, they must share a common denominator, so 
multiply the numerator and denominator of the second term by cos 0. 


3 2 cos@ 
~ cos@ T cos@ 
3 2 cos 
cos@ = cos@ 
3+2cosé 


cos@ 


sinx 


7.16 Verify the statement: tanx = 


cos(=x)’ 


Whereas the preceding problems in this chapter ask you to simplify an 
expression, this problem directs you to verify a statement—an 
equation. In order to prove the statement true, you will manipulate one 
or both sides of the equation until it is absolutely clear that both sides 
of the equation are equal. 


In this problem, you should manipulate the right side of the equation, 
applying the negative identity cos (—x) = cos x. 


sinx 


tanx = 
cos(—x) 


sinx 


tanx = 
cOsx 


Because tangent is defined as the quotient of sine and cosine, tan x = 
sin x/cos x. is an obviously true statement, so you have successfully 
verified the original statement. 


7.17 Verify the statement: cos(—x)tan(—x) =—cos I5 - x} 


In order to verify this statement, you will simplify each side of the 
equation individually. Begin by applying the negative identities cos 
(—x) = cos x and tan (—x) = -tan x to the left side of the equation. 


(cosx)(—tan x) = —c os| = =x | 
—cosxtanx = —¢ os| ~ —=* | 
Now apply a cofunction identity to the right side of the equation. 


—cos X tan xX = -(sin x) 


The statement is not yet obviously true. Multiply both sides by —1 and 


express tan x in terms of sine and cosine. 


Expressing everything in terms of sine and cosine is a very useful 


trick for verifying trig statements. Remember it. 


(—1)(—cosxtanx) =(—1)(—sinx) 
cos xtanx = sinx 
osx sin x 


> =sinx 
l coesx 


sinx 


= sinx 


The final equation (sin x = sin x) is an obviously true statement that is 
logically equivalent to the initial equation. Because the final statement 
is true, you can conclude that the first statement is true as well. 


a ~ 


oe 


7.18 Simplify the expression: coi{ 0—=}sin{ 2-0}, 


Although it may appear so at first glance, cot (8 — 7/2) is not a 
cofunction identity, because the argument of the trigonometric 
expression is 6 — 7/2, not m/2 — 8. In order to apply the cofunction 
identity, you must factor —1 out of the terms in order to reverse them, 
as demonstrated below. Notice that the —1 that is factored out of the 
expression still appears within the argument of cotangent. 


“Argument” means “the thing you plug into the function.” In other 


words, the argument of sin x is x. 


i x\. (x \ [ (x \l. (x 
cot] -—|sin|—-0]= cot} =1[ 5-8 Isinf =—0] 
| yaaa } \2 } 12 


According to the negative identities, cot (x) = —cot x. 


In other words, that —1 you just factored out of the input can now be 


pulled out of the input and placed in front of the function. 


{x \ (x \ 
=—cot|—-0 |sin| —-0 | 
\2 } \ 2 } 


Apply cofunction identities and express the functions in terms of sine 
and cosine. 


=—tan@ cos@ 


_ sin@ cosO 
7 cosO 1 
=—sin 6 
7.19 Verify the statement: sin(—x)cos(—x) cot (-x) = a 


Apply negative identities to simplify the left side of the equation, and 
then express the functions in terms of sine and cosine. 


Je cosx 
sin (—x)cos(—x)cot{—x) = 
sec x 
. COSX 
(—sinx)(cosx)(—cotx)= 
secx 
——, fcosx \ cosx 
( sixtx )(cos x)| —— |= 
: , \ SHTX | Secx 
COSX 
(cosx)(cosx)= 
secx 
‘ cos x 
cos x= 
sec x 


Now that you have fully simplified the left side of the equation, 
simplify the right side. Notice that dividing by sec x is the same as 
multiplying by its reciprocal, cos x. 


CcOsSx ] 


cos x= 
l SCC x 


COSX 


cos x= *COSX 


, 2 
cos" x = cos’ x 


Remember, once you get an obviously true equation, you’ve verified 


the original statement. 


7.20 Verify the statement: ; L, 


os(—x)+1  sec(—x)+1 a 


Both cosine and secant are even functions, so according to the negative 
identities, cos (—x) = cos x and sec (—x) = sec x. Note that adding 
fractions requires common denominators, so you must multiply the 
numerator and denominator of the first fraction by sec x + 1 and 
multiply the numerator and denominator of the second fraction by cos 
x +1. 

l l 

1 ts 


|] 
cosx+1l secx+l 


| secx +] \ 1 | 4 (: osx+l1 \ 1 | - 
secx+l1/\cosx+1/ \cosx+1/\secx+1) 
secx t+] ‘ cosx +] 7 
(secx+1)(cosx+1) (secx+1)(cosx +1) 
secxt+cosx+2 _ 
(secx +1)(cosx+1)_ 
Multiply the factors in the denominator using the FOIL method. Note 
that (sec x)(cos x) = 1 because secant and cosine are reciprocal 
functions. 
secx+cosx+2 
(sec x)(cosx) +(secx)(1)+(1)(cosx)+()(Q) 
secx+cosx+2 _ 
l+secx+cosx +1 7 
secx+cosx+2 _ 


l 


secx+cosx+2 


1=1 


Any value divided by itself, even something big like (sec x + cos x + 


2), is equal to 1. 


l—cosx 


sin(—x)’ 


7.21 Write the fraction as a sum or difference of two terms: 


Note that this problem simply asks you to simplify a single expression, 
not to verify an equation (like Problems 7.19 and 7.20). To begin, 
apply a negative identity to express sin (—x) as —Sin x. 


l—cosx I1l—cosx 


sin(—x)  —sinx 


If a fraction contains two or more terms in the numerator and only one 
term in the denominator, then you can rewrite that fraction as the sum 
or difference of the individual numerator terms, each divided by the 
common denominator. 


1 —cosx 
+ 


—sinx —sinx 
] cOosx 
+ ——_— 


sinx sinx 


=—cscx + cotx 


For example, 
[+2 -3 


sin x —tanx 


7.22 Verify the statement: ————— = sec(—x)-1, 


sin(—x) 


Begin by applying negative identities to rewrite sin (—x) and sec (-x), 
and then use the technique demonstrated in Problem 7.21 to express 
the single fraction on the left side of the equation as two fractions with 
a common denominator. 


sinx —tanx 


- =secx—1 
—sinx 
sin x =tanx 
—-+ = =secx—] 
—sinx —sinx 
tanx 
-l+— =secx—|] 
sinx 


If you add 1 to both sides of the equation, and apply a reciprocal 
identity to rewrite sec x as 1/cos x, the result is a proportion. 


tan x | 
ae cerned a =(secx—1)+1 
sinx } 


tanx 


= SCCx 
SInX 


tanx I 


SInxX cOsSx 
Cross-multiply to eliminate the fractions from the equation and 
simplify. 
(tanx)(cosx) = (sinx)(1) 
{ sinx ) 


age | ( LOS x ) =sinx 


sinx = sinx 


Pythagorean Identities 
For example, cos2 x + sin? x = 1 


7.23 


7.24 


List the three Pythagorean identities, in terms of 0. 


Each of the three Pythagorean identities is an equation that contains 
two squared trigonometric functions, a sum, and the real number 1. 


e cos? @+sin20=1 
e 1+ tan2 6 =sec2 8 
e 1+cot2 6 =csc2 6 


Note that 8, x, or any other variable may be used in the identities; the 
choice of variable does not affect the validity of the statement. For 
example, the first identity written in terms of x is equally valid: cos? x 
+ sin2 x = 1. 


Verify that the Pythagorean identity relating sine and cosine is true for 
8= 1/4. 


According to Problem 7.23, cos2 6 + sin? 8 = 1. Substitute 6 = 11/4 into 
each of the trigonometric functions and square the values to verify that 
the equation is true. 


/ 
! 


cos? {means the same thing as [ccs x). Plug in ¢= *to get ‘and then 
square that. 


Any non-zero real number divided by itself equals 1. In this case, 4/4 = 
1, so the statement is true. 


7.25 Verify that the Pythagorean identity relating secant and tangent is true 
for 8 = 1/6. 


Substitute 6 = 7/6 into the Pythagorean identity 1 + tan2 0 = sec2 8 and 
verify that the resulting statement is true. 


1+tan’?@=sec’@ 


1+ tan®|—|= sec? (— 
\6/ 6} 


Fee /6) | l | 
LL |) ——— | BE 
cos(7 / 6) cos(a / 6) 


4 
3/4 


3/4 
Multiply the entire equation by 3/4 to eliminate the fraction in the 
denominators. 


9 
A 


1 \ 


3 1/4 
Byte] 


3 9 
—(1l)+F 
4 ( A 


7.26 Simplify the expression: inane 


secx 


Recall that cos2 x + sin? x = 1. If you subtract sin? x from both sides of 
that identity, you produce the equally valid identity cos? x = 1 — sin2 x. 
Therefore, you can replace 1 — sin2 x in the numerator of this 
expression with cos2 x. 


3 2 
l—sin°x cos’x 


Sec x sec x 


cos’ x 
= ——— *cosx 
1 


=cos x 


Dividing by sec x is the same thing as multiplying by its reciprocal, 


cos x. This works just like Problem 7.7, where dividing by cosecant 
is the same as multiplying by sine. 


sec 9-1 


tan@ 


7.27 Simplify the expression: 


According to a Pythagorean identity, 1 + tan? 8 = sec? 8. If you 
subtract 1 from both sides of that equation, you produce the equally 
valid identity tan2 8 = sec2 6 — 1. Use this identity to rewrite the 


numerator of the fraction and simplify. 


sec’ O—1 _ tan’ @ 


tané tané@ 
_ tan ‘tan@ 
tant 
=tand 


7.28 Simplify the expression: sin’ x~sinx 


Re 
COSxX—cCOS X 


Factor sin x out of each term in the numerator, and factor cos x out of 
each term in the denominator. 


If you need to review factoring, look at Chapter 12 in The 


Humongous Book of Algebra Problems. 


sin’ x—sinx sin x(sin’ x—1) 


cosx—cos’x cosx(1—cos* x) 


If you subtract cos2 x and 1 from both sides of the expression cos2 x + 
sin2 x = 1, the result is sin? x — 1 = —cos2 x. 

_ sinx(—cos” x) 
~ cosx (1 —cos’ x ) 
If you subtract cos2 x from both sides of the Pythagorean identity cos? 
x + sin2 x = 1, the result is sin2 x = 1 — cos2 x. Use this equation to 
rewrite the parenthetical quantity in the denominator. Then, simplify 


the fraction. 
sin x(—cos’ x) 
"cos x(sin’ x) 
sutx . osx -COSX 


=—cotx 
7.29 Verify the statement: csc4 8 — cot4 8 = 2csc2 8 — 1. 


Factor the difference of perfect squares on the left side of the equation. 
(csc2 8 — cot2 8) (csc2 8 + cot? 8) = 2csc2 8-1 


Recall that 1 + cot? 8 = csc2 6. If you subtract cot2 8 from both sides of 
that Pythagorean identity, the result is 1 = csc? 8 — cot2 8. Use this 
statement to simplify the left side of the equation. 


(1) (csc2 8 + cot2 8) = 2csc2 86-1 


Add and subtract like terms to simplify the expression. 


cot’ 6 = (esc *@—csc* @)-1 
cot? 6=csc’* O—1 


cot? 0+1=csc’* 0 


Subtract ¢s<’é from both sides, then add 1 to both sides. You end up 


with a Pythagorean identity, so you’re done. 


; + i 5 
l—sinx 1+sinx 


7.30 Simplify the expression: 


In order to add the fractions, you need to express them in terms of the 
least common denominator (1 — sin x)(1 + sin X). 


1 z 1 _ 1 | ‘1+sinx | 4 ( l \ oe 


l—sinx I+sinx \l—sinx/\1l+sinx L+sinx/\l—sinx} 


1+sinx 4: 1—sinx 
(l-sinx)(1+sinx) (1+sinx)(1—sinx) 
1+sinx+1—sinx 
(1—sinx)(1+sinx) 


Combine like terms in the numerator and multiply the factors in the 
denominator. 


_ 0+1)+(sinx=sinx) 
1+sinx—sinx —sin’ x 
_ 2 
l—sin’ x 
Note that 1 — sin2 x = cos2 x, as explained in Problem 7.26. 


9 


cos’ x 


= 2sec" x 


7.31 Verify the statement: (1+tan@)* a 

cos 
Expand the left side of the equation, and rewrite the single fraction on 
the right side of the equation as the sum of two fractions with common 
denominator cos2 0. 


l 2sin@cos@ 


(1+ tan@)(1+tan@)= " - 
cos’ @ cos’ @ 
, P 2sin@ cosO 
1+ tan@ + tan@ + tan‘ 0 = sec* 0 + ————— 
cos@: cas® 
sin@ \ 


1+2tan@+tan* @=sec’+ 2| r 
.cos@) 


According to a Pythagorean identity, 1 + tan? 8 = sec? 0. 
(1 +tan* @)+2tan@ = sec* 6+ 2tan0 
sec’ 0+ 2tan@ = sec’ 0+ 2tan0 


Both sides of the equation are equal, so the original statement is 
verified. 


7.32 Verify the identity; S¢*—='™* _ cos * 


secx L+sinx 


This equation is a proportion, so you can cross-multiply to eliminate 
the fractions. 


Like most of the problems in this chapter, there are different ways to 
verify the statement. For example, you could rewrite cos2 x as (1 — 


sin2 x) and then factor that as (1 + sin x) (1 —sin x). Then, you can 
simplify the fraction on the right side of the equation, eliminating (1 
+ sin x) from the numerator and denominator. 


(secx —tanx)(1+sinx) = (sec x)(cos? x) 
(sec x)(1)+ (sec x)(sinx)+(—tanx)(1)+(—tanx)(sinx) = (sec x)(cos* x) 


I +( I sinx | sinx Je sine | l cos’ *) 
cosx \cosx cosx \cosx } cosx 1 


/ 


1 , sinx sinx sin’ x _ £OS% ‘COSXx 


COSx COS xX COS x COS xX COsx 


° > 
1 sin x 


CcOS*x COS* 


Combine the fractions on the left side of the equation and apply the 
Pythagorean identity cos2 x + sin2 x = 1, rewritten as 1 — sin? x = cos x. 


l—sin’ x 
——- = cos x 
COSx 
cos’ x 
=cosx 
COSX 


COS X = COSX 


—csc x = sin(—x), 


7.33 Verify the statement: —** 
tanx 


Dividing by tan x is equivalent to multiplying by its reciprocal, cot x. 


cosx 1 
. —cscx = sin(—x) 
1 tanx 
cos x(cotx)— csc x =—sinx 


Rewrite the trigonometric functions in terms of sine and cosine and 


simplify. 
cosx (cos x | 1 : 
— |-—-——- = = sinx 
1 sinx / sinx 
cos’ x | ; 
—-— =—sinx 
sinx  sinx 
cos’ x—] . 
———— = —sinx 
sinx 


Note that cos2 x — 1 = —sin2 x. 


e > 
—sin’ x : 
—_ = ~sinx 
sinx 
—sinx =—sinx 


Sum and Difference Formulas for Sine and Cosine 
Expanding things like sin (x + y) 


7.34 Apply an identity to express both of the following expressions as a 
sum of two products: sin (x + y) and sin (x — y). 


Sum and difference identities allow you to rewrite a trigonometric 
statement whose argument is a sum or a difference. The result is 
usually not simpler; you transform a single trigonometric statement 
into a sum or difference of two products. Though these identities do 
not necessarily simplify an expression, they are no less important. 


The argument of sin (x + y) is (x + y). 


sin (x + y) = sin x cos y + cos x sin y sin(x — y) = sin xX cos y— cos x sin y 


Notice that the left-hand formula above contains addition signs on both 
sides of the equation. In the right-hand formula, both are replaced by 
subtraction signs. Because the signs match, some textbooks combine 
the pair of formulas into a single formula, as demonstrated below. 


If the argument has addition in it, you substitute an expression that 


also contains addition. Subtraction works the same way. 
sin (x + y) = sin x cos y+ cos x sin y 


Note: Problems 7.35—7.36 demonstrate two different ways to calculate sin 
105°, an angle not on the standard unit circle, using two angles that do 
appear on the standard unit circle. 


7.35 Given 45° + 60° = 105°, apply a sum formula to calculate the exact 
value of sin 105°. 


Because 45° + 60° = 105°, you can write the expression sin 105° as sin 
(45° + 60°). Notice that both of the angles in the sum appear in the unit 
circle (45° = m/4 radians and 60° = m/3 radians), and you should have 
these sine and cosine values committed to memory. Apply the sum 
formula for sine (stated in Problem 7.34). 


sin(105°) = sin(45° + 60°) 


= sin 45° cos 60° + cos 45° sin 60° 


Note: Problems 7.35—7.36 demonstrate two different ways to calculate sin 
105°, an angle not on the standard unit circle, using two angles that do 
appear on the standard unit circle. 


7.36 Given 135° — 30° = 105°, apply a difference formula to calculate sin 


7.37 


105°. 


In Problem 7.35, you apply a sum formula to calculate sin 105°. In this 
problem, you apply a difference formula, and the results are equal. 
Note that 135° = 3n/4 radians and 30° = 1/6 radians. 

sin 105° = sin(135° — 30°) 


= sin 135° cos 30° = cos135° sin 30° 


Apply an identity to rewrite each of the following expressions as a sum 
of two products: cos (x + y) and cos (x — y). 


The cosine sum and difference formulas are similar to the sine sum 
and difference formulas, with two major dissimilarities. Rather than 
products of different trigonometric functions (like sin x cos y), the 
cosine formulas contain products of the same function (cos x cos y). 
Furthermore, the signs within the formulas are opposites; if the 
argument contains an addition sign, you expand it into an expression 
containing a subtraction sign. 


cos (x + y) = cos X cos y— sin x sin y cos (x— y) =cos x cosy + sinx sin 
y 


Because the two signs in each expression are opposites, some 
textbooks combine the formulas above into a single formula using the 
symbols “+ and ¥” to indicate the change in sign. 


cos(x + y)=cosxcos yF sinxsin y 


Note: Problems 7.38—7.39 explain how to calculate cos ae an angle not 


on the standard unit circle, using two angles that do appear on the standard 
unit circle. 


7.38 Identify two angles on the unit circle that have a difference of =a 


Notice that 73" =—75, as demonstrated below. 
EF [2 (2-2) 
4 3 \4 3) \3 4) 
_ 3a 4x 
“12 12 
1 


Note: Problems 7.38—7.39 explain how to calculate cos -— ie an angle not on 
the standard unit circle, using two angles that do appear on the standard 
unit circle. 


7.39 Apply the difference formula for cosine to the angles you identified in 


Problem 7.38 to calculate cos ie. 


Recall that cos (x — y) = cos x cos y + sin x sin y. 


fi sap (x x’ 
cos|—— =cos|——-— 
; 22y \4 3, 
Mf By . & ., 
= cOs— cos— + sin—sin— 
3 3 
V3 
“2 


7.40 Compare the trigonometric values calculated in Problems 7.35, 7.36, 
and 7.39, and justify the similarities or differences. 


According to Problems 7.35, 7.36, and 7.39, sin 105° = cos (—1/12). To 
explain why this is true, it is helpful to express the degree measure in 
radians. 

x _ 105. 


105:-—— = a4 
180-180 


ard 
/ 


12 
Therefore, these problems conclude that sin (71/12) = cos (—1/12). 


This is true according to the cofunction identity sin (1/2 — 8) = cos 9, if 
@ = —n/12. 


_(% 2) 
sin| > —0]=cos0 
9 


la zt ) (f gc) 
sn) =| ="—_ = cos| -— 
2 \ #39) eo?) 


_ (6% 2) { a \ 
sin + — =cos|——] 
.12 12) 12) 


_ (7x' ae 
sin| — |= Cosi -—_ 
\12, Y ly 


While it may be, at first, surprising that sin 105° = cos (—11/12), a 


cofunction identity easily verifies the equality of the statements. 
7.41 Verify the cofunction identity cos 9] = sind. 


Apply the difference formula for cosine to expand the left side of the 
equation and demonstrate that both sides of the statement are equal. 


It a, : 
cos > cosé+ sin=> sind =sin@ 
¢ 


(0)cos@+(1)sin8@ = sin@ 
0+ sin@=sin@ 
sin@ = sin@ 


7.42 Students often mistakenly apply the distributive property to 


trigonometric arguments, resulting in incorrect claims such as 
ue Bi 4 By . 0. ° 
sin (z += =sin=+sin=. Demonstrate that this statement is incorrect. 


Do you see the error here? You can’t distribute the letters “sin” 


through parentheses. Those letters don’t represent a value—they are 
just the name of the function. 


Evaluate each side of the equation individually and then compare the 
values to demonstrate they are unequal. Begin with the left side of the 


equation. 

hes Eh o TE. 2) 
sin —+—|=sin{ —+—-— 
16 3) \6 3 2) 
_ {a . 22) 
= sin{ —+ : | 
\6 6 | 

_ {3x 

= sin| — 

ee 

= sin{ —| 

\2) 

=] 


Now simplify the right side of the original statement. 


_« ,# 1. 
sin — + sin— = —+— 
6 3 2 2 
_1+V3 

~ 


The left and right sides of the original statement have different values, 
so the original statement is incorrect. 


7.43 Simplify the expression: sin I+ - 0} = cos( 0 - =) 


Apply the difference formulas for sine and cosine. 


sin{= 6 }-cosfo—=| = [sin cos cos sind |=| cos cos + sin asin=| 


f Pa i. i a f 
V2 4 ae V2 ~ v2. 
= os § ———sin@ —T5cos0 —-—sin#é 
f= 2 Ps 2 2 
5) fp 


Va. Ve . 
= —-— sin# —-— sin8 
9 2 


_ 


= v2 
= 2| Z 


=—yV2sin# 


sind 


7.44 Verify the statement: sin (x + y) + sin (x—y) = 2 sin x cos y. 


Expand the expressions on the left side of the equation and simplify. 
[ sin x COS y+ COS x sin y] + [sin x COS y— COSxsin y] = 2sinx cos y 
(sin x cos y+ sin x cos y) + (cos xsin yo cosxsin y) = 2sinx cos y 


2sinxcos y+ 0 = 2sinxcos y 


The two sides of the equation are clearly equal, so the original 
Statement is verified. 


SZ 
aN 


7.45 Given an angle w that terminates in the third quadrant and an angle z 


that terminates in the fourth quadrant, such that sinw = — and cosz= A calculate 
/ 


a 


sin (w + 2). 


Two angles, w and z, are described in this problem. You are given the 
quadrant in which those angles terminate, and you are provided one 
trigonometric value of each angle. In order to solve the problem, 
however, you will need additional information, as you discover when 
you expand the expression sin (w + 2). 


sin (w + z) = sin w cos Zz + cos w sin z 


While you are given the values of sin w and cos z, you also need the 
values of cos w and sin z to substitute into the sum formula for sine. 
Apply the techniques described in Problems 4.36—4.43 (and illustrated 
in the following diagram), to calculate the missing values. 


x and y have negative SIGNED values because x is left of, and y is 
below, the origin. 


/5 


According to the diagram, cosw = _ and sinz =—-¥. Substitute these 


/ 


values, and the original values given by the problem, into the 
expanded sum formula for sine. 


sin(w + z)=sinwcosz+coswsinz 


f 9\/1\ [ 
-(-2\(2)+ 
\ 3)/\7) 


Chapter 8 


ADVANCED TRIGONOMETRIC IDENTITIES 


“Advanced” means “brimming with fractions” 


Chapter 7 introduces the concept of trigonometric identities—true statements that are 
applied to simplify and verify trigonometric expressions and statements. In this 
chapter, you explore more advanced trigonometric identities, including double-angle, 
half-angle, power-reducing, product-to-sum, and sum-to-product formulas. Most of 
the identities in Chapters 7 and 8 are expressed in terms of sine and cosine, but the 
final section of this chapter explores identities involving the tangent function. 


Chapter 7 dealt with trig expressions containing “x.” (Remember, x is called the 
“argument” of the expression cos x.) This chapter deals with more complicated 
arguments, like cos 2x and sin x/2. 


Don’t start this chapter unless you’ve already finished Chapter 7, because you’ll 
see some of those single-angle identities seep through into these problems. Focus 
your attention on the first and last sections of this chapter (double angles and 
tangent identities). The rest of the sections discuss identities that are used much 
less frequently—they each have a particular niche that makes them useful only 
in very specific circumstances. 


Double-Angle Formulas 
Ditch the 2s in sin 2x and cos 2y 


8.1 Express sin 2x as a product of single-angle trigonometric functions. 


The expression sin 2x is described as a “double angle,” because the 
argument of the expression is 2x rather than simply x. The identity 
below allows you to rewrite the double-angle expression sin 2x as the 
product of two single-angle expressions. 


sin 2x = 2 sin X COS X 


8.2 Verify your answer to Problem 8.1 by applying the sum formula for 
sine. 


Apply the sum formula for sine to expand sin 2x. Note that sin 2x = sin 
(x + x). 


This formula comes from Problem 7.34. 


sin2x = sin(x +x) 
=sinxcosx + cosxsinx 
= sin xcosx + sinx cos x 


= 2sinxcosx 


sin 2x 
8.3. Simplify the expression: sinx . 


Apply the double-angle identity sin 2x = 2 sin x cos x to expand the 
numerator, and then simplify the fraction. 


sin2x _ 2 sixtx COSX 
sinx sixtx 
= 2 COS x 
| 


= 2cosx 
12 ] 
8.4 Calculate sin 20, given cos®0 6 = 7g and = <x. 


This problem provides the cosine of 8 and indicates that 8 terminates 
in the second quadrant. Apply the technique modeled in Problems 
4.30—4.45 (and again in Problem 7.45) to calculate sin 8. Note that sin 
§ = +5/13. Substitute the known values of cos 8 and sin @ to calculate 
sin 20. 


Draw a right triangle in the second quadrant with an adjacent side 
with signed length —12 and a hypotenuse with length 13. Then use 


the Pythagorean theorem to calculate the signed length of the 
opposite side: +5. 


sin 20 = 2sin@cos@ 


{5\f 12) 
= 2| A ae 


: : : 1 3 
8.5 Calculate sin 2a, given sina = —Z and = <a<2u, 


Apply the technique described in Problem 8.4 to calculate the value of 
cos a, knowing a terminates in the fourth quadrant and sin a = —1/4. 
According to the Pythagorean theorem, cosacos¢ =+V15 /4, Note that 
cos a > 0 because angles in the fourth quadrant have positive cosine 
values and negative sine values. Substitute cos a and sin a into the sine 
double-angle formula to calculate sin 2a. 


sin 2a = 2sinacosa 


8.6 Verify the statement: (1 — cos 2x)(1 + cos 2x) = 4 sin2 x cos2 x. 


Multiply the terms left of the equal sign. 
1+ cos2x—cos2x —cos* 2x = 4sin* x cos? x 
1—cos* 2x = 4sin® x cos* x 
According to a Pythagorean identity, cos? x + sin2 x = 1. This identity 
is true for any value of x. For example, if you replace x with 2x, the 
identity remains valid: cos2 2x + sin2 2x = 1. If you subtract cos? 2x 
from both sides of the new identity, the result is sin2 2x = 1 — cos2 2x. 


Use this equality statement to rewrite the left side of the equation 
above. 


sin2 2x = 4 sin2 x cos2 x 
Note that sin? 2x = (sin 2x)(sin 2x). 
(sin2x)(sin2x)=4sin* x cos* x 


(2sinxcosx)(2sinxcosx) =4sin’ x cos? x 


ee 2 . 2 2 
4sin° x cos’ x =4 sin‘ x cos’ x 


1 l 
8.7 Verify the statement: csc 2« = cot x +5tanx, 


Recall that csc x and sin x are reciprocal functions. Therefore, 
—. Use this equality statement to rewrite the left side of the 


sin 2x 
statement. Express the right side of the statement in terms of sine and 
cosine. 


csc 2x = 


| 1 cosx 1 sinx 


—_* HH 


sin2x 2 sinx 2 cosx 


] _ COSX ‘ sinx 
2sinxcosx 2sinx 2cosx 
Combine the fractions on the right side of the equation using least 
common denominator 2 sin x cos x. 


l cOsx ee) 2 sinx fee 


2sinx cosx ens per 2cosx\sinx} 


2 | 
1 cos’ x sin” x 
2sinxcosx 2sinxcosx 2sinxcosx 
l cos x+sin° x 
2sinx cosx 2sinx cosx 
1 l 


2sinx cosx 2sinx cosx 


According to a Pythagorean identity from Problem 7.23, cos2x + 


sin2x = 1. 


8.8 Rewrite the double-angle expression cos 2x as a difference of single- 
angle cosine and sine expressions. 


There are three different ways to convert the double-angle expression 
cos 2x into a single-angle expression, but only one way that contains 
both sine and cosine: cos 2x = cos2 x — sin? x. 


Be careful with the sign: 


cos2 x + sin? x=1 
cos2 x — sin2 x = cos 2x 


8.9 Verify your answer to Problem 8.8 using the sum formula for cosine. 


Notice that 2x = x + x. Apply the sum formula for cosine (originally 
stated in Problem 7.37) to expand cos (x + x). 
cos2x = cos(x+x) 
= cOSx*COSx sin x*sinx 


? . ? 
=cos’ x™=s1n° x 


8.10 Apply a Pythagorean identity to rewrite your solution to Problem 8.8 in 
two different ways: (A) in terms of cosine only, and (B) in terms of sine 
only. 


If you subtract cos2 x from both sides of the Pythagorean identity cos? 
x + sin2 x = 1, the result is sin2 x = 1 — cos2 x. Use this equality 
statement to rewrite the cosine double-angle formula in terms of 
cosine. 
cos 2x = cos’ x—sin’ x 
= cos’ x —(1—cos’ x) 
= cos’ x—1+4 cos" x 
=2cos* x—1 
Similarly, you can manipulate the Pythagorean identity cos2 x + sin2 x 
= | to assert that cos? x = 1 — sin? x. Use this equality statement to 
rewrite the cosine double-angle formula in terms of sine. 
cos 2x = cos’ x—sin’ x 
=(1—sin’ x)—sin’ x 
=1—2sin’ x 
Thus, there are three equivalent ways to rewrite cos 2x using single- 
angle trigonometric expressions. 
cos2x = cos’ x— sin’ x 
=2cos’x—1 


=1—2sin’* x 
8.11 Verify the statement: sin 4x = 4 cos3 x sin x — 4 cos x sin3 x. 


Note that 4x = 2x + 2x and apply the sum formula for sine to expand 
sin 4x. 


sin4x = sin(2x + 2x) 
= sin2?x cos2x + cos2x sin2x 
= Cn ery 2. ein a a er ee ey ee 
= (2 sinx cosx)(cos* x —sin’ x)+(cos* x—sin” x)(2 sinx cos x 
5 © - § c $ : sg 
=? cos’ x sinx —2 cosx sin’ x +2 cos” x sinx —2 cosx sin’ x 
=4 cos’ x sinx —4 cosx sin’ x 


Thus, sin 4x is equal to 4 cos x sin x — 4 cos x sin3 x, as proposed in 
the original problem, and the statement is verified. 


8.12 Express cos 3x in terms of single-angle cosine functions. 


Note that 3x = x + 2x, and apply the sum formula for cosine. 
cos 3x = cos(x + 2x) 
= cosx cos2x —sin x sin2x 
Apply the double-angle formula cos 2x = 2 cos2 x — 1, because the 
problem directs you to write the expression in terms of cosine. 


Instead of cos2 x — sin2 x and 1 — 2 sin2 x, because each of those 


contains sine. 


= cos x (2cos* x—1)-sinx(2 sin x cos x) 
4 P . 2 
=2cos’ x—cosx—2 cosx sin® x 


According to a Pythagorean identity, sin? x = 1 — cos2 x. 


You get this by subtracting cos2 x from both sides of the identity 


cos2 x + sin2 x = 1. 


=2cos° x—cosx —2cosx(1—cos’ x) 


$ % 
2cos x—cosx —2cosx + 2cos x 


4cos’ x— 3cosx 


cos’ @—sin' @ 


13. Simplify th ion: : 
8.13 BO EEE OLMIS Noah 00 10sin@cos@ 


Factor the difference of perfect squares in the numerator. Notice that 
rewriting the denominator as 5 (2 sin 8 cos 9) allows you to apply the 
sine double-angle formula. 


cos‘ @—sin'@ (cos’ @—sin’ @)(cos® + sin’ @) 


10sin@cos@ 5(2 sin@ cos@) 
a (cos20)(1) 
: 5(sin 20) 
_ 4a _ cos 20 


5 sin2@ 


1 
=—cot26é 
2 


8.14 Use a double-angle formula to verify that cos— 


3 2 


To use the double-angle formula, you need to find an angle you can 
Zr Or 


6. U8 


double to get 1/3:2 (=) = 


Multiplying 1/6 by 2 produces the angle m/3. Therefore, you can 
substitute 1/6 into the cosine double-angle formula to verify that cos 
(mt/3) = 1/2, as dictated by the unit circle. The following solution 
applies the double-angle formula cos 2x = cos2 x — sin2 x, but all three 
of the cosine double-angle formulas produce the same result. 


1 (, a) 
cos— = os| 2 | 
3 \ 6) 


2 9 A 
= cos ——sin' — 
6 6 


: 33 
8.15 Calculate cos 20, given sin @ ==> and x <@< = 


Unlike Problems 8.4—8.5, in which you needed to construct a right 
triangle to calculate missing trigonometric values, knowing that sin 0 = 
—3/4 is sufficient to complete this problem—as long as you select the 


correct cosine double-angle formula. 


cos 20 =1—2sin’ 0 


8.16 Simplify the expression: —2sin s{sin( 2 x}-Sesc x+sin ‘| 


Apply a cofunction identity and a reciprocal identity to rewrite the 
bracketed expression and then distribute —2 sin x to each term. 


or ey |; Sas Va ; ; 7 Se eee 
—2sinx| sin] ——* |——cscx + sinx |= —2sinx| cosx—— + sinx 
9 9 9 
\2 a 2\sinx) 


2 sixtx | l 


=—2 sinx cosx —= 


—|— 2 sinx:sinx 
2 sit x 


=—2sinxcosx+1—2sin’ x 
Apply two double-angle formulas to simplify the expression: sin 2x = 
2 sin x cos X and cos 2x = 1 — 2 sin? x. 
= (—1)(2 sinx cosx)+(1—2sin’ x) 
(—1)(sin 2x) + (cos 2x) 


= cos 2x —sin2x 


I 


Power-Reducing Formulas 
Rewrite squared functions using double angles 


8.17 List the power-reducing formulas for cos2 8 and sin20. 


Power-reducing formulas not only remove the exponents from the 
trigonometric expression, they also rewrite the expression entirely in 
terms of cosine. 


a | 


You end up with cosines of double angles. 


4 1+ cos26 a l—cos26 
cos’ @ = ————— sin* @ =—————_- 
2 2 


8.18 Verify the power-reducing formula for sin2 8 that you identified in 
Problem 8.17. 


Expand the right side of the power-reducing formula by applying the 
double-angle formula cos 20 = 1 — 2 sin20. 
1—cos20 

2 


1—(1—2sin’ 0) 


sin’ @= 


sin’ 0= 3 
1—1+2sin’ 6 
2 
Z sin’ 0 
Z 
sin’ @ = sin’ @ 
The final statement sin28 = sin20 is obviously true; therefore, the 
original statement is verified. 


sin’ = 


sin’ @= 


8.19 Apply a power-reducing formula to express cos4@ as a sum of cosine 
functions raised to the first power. 


Express cos46@ as (cos2 8)? and apply the power-reducing formula to 
rewrite cos26. 
cos’ 6 =(cos* 8)(cos* 6) 
= ( 1+ cos 20 \ 1+ cos 26 } 
\ 2 4 2 
_ 1+2cos26+<¢ os’ 26 
4 


| 1 2 
=—+—cos20 +—cos* 26 
4 2 4 


To rewrite cos2 20 using the power-reducing formula 


1+ cos2x 


“a replace x with 26 


2 
cos Kx = 


Apply the power-reducing formula once again to eliminate the 
exponent from the expression. 


ae 1] 1+cos(2-20 
4 2 4 


9 
cel 


il 


L. J 1/1) 
7170082042 (5 |l1 + cos46] 
4 2 4\2 


Eo 1 
- rr 0s20+ 7 (1 +cos4@) 


lL | ie 
=—+—cos20+—+-—cos40 
4 2 


t 


Add the constants to simplify the expression: 1/4 + 1/8 = 3/8. 


l ] 
=—+-—cos20 +—cos44 
8 2 8 


The solution (1/8)(3 + 4 cos 28 + cos 48) is also correct. 


Va 
FH, 


8.20 Apply a power-reducing formula to express cos? x + sin4 x as a sum that 
includes cosine functions raised to the first power. 


Express sin4 x as the product (sin2 x)(sin2 x) and apply the power- 
reducing formulas. 


9 


cos’ x +sin* x = cos’ x +(sin’ x) 


1+cos2x {1—cos2x\ 
ae | —_——— 
%) ») 
1+ cos 2x n l—2cos2x +cos* 2x 
2 4 


ee Ke Bec: citacece™ 
= 5 t 7008s |+ ———cos2x +—cos” 2+ 
2 2 4 4 4 


fy eee ee l l 5 
= [5+=]+{$eos2x—Zcos2x}+ cos! 2x 
> aa: \2 2 } 4 


ee | 2 
= 2x 


1+cos2@ 


Once again, apply the power-reducing formula cos’ @ = , this 


time replacing 8 with 2x. 


3 1{1+cos(2-2x) 
le 
4 2 


3 1 
=—+—[1+cos4x] 

1 8&8 

‘$3 I1\ 1 
=|—+—]+—cos4x 

\4 8/ 8 


A 3 
=—+—cos4x 
8 8 


HANDY TIP: To check your answer for this (or any other) problem 
that asks you to simplify, graph the original expression and the 


simplified version as two separate equations on your graphing 
calculator. If the graphs overlap, you simplified correctly. 


1 
8.21 Verify the statement: (sin28)(cos2 0) = 4(sin2 26). 


Rewrite the factors on the left side of the equation, applying power- 

reducing formulas. 
{1—cos20\(1+cos20\) 1. ,. 
[ee eee 


1+ cos20—cos20—cos’ 20 
4 


| ae 
=—sin° 20 
4 


1—cos’ 20 — 
—— = — sin’ 20 
i ft 


Multiply the entire equation by 4 to eliminate the fractions. 
1—cos* 20 = sin*® 20 
1= cos’ 20+ sin® 20 
If x = 20, then the final statement is equivalent to the Pythagorean 


identity cos x + sin? x = 1. Because that statement is true, the original 
statement is verified. 


Half-Angle Formulas 
Win half an argument by being radical 


8.22 Generate the cosine half-angle formula based on its power-reducing 
formula. 


Substitute 6 = x/2 into the cosine power-reducing formula, and solve 
the equation for cos (x/2). 


Look at Problem 8.17 to review the power-reducing formulas. 


1+ cos2@ 
) 


< 


cos 0= 


ox l+cosx 


cos’ —= 
2 2 
| x |1+cosx 
cos —- == 
Y "3 ¥ 2 
x ji+ cos x 
cos— == 
2 "Y 2 


Note that the half-angle formula contains a “+” symbol, because the 
formula, itself, is not sufficient to determine the sign of cos (x/2). 
Instead, you must use additional information given by the problem, 
such as the quadrant in which the angle lies. 


8.23 Substitute 0 = 5 into the power-reducing formula for sin2 8 to generate 
the half-angle formula for sine. 


Apply the technique demonstrated in Problem 8.22. 


5 1—cos20 
sin* 9 = ————_ 
2 
se Ii-¢ os[2(x / 2)| 
sin’ — = ——————- 
) ») 
_9* 1l—cosx 
sin* — = 
9 9 
2 2 
|. 9% jl—cosx 
sin’ — =2,/ 
| € 
\ Y 2 
a ® jl—cosx 
sin— = +,/—— 


8.24 Apply a half-angle formula to calculate the exact value of cos 22.5° 
without using a calculator or trigonometric table. 


Although you have not memorized the value of cos 22.5°, you have 
memorized the trigonometric values for twice that angle: 2(22.5°) = 
45°. To calculate cos 22.5°, substitute 45° into the half-angle formula 
presented in Problem 8.22. Note that an angle in standard position that 
measures 22.5° terminates in the first quadrant, so cos 22.5 > 0. 


Sine and cosine are both positive in the first quadrant. 


x j|1+cosx 
ae: a - 
45° 1+ cos45° 
+ ————— 
: % 2 
+ J2/2 
cos 22.5° = a 
Y 2 
Express the complex fraction as a sum of two fractions with a 


denominator of 2. Note that (V2 /2)+2=(v2/2)-(1/2), 


ae 
Y2 2 2 


8.25 Apply a half-angle formula to calculate the exact value of sin a 


without using a calculator or trigonometric table. 


Apply the method demonstrated in Problem 8.24, substituting 1171/6 
into the half-angle formula for sine, because 117/12 is half of 1117/6. 
Note that the angle 117/12 lies in the second quadrant because 


11+12=0.916, (According to the technique described in Problem 3.34, 
the angle lies in the second quadrant because 0.5 < 0.916 <1.) Recall that 
sine values are positive for angles in the second quadrant, so you 
should replace the “+” sign in the half-angle formula with a “+” sign. 


| lar i | lar 
i as 
x l—cosx 
sin — = +, |————_ 
9 ¥ Q 
llx /6 1—cos(117 /6) 
sin seas | meamne Teamecaaaaiat 
2 \ 9 
i | 
llx il V3/2 
sin =,/--— 
12 \2 2 
[_j~-. 
lit /1 V3 1 
sin — = ,|/--— -— 
2 V2 22 
ee V3 
sin =.-=-—— 
122 V4 4 
fe 
liz /2-v3 
sin = 
\Y 4 
din 2-3 
Sin = 
12 2 


8.26 Simplify the expression using a half-angle formula: oe 


This expression resembles the cosine half-angle formula 
6 ll+cos6 . 
cos—-=+ a, if 8 = 12x. 
2 2 
12x jl+cosl2x 
cos = +, ,————_ 
2 Y 2 


‘ 
: jl+cosl2x 
cos6x = a: 


(1+ cos12x. 
Therefore, you can conclude that ‘ans equal to + cos 6x. Note, 


however, that the radical expression given in the problem is positive, 
so cos 6x must be positive as well. Surround cos 6x with absolute 
value signs to ensure that its value is greater than zero. 


[1 +cosl2x 


p 
oe 


8.27 Simplify the expression using a half-angle formula: — 


= lc os 6x| 


i — cos hx 


Y 2 
This radical expression resembles the sine half-angle formula 


A fl—cosé . 
sin—=+,!} a , if 8 = 5x. 
ie ie 


2 VY 2 
The problem states that the radical expression is negative. To ensure 


that the equivalent expression sin (5x/2) is also negative, surround it 
with absolute value bars and then take its opposite. 


|l—cos5x 


“| 7 


The absolute value bars work just like they did in Problem 8.26. 


Then, you multiply that absolute value expression (which HAS to be 
positive) by —1, so the product HAS to be negative. 


. j\l—cos5x 
The solution —,/————"—— = — 


— is also correct. 


. 5 
sin—x 

9 
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Product-to-Sum Identities 
Add or subtract, instead of multiplying, trig functions 


8.28 List the product-to-sum formulas that correspond with each of the 
following four products: cos a cos f, sin a sin f, cos a sin f, and sin a 
cos f. 


The product-to-sum formulas are not typically used to simplify a 
product, as the equivalent sums are usually lengthier. They are 
specifically designed to rewrite a product of sine and/or cosine 
expressions as a sum of sine or cosine expressions. 


l / 
cosa cos fp = gLeos( Cs oe B) +cos(a+ B)| 
1 
sina sin fp = =| cos(a—B)—cos(a + B)| 
oe , , 
cosa@ sin 8 = gisin (a+ 8)—sin(a —p)| 
See oe , 2’ 
sina cos B = s[sin (a+ 8)+sin(a— B)| 


Notice that a product of two matching trigonometric functions (cos a 
cos f or sin a sin f) translates into a sum containing cosine functions. 
Alternately, products that include different trigonometric functions 
(cos a sin B and sin @ cos f) translate into a sum containing sine 
functions. 


8.29 Verify the product-to-sum formula for sin a sin f. 


According to Problem 8.28, sing sin = “li os(a—B)-cos(a+ B)|, Apply 


— 


the sum and difference formulas for cosine to expand the right side of 
the equation and verify the statement. 


If you need to review these sum and difference formulas, flip back to 


Problem 7.37. 


sing sin § = —| (cos acos$ +sina sin8)—(cos@ cos 8 —sina sin B)| 


9 


sing sin B = =| cosacos Pp + sina sin —cosecosB + sina sin B| 


; I 
sing sin § =—| 2 sina sinf 
por B] 


sing sin B = sina sin B 


8.30 Write the following product as a sum or difference: cos x sin 2x. 


Apply the cos a sin B product-to-sum formula presented in Problem 
8.28. Note that a = x and f = 2x. 


| 
cosa@ sin B = gLsin(a+ B)—sin(a—8)| 
cosx sin2x = *[sin(x + 2x)—sin(x —2x)] 
ae 1, . 
cos x sin 2x = 5 |sin3x —sin(—x)] 


According to a negative identity presented in Problem 7.14, sin (—x) = 


—sin x. 
Life: 
cos x sin2x = isin 3x —(-—sin x)] 
Ls : 
cosx sin2x = =. sin 3x + sin x] 
1. 1 
cos x sin2x =—sin3x + —sinx 
2 2 
: cos8x +1 
. cos’ 4x%.= —<—_— 
8.31 Verify the statement: - 


Notice that cos? 4x = (cos 4x)(cos 4x). Apply the cos a cos f product- 
to-sum formula to expand the left side of the equation, such that a = 4x 
and B = 4x. 


cos8x+1 
9 

cos8x +1 
2 

cos8x +1 
2 


(cos4x)(cos4x) = 
s[cos( 4x —4x)+cos(4x +4x)|= = 

1 : 

glcos0 + cos8x] = 


Multiply both sides of the equation by 2 in order to eliminate the 
fractions, and recall that cos 0 = 1 (according to the unit circle). 


|e Fi F untesate| (2 


cos0 + cos8x =cos&x« +1 
1+cos8x =cos8x +1 


Both sides of the equation are equal—the order in which you add does 


peste +] 


not affect the sum according to the commutative property of addition 
—so the original statement is verified. 


Sum-to-Product Identities 
Do the opposite of the last section 


8.32 List the sum-to-product formulas that correspond with each of the 
following four sums: cos a + cos f, cos a—cos B, sin a + sin B, sin a — 
sin p. 


The sum-to-product formulas, like the product-to-sum formulas 
discussed in Problems 8.28—8.31, are not typically applied to simplify 
an expression. Rather, they are used exclusively to express a sum or 
difference as a product. 


The sum-to-product formulas only apply when you are adding or 
subtracting two cosines or two sines. In other words, there IS a 


formula for cos x + cos y, but there ISN’T a formula for cos x + sin 
y. 


(+B) o9( 22) 


cosa+cosf=2 cos| = 


(+ is 2 el a ) 


cosa —cos 8B =—2 sin( = 


sina+sin § =2 sin| 


+B) =f) 
a4 Js a ’ 


sina—sinB =2 cos( = 


8.33 Demonstrate that the following expression is equivalent to the 
F 4 M8 
corresponding sum-to-product formula: cos —cos— 


Begin by evaluating the given expression; its angles belong to the 
standard trigonometric unit circle. 


/ 3 \ 


{3 } 
=| 


bg a 
cos——cos— =0— 
2 6 


Now apply a sum-to-product formula to rewrite the expression as a 
product. 


c 


(a+ B\ a=) 
cosa—cos $8 =—2 sin( SF )sin( f | 
n 4 _{m/2Q+0/6\. (x /2—2/6) 
cos—— cos— =—2sin{ ~~ |sin| 
2 6 ‘ 2 ] \ 2 
To combine 1/2 and 1/6, you must express 11/2 in terms of the least 
common denominator: 1/2 = 37/6. 


bf U : ‘Sx /6+2/6)\ 
cos—— cos— =—2sin oe 
2 6 2 


LP in | | 


=— ain 2 = 9 fe >| 


| ‘Sx /6—2/6) 
2 


= —2sin| 


’ (x ( xt 
=—2sin| ls sin| — 
/ \ 


The expression now contains angles that appear on the standard unit 
circle. Evaluate the angles and simplify the expression. 


Z )\2, 


8.34 Calculate the exact value of sin 105° + sin 15° without using a 
calculator or trigonometric table. 


Apply the sum-to-product formula for sin a + sin B, such that a = 105° 
and 6B = 15°. 


‘at B ‘a— B) 
sina +sin 8 =2 sin( <P cos B | 
i . 2 | 

Sa enacoatee _ {105° +15°) ‘105° —15°' 

sin105° + sin15° = 2sin eos; ——} 
2 ) 2 

(120°) 90°’ 

sinl105°+sin15° = 2sin| Jeosl 9 | 


9 
- 


\ / 


sin 105° + sin15° = 2(sin 60°)(cos 45°) 


If you are accustomed to radian measures, note that 60° = 7/3 and 45° 


= 1/4, 
sin 105° + sin15° = | _ | Z 
OO 22. 
_ v6 
2 
8.35 Verify the statement: eee ect x. 


sin4x — sin2?x 


Apply sum-to-product formulas to expand the numerator and 
denominator of the fraction. 


(4# + 2x) {4x —2x ) 
2 cos }cos| | 
a eee Be ote al 


ae 
‘ f4x4+92x\  [4x—2x 
2 cos| sin 2 
: {6x | {9x 
2cos|— cos| 
samen 7-0. eae 7-908 =cotx 
: 6x\. {2x 
2 cos => Isin a 
2 cos3x cosx 
i ee ey =cotx 
2 cos3x sinx 
COs x 
1-1-— =cotx 
sinx 


cotx=cotx 


The final statement (cot x = cot x) is true, so the original statement is 
verified. 


Tangent Identities 
Sum/difference, double/half-angle, and power-reducing formulas 


8.36 Apply asum or difference formula to calculate tan 75° without using a 


calculator or trigonometric table. 


Problems 7.34—7.45 explore the sum and difference formulas for sine 
and cosine; the sum/difference formula for tangent is presented below. 
tanx tan y 


tan(x+ y) = 
1} tanx tan y 


tanx + tan 
In other words, tan (x + Y) = 7;ytaey ome 


and tan (x — y) 


tanx — tany 
| + tanx tony 


Note that “+” symbols appear on the left side of the equation and in the 
numerator of the fraction. Therefore, those signs match. The symbol “= 


” represents the opposite sign. 
Notice that 75° = 30° + 45°. Therefore, you can calculate tan 75° by 
substituting x = 30° and y = 45° (or x = 45° and y = 30°) into the sum 


formula for tangent. 
tan 30° + tan 45° 
tan(30° + 45°) = ——— 
1—tan 30° tan 45° 


In order to evaluate this expression, you must calculate tan 30° and tan 


45°. 
e . sin30° eee gt MRE 
tan 30° = tan 45° = = 
cos 30° cos 45° 
_ Lee 2 / 2 
N 3 / 2 7 J2 2 
ae =1 
V3 
V3 
3 


Substitute these values into the expression and simplify. 


8.37 


8.38 


(V3 /3)+(3/3) 
~ (3/3)-(V3 /3) 


Multiply the numerator and denominator by 3 to simplify the complex 
fraction. 
V3+3 


3- V 


ie) 


Simplify the expression: tan -*) 


Apply the tangent difference formula, stated in Problem 8.36. 


ba | tanx —tan(a / 4) 
tan| x —— |= ———— 
: 4} 1+tanx-tan(z / 4) 


xn sin(x/4) 2/2 


tan—= pe 
Note that 4 cos(x/4) /2/2 


fs t' tanx—-1 
tan| x —— | = —————_ 

" 4/ 1+tanx:l 
_ tan x—!] 


tanx+1 


: ; . __ tan(@+2) 
Simplify the expression: sin(@—z)" 
Begin by expressing the fraction as the numerator multiplied by the 
reciprocal of the denominator. Next, apply the sum formula for tangent 
and the difference formula for sine. 


tan(@ + x) 


sin(@— sx) ieee dha sin(@—z) 
_ tan0+tanz , I 
~ 1=tan@-tanz sinOcosa—cos@sinz 
_  tané+0 | 
~ 1=(tan8)(0) (sin@)(—1) —(cos@)(0) 
_ tané l 
~ 1=0 —sind—0 
_tanO/ 1 |) 
"a {ae 


Rewrite tan 8 as the quotient of sin 8 and cos @ to simplify the product. 


_ sit [ 4 
~ cos sie 
= | 

silk cos@ 
=—sec@ 


8.39 Generate the tangent double-angle formula based on the sum formula 
for tangent. 


Express tan 2x as tan (x + x) and apply the sum formula introduced in 


Problem 8.36. 
tanx + tanx 
tan (x +x) =——————_ 
l—tanx-:tanx 
2 tanx 
tan 2x =———_—_—_ 
l—tan’ x 


8.40 Demonstrate that the double-angle formula generated in Problem 8.39 is 
true by evaluating tan|2 =) 


Substitute x = 1/6 into the double-angle formula generated in Problem 
8.39 and verify that the resulting statement is true. 


( =| 2tan(a / 6) 
tan|2 | —— 
6) l—tan* (2/6) 


x sin(a /6) 1/2 l 
an = —_—__~ ==> —= 
Note that 6 cos(x7/6) V3/2 V3, 


rf 2/~V3 
tan— = 

3 1-(1/3) 

| 2 - V3 
tan = - 

5 2/3 


Express tan (7/3) in terms of sine and cosine; then cross-multiply. 


sinz/3  2/ V3 
cos /3 2/3 
f 


Because the resulting statement is obviously true, you have verified 
that the tangent double-angle formula tan 2x is true when x = 71/6. 


a £ 


oe 


8.41 Simplify the expression: 2sinxsec? x 


l—tan* x 


Factor the denominator, which is a difference of perfect squares, and 


express the numerator in terms of sine and cosine. 


ee 2sinx: ; 
2sinxsec’ x _ cos’ x 


I-tan'x = (1+tan® x)(1—tan’ x) 
Manipulate the numerator, rewriting the expressions in terms of 
tangent and secant. In addition, note that (1 + tan2 x) in the 
denominator is equal to sec? x, according to a Pythagorean identity. 


See Problem 7.23, which states 1 + tan2 x = sec2x. 


9. Sinx l 


(1 +tan* x)(1—tan’ x) 


_ 2-tanx: sex 
sec*x (1—tan’ x) 

_ 2tanx 

~ |=tan? x 


=tan2x 


This is the tangent double-angle formula. 


2sinxsec’ x 


4 
™=tan x 


You conclude that = tan 2x. 


8.42 Generate the power-reducing formula for tan? 8 by applying the power- 
reducing formulas for sin2 6 and cos2@. 


Note that tan? 6 = (sin2 8)/(cos2 8) and apply the power-reducing 
formulas from Problem 8.17. 
>, sin’ é 
tan* 0 = —— 
cos’ @ 
l—cos20 
ee 
~ 1+ cos 20 
9 


o 


Multiply the numerator and denominator by 2 in order to simplify the 
complex fraction. 


1—cos20 
a 
1+ cos20 
_ 1—cos26 
~ 14+c0s20 


= [rap Pre 


8.43 Apply a power-reducing formula to calculate the exact value of tan oe 


without using a calculator or trigonometric table. 


Applying the power-reducing formula for tangent produces double- 
angle trigonometric expressions. Note that 2(m/12) = 2/12 = n/6. 


iif «6 
lan —|=| tan — 
\12} 12} 


ae cos[2(z / 12)), 


_{1-cos(z / 1—cos(a /6)) 
\1+cos(2 / 6); 


S | 1— V3 {2 | 
\1+ V3 f2 ] 
Square the expressions in the numerator and denominator individually. 


ji 2 \j- 2 | AF} 


Express the numerator and denominator in terms of a least common 
denominator. 


4 43 3 (44+3)-4V3 7-4v3 
a _——— + — eS bar ; fo 
a ae 4 ue Et ae 
4 3 
1 r 


(44+3)+4/3 74+4/3 7443 


4 A 


Multiply this fraction by 4/4 to cancel out the denominators. 


4,/3 
3. ; rd 


8.44 Apply a half-angle formula to calculate the exact value of tan without 
using a calculator or trigonometric table. 
Unlike the sine and cosine half-angle formulas from Problems 8.22— 


8.23, there are two equivalent versions of the tangent half-angle 
formula. The formulas do not appear within a square root symbol, so 


they are not preceded by “+”. 


You had to use quadrant clues to figure out the signs for cos (x/2) 


and sin (x/2). Not true for tan (x/2). The sign works itself out 
automatically. 


d sin @ 6 l-cosé 
tan—= tan— =— 
2 1+cosé 2 sin@ 
5x /4 5x : : 
Note that ~ ——= a so substitute 8 = 57/4 into one of the half-angle 


formulas above. Both produce the same final answer, but the right- 
hand formula requires less steps than the left in the context of this 


problem. 
5a /4 1—cos(52 / 4) 
tan = ———— 
2 sin(52 / 4) 
(50 ,\_1-(W8/2) 
vmj =} }=——— 
\ —/2 /2 
(50 1 (2 /2)+(J2 /2) 
te —_——— eee eeOw738]T 
in \ 4 9 —/2 /9 
2+./2 
570 4 
tan— = - 
2 
5 2+J/2 


Rationalize the denominator to simplify the expression. 


[—\ F py 

= DIT = 2+ V2 V2 
a 8 | fp iy 
; V2 J\N yd ! 


9,/2 + V4 
V4 
2/2+2 
2 
2 V2 
—— q 


=—/2-1 


_Z 
Z 


8.45 Demonstrate that the half-angle formula ne is true by 
SOS 


2 1+cosé 


evaluating it for 8 = 2x. 


Substitute 6 = 2x into the given half-angle formula and apply the 
following double-angle formulas: sin 2x = 2 sin x cos x and cos 2x = 2 
cos2x — 1. 
2x sin 2x 

a = 

2 1+cos2x 
2 sinx cosx 

1+ (2 cos’ x— 1) 


2 sinx cosx 


tlanx = 


tans = —__—_—_—___ 
l—1+2cos'x 
Z sinx cosx 

tan x = ————_ 

Z cos’ x 

sInx* Cesx 

tan x = ———— > 
COSX* COSx 
sinx 

tanx = 
cCOSx 


lan x = tanx 


The final statement (tan x = tan x) is true, so you have verified that the 
original statement is true when 0 = 2x. 


Chapter 9 


INVERSE TRIGONOMETRIC FUNCTIONS 


Arccosine, arcsine, arctangent 


In the preceding chapters, you have defined and applied the six basic trigonometric 
functions: sine, cosine, tangent, cotangent, secant, and cosecant. The input for each of 
these functions is an angle (typically measured in radians or degrees) and the output is 
a real number value. For example, cos (1/3) = 1/2. This chapter explores the inverse 
trigonometric functions, which reverse the domain and range of the original functions. 
The inverse of cos x is arccos x, so arccos (1/2) = 7/3. 


A function is a set of inputs and outputs with one condition: Every input is 
paired with only one output. If you go one step further and guarantee that every 
output of a function is matched to only one input, then the function is called 
“one-to-one.” 


Why does it matter? Only one-to-one functions have inverses, and that’s a 
problem when you deal with periodic functions, including all of the trig 
functions. Enough spoilers. Time to get started. 


Graphs of Inverse Trigonometric Functions 
Including domain and range 


9.1. The graph of a function f(x) passes through points (—2,6), (0,3), and (4,— 
9) and has inverse function f-1(x). Identify three points through which 
the graph of f-!(x) passes. 


If f(x) passes through points (—2,6), (0,3), and (4,9), then —2, 0, and 4 
are members of the domain and 6, 3, and —9 are members of the range. 
Specifically, f(—2) = 6, f(0) = 3, and f(4) = —9. To identify points on the 
inverse function f—1(x), reverse the numbers in the ordered pair. 


If a number is a member of the domain, you can plug it into the 


function and get some real number output. Members of the range are 
outputs of the function. 


Thus, f-1(x) passes through points (6,—2), (3,0), and (9,4). In function 


notation, you conclude that f-1(6) = —2, f-1(3) = 0, and f-(-9) = 4. 


Note: Problems 9.2-9.4 refer to the graph of function g(x) below. 
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9.2 Explain how you can verify that g(x) is a function based on its graph 
and determine whether or not the function is one-to-one. 


Every input x of the function may be paired with only one output g(x). 
To verify this on the graph of g(x), you apply a visual technique called 
the vertical line test. If a vertical line drawn on the coordinate plane 
intersects g(x), then that line represents an x-value in the domain of 
g(x). However, if any vertical line intersects the graph more than once, 
then g(x) fails the vertical line test and is not a function. No vertical 
line drawn on this graph intersects g(x) more than once, so you can 
visually verify that g(x) is a function. 


If the vertical line x = 1 were to intersect g(x) at a height of 2 anda 
height of —3, then g(1) = 2 and g(1) = —3. See why that’s not 


allowed? The input x = 1 is paired with TWO outputs (2 and —3), but 
in a function, input values can only be paired with ONE output. 


The horizontal line test is applied to the graph of a function to 
determine whether or not that function is “one-to-one.” In a one-to-one 
function, not only is each input paired with only one output, each 
output is paired with only one input. This graph passes the horizontal 
line test—no horizontal line intersects the graph more than once. 
Therefore, g(x) is one-to-one. Only one-to-one functions have 
inverses, so if a graph fails the horizontal line test, it does not have an 
inverse function. 


Note: Problems 9.2—9.4 refer to the graph of g(x) in Problem 9.2. 
9.3. Graph g -1(x), the inverse function of g(x). 


Notice that g(x) passes through points (—5,—4), (—3,—1), (—2,0), (0,1), 
(3,4), and (4,5). Reverse the coordinates to identify points on the graph 
of inverse function g-1(x): (-4,-5), (—1,-3), (0,—2), (1,0), (4,3), and 
(5,4). 
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Note: Problems 9.2—9.4 refer to the graph of g(x) in Problem 9.2. 


9.4 Explain how to transform the graph of g(x) to generate the graph of g- 


1(x). 


9.5 


As Problem 9.3 explains, the x- and y-coordinates of points on the 
graph of a function are reversed to identify points on the inverse 
function. For instance, if the graph of a one-to-one function g(x) passes 
through point (a,b), then the graph of its inverse function g(x) passes 
through (b,a). 


Reversing the coordinates produces a reflection of the original graph 
across the line y = x, which passes through the origin and forms 45° 
(mt/4 radians) angles with the positive x- and y-axes. Consider the 
following diagram, in which function g(x) and its inverse g —1(x) 
mirror each other across the dotted linear graph of y = x. 


Explain why f(x) = cos x does not have an inverse function if its domain 
is all real numbers but does have an inverse if you restrict the domain to 
the interval 0 <0 <n. 


Any horizontal line that intersects the graph of f(x) = cos x intersects it 
infinitely many times. As an example, consider the horizontal line f(x) 
= 0, the x-axis, which intersects the graph at x = (km)/2, where k is an 
odd integer. According to the horizontal line test, if any horizontal line 
intersects the graph more than once (let alone infinitely many times), 
that graph is not one-to-one and thus does not have an inverse. 


However, you can define an inverse function for cosine if you restrict 
its domain to a small portion of the graph. In the diagram below, a 
specific interval of the graph of f(x) = cos x is highlighted. That portion 
(lying between x = 0 and x = 71) passes the horizontal line test and is, 
therefore, one-to-one. 


9.6 Graph arccos x. 


As Problem 9.5 explains, the function f(x) = cos x has an inverse 
function if you restrict the domain of f(x) to 0 < x < m. The inverse of 
the cosine function is arccosine and is written “arccos x.” Some 
textbooks (and many calculators) use the notation “cos-! x” to 
represent the inverse cosine function, but this notation is not 
recommended. Recall that cos2x = (cos x)2, so cos~!x is easily 
confused with (cos x)-1, the reciprocal of cosine rather than the inverse 
of cosine. 


Consider the darkened portion of the graph in Problem 9.5. It passes 
through key points (0,1), (m/2,0), and (m,—1). Reverse the coordinates 
to identify points on the graph of f-1(x) = arccos x: (1,0), (0,7/2), and 
(—1,7). 


(—L,2t) 


f(x) = arccos x 


9.7 Identify the domain of arccos x. 


Any vertical line that intersects a graph represents an element of that 
function’s domain. Consider the graph of arccos x generated in 
Problem 9.6. The vertical lines x = —1 and x = 1 intersect the graph, 
and so do all of the vertical lines between those x-values. Therefore, 
the domain of arccos x is—1 <x <1. 


This makes sense. Cosine outputs values between —1 and 1, so the 


INPUTS of arccosine are between —1 and 1. The outputs of a 
function are the inputs of its inverse and vice versa. 


9.8 Identify the range of arccos x. 


Horizontal lines drawn on the coordinate plane intersect the graph of 
arccos x at a lower bound of 0 and at an upper bound of mt. Note that 
any horizontal line between those bounds also intersects the graph. 
Therefore, the range is 0 < arccos x < 7. 


9.9 Identify the restricted domain of sin x that has inverse arcsin x. 


As illustrated in the following graph, the portion of sin x lying between 
xX = —1/2 and x = m/2 passes the horizontal line test and is one-to-one. 
The inverse function arcsin x is defined for only that portion of the 
graph. 


9.10 Graph arcsin x. 


9.11 


9:12 


Note that the darkened portion of the graph in Problem 9.9 passes 
through key points (—1/2,—1), (0,0), and (1/2, 1). Therefore, the inverse 
function passes through points (—1,—1/2), (0,0), and (1,7/2), as 
illustrated below. 


Identify the domain and range of arcsin x. 


Consider the graph of y = arcsin x, presented in Problem 9.10. Vertical 
lines drawn on the coordinate plane intersect the graph at x = —1, x= 1, 
and at all of the x-values between them. Therefore, the domain of 
arcsinxis—-1<x<1l. 


Notice that the domain of arcsin x matches the domain of arccos x 
(calculated in Problem 9.7); both are equal to the ranges of the inverse 
functions, in this case sin x. The range of arcsin x is equal to the 
restricted domain defined in Problem 9.9: —n/2 < arcsin x < m/2. 


Identify the restricted domain of tan x that has inverse arctan x. 


One full period of y = tan x lies between vertical asymptotes x = —1/2 
and x = m/2. If you restrict tangent to this interval of the domain, you 


can define inverse function arctan x. Thus, the restricted domain of 
tangent is —m/2 < x < m/2. This is similar to the restricted domain of 
sine (defined in Problem 9.9) but it excludes the upper and lower 
bounds. 


9.13 Graph arctan x. 


The graph of f(x) = tan x passes through points (—1/4, —1), (0,0), and 
(mt/4, 1). Thus, the graph of f(x) = arctan x passes through points (— 
1,-1/4), (0,0), and (1,7/4), as illustrated in the following graph. 


9.14 Identify the domain and range of y = arctan x. 


The graph of y = arctan x, presented in Problem 9.13, is defined for all 
real numbers; any vertical line drawn on the coordinate plane 
intersects the graph. The range of the function is equal to the restricted 
domain of tan x (identified in Problem 9.13): —m/2 < arctan x < 1/2. 


Notice that the boundaries of the range are not included—unlike the 
boundaries of the ranges of arccos x and arcsin x—because the graph 
of arctan x is bounded above and below by horizontal asymptotes. 


General and Exact Solutions 
One vs. many answers 


Note: Problems 9.15—9.17 describe three different ways to present the 
solution to the same trigonometric equation. 


9.15 Identify the solutions to the equation sin 8 = 0 on the interval 0 < 8 < 2n. 


This is one loop around the coordinate plane. Notice that the interval 
includes 0 but excludes 2m. Both of those values represent the same 


angle—they both terminate on the positive x-axis—so there’s no 
need to include both. 


According to the unit circle, sin 8 = 0 when 0 = 0 and 0 = 1. 


Note: Problems 9.15—9.17 describe three different ways to present the 
solution to the same trigonometric equation. 


9.16 List the values of 8 for which the equation sin 8 = 0 is true. 


As Problem 9.15 states, sin 0 = sin m = 0. Because sine is a periodic 
function, it is also equal to zero for any angle kn, where k is an integer. 
In other words, the following set of angles is the solution set for this 
equation. 


6 = {..., An, —3n, —2n, —n, 0, m, 271, 3m, 47, ... } 


Note: Problems 9.15—9.17 describe three different ways to present the 
solution to the same trigonometric equation. 


9.17 Identify the exact solution to the equation sin 8 = 0. 


To calculate the exact solution to this equation, apply the inverse 
function for sine. In other words, solve the equation for 8 by taking the 
arcsine of both sides of the equation. Notice that arcsin (sin 8) = @. 
sin8 =0 
arcsin(sin@) = arcsin0 


8 =arcsin@ 


A function and its inverse cancel out—arcsine cancels out sine. This 


is just like taking the square root of both sides of the equation x2 = 
16 to get x = +4. 


Problem 9.16 lists the angles that have a sine value of 0. However, 
only one of them serves as the exact solution. Remember that the 
restricted range of arcsin 0 is —m/2 < 8 < n/2. Of all the angles listed in 
Problem 9.16, only 6 = 0 belongs to the restricted range. Thus, the 


exact solution is 8 = 0. 


Note: Problems 9.18—9.19 describe two different ways to present the solution 
to the same trigonometric equation. 


9.18 Identify all solutions to the equation tan x = 1 on the interval 0 < x < 2n. 


Recall that tangent is defined as the quotient of sine and cosine: 

tan x = (sin x)/(cos x). The quotient is equal to 1 if and only if the 
numerator and denominator are equal. There are two angles on the unit 
circle with equivalent cosine and sine values: 6 = 1/4 and 8 = 5m/4, as 
demonstrated below. 


zx  sin(z/4) 5x sin(5a / 4) 

tan— = ————_ iy = 

4 cos(z /4) 4 cos(Sm / 4) 
2/2 2/2 
2/2 —/2/2 


Note: Problems 9.18—9.19 describe two different ways to present the solution 
to the same trigonometric equation. 


9.19 Identify the exact solution to the equation tan x = 1. 


Exact solutions require inverse trigonometric functions, so take the 
arctangent of both sides of the equation. 
tanx=1 
arctan(tan x ) = arctan | 
x =arctan | 

According to Problem 9.18, tan (1/4) = tan (Sm/4) = 1. However, the 
range of arctangent is restricted to the interval —m/2 < x < n/2. Of the 
two proposed solutions, only x = 1/4 lies within that restricted interval. 
Therefore, the exact solution to the equation is x = 71/4. 


9.20 Given point [-5. ( on the graph of arcsin x, calculate c. 


If point (—1/2, c) lies on the graph of arcsin x, then (c,—1/2) lies on the 
graph of its inverse function, sin x. In other words, you need to identify 
the value c such that sin c = —1/2. However, two angles on the unit 


circle have this sine value, 8 = 71/6 and 0 = 1171/6, and neither of those 
angles belongs to the range of arcsin x (—m/2 < arcsin x < 1/2). 


But only the piece of sin x between - = ana = 


Both angles are greater than the upper bound of the range. Therefore, 
you need to calculate angles coterminal to 7/6 and 117/6 to identify a 
valid member of the range. Subtract 27 from each to compute the 
coterminal angles. 


75 7x 12x llz llz 12x 
—-217=—-— —27= _ 
6 6 6 6 6 6 
_ 52 _ RA 
6 6 


Notice that —1/6 belongs to the range of arcsin x (—m/2 < —-1/6 < 11/2). 
Therefore, c = —1/6. 


9.21 Calculate arccos —1. 


For the rest of the problems in this chapter, use the Problem 9.20 
technique: 
1. Find the angle(s) on the unit circle with the correct trig value 


2. Select the angle that falls in the correct restricted range 
3. If none of the angles are in the restricted range, calculate 
coterminal angles 


Begin by identifying the angle(s) on the unit circle that have a cosine 
value of —1. Only one such angle exists: 8 = m. Recall that the 
restricted range for arccosine is 0 < 8 <n, and the angle 8 = 7 is a valid 
member of this interval. Thus, you conclude arccos —1 = 7. 


9.22 Calculate “ 


Two angles on the unit circle have a sine value of V3/2: 6 = 1/3 and 6 = 


21/3. Only the smaller of these two angles falls within the restricted 
range of arcsine (—1/2 < @ < n/2). Thus, arcsinv3/2=n/3. 


9.23 Calculate arecos{- a 


The two angles on the unit circle with a cosine value of -V2/2 are 0 = 3/4 and 0 
= 57/4, but only the smaller of the two angles belongs to the restricted range of 


arccosine. 


Angles in the range of arccosine terminate in the first and second 
quadrants, and the angles are always positive. Angles in the range of 
arcsine and arctangent terminate in the first or fourth quadrants, and 


their terminal sides are no more than 90° (m/2 radians) from the 
positive x-axis, in either the clockwise or counterclockwise 
direction. 


V2 
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9.24 Calculate arsin( “2 


The two angles on the unit circle with a sine value of -V2/2 are 0 = 
om/4 and 60 = 7m/4. Neither of these angles belongs to the restricted 


range of arcsine, so calculate a coterminal angle to identify a 
corresponding angle that does. 


According to my notes for Problem 9.23, you’re looking for a first or 
fourth quadrant angle when the problem contains arcsine. Don’t even 
bother calculating the coterminal angle of ¢ = =* because it terminates 


in the third quadrant. 


9.25 


9.26 


Thus arcsin (-V2 /2)=—-n 
Calculate arcsec (—2). 


Recall that secant and cosine are reciprocal functions. Similarly, 
arcsecant and arccosine are reciprocal functions. In other words, if 6 = 
arcsec (—2), then 8 = arccos (—1/2). The two angles on the unit circle 
with a cosine value of —1/2 are 0 = 2/3 and 8 = 4n/3. The smaller of 
the two angles belongs to the restricted range of arccosine, so arcsec (— 


2) = 2n/3. 
\ 


oe 


Calculate arctan(—V3). 


Tangent is defined as the quotient of sine and cosine, so begin by 
expressing the argument ,/3 as a quotient as well. 


/ lo’ ( V3 
arctan (—V3 ) = arctan| a | 


Although there are no angles on the unit circle with a sine value of ,/3 
and a cosine value of 1, there are angles with sine values of ¥3/2 and 
cosine values of 1/2. You can divide the numerator and denominator of 
a fraction by the same number without affecting the value of that 
fraction. In this problem, it is helpful to divide the numerator and 
denominator by 2. 


/ =e / V3 
arctan(—V3 ) = arctan| us | 


Four angles on the ie oe have a sine value of 


arcts nf“? = arct: nf < and a cosine value of +1/2: 8 = 71/3, 8 = 


27/3, 8 = 4n/3, and 6 = 51/3. However, only two of those angles have 
negative tangent values. 


5x _ sin(52 / 3) 


2x = sin(227 /3) 
tan a ——— a Bn — Ss 
3 cos(2z / 3) 3 cos(52 /3) 
_ 3/2 _=V3 /2 
-1/2 1/2 
__ 3/2 __ 3/2 
os 


1/2 


Recall that the restricted range of arctangent is —m/2 < 8 < 11/2, so 
calculate the angle within that range that is coterminal to 57/3. 


5a 52 = 6 
— -22 =— -—-—_ 
3 3 3 
_ & 

3 


You conclude that arctan (-J/3)=—7/3 


Chapter 10 


SIMPLE TRIGONOMETRIC EQUATIONS 


Algebra 1, but with angles 


In Chapter 9, you explore the inverse trigonometric functions: arcsin x, arccos x, and 
arctan x. Whereas the corresponding trigonometric functions sin x, cos x, and tan x 
accept angle inputs and produce real number outputs, their inverse functions do 
precisely the opposite. They also eliminate trigonometric functions from equations, 
which empowers you to solve trigonometric equations. 


In basic algebra, you learned a few basic equation-solving techniques, including: 


* Adding, subtracting, multiplying, and dividing both sides of an equation by 
the same number to isolate the variable 

* Factoring an equation, when one side of the equation equals zero 

* Applying the quadratic formula when you can’t factor a quadratic equation 


In this chapter, you’Il use all of these techniques to solve basic trigonometric 
equations. Make sure to work through Chapter 9 and pay special attention to 
Problems 9.15—9.17. They outline the major difference between trigonometric 
and algebraic equations: the different ways you may have to report a 
trigonometric solution. 


Linear Equations 
Add, subtract, multiply, and divide both sides by the same thing 


Note: Problems 10.1—10.3 refer to the trigonometric equation sin x + 1 = 0. 


10.1 Identify the solutions to the equation on the interval 0 < x < 2n. 


To solve the equation sin x + 1 = 0 for x, you must first isolate the 
expression containing x on one side of the equal sign. Subtracting 1 
from both sides of the equation accomplishes this task, isolating sin x 
on the left side of the equation. 


When something is “isolated” it is all by itself. You want sin x to be 
all by itself on one side of the equation, but right now, there’s a “+ 1” 
next to it. Move that number to the other side of the equation by 


subtracting it from both sides. 


Note: 
10.2 


sin x =-1 


The problem instructs you to identify the solutions on the interval 0 < 
x < 2n, which is one rotation about the coordinate plane and 
corresponds to the unit circle. Only one angle x on the unit circle has a 
—1 sine value: x = 3n/2. 


Problems 10.1—10.3 refer to the trigonometric equation sin x + 1 = 0. 


Identify the general solution to the equation. 


Remember that sine has a period of 2m. Adding and subtracting 
multiples of 27 to an angle will produce angles with the same sine 
value. According to Problem 10.1, x = 3m/2 is a solution to the 
equation; adding and subtracting 27 to this solution identifies two 
other angles that are also solutions to the equation. 


3 3x 4x 3 3x 4x 
-27=——- +22 =—+ 
) %) %) %) 2 ) 
n 72 


9 9 


If you double the period (2 - 2m = 4m) and then add and subtract that 
product (47) from the solution x = 31/2, you identify two additional 
solutions to the equation. 


If you continue this process by tripling the period (3 - 2m = 6m), 
quadrupling the period (4 - 2m = 8m), and so on, you will identify an 
infinite number of possible solutions. Rather than list them all, you use 
shorthand notation to indicate a general solution of x = 31/2 (and all of 
its coterminal angles). Both of the following solutions are correct, 
although the solution on the right—in which k and 27 are explicitly 
multiplied—is more common. 

3x 


32 , : 
x a k(22) or x= ae 2k , such that kis an integer 
‘ ‘ 


oo a 


To create a general solution, identify the solution(s) on one period of 


the function (in this case 0 < x < 2m and then add k - (period) to 
each. 


Note: Problems 10.1—10.3 refer to the trigonometric equation sin x + 1 = 0. 


10.3. Calculate the exact solution to the equation. 


Begin by isolating sin x on the left side of the equation: sin x = —1. In 
order to calculate an exact trigonometric solution, you apply an inverse 
trigonometric function. Solve sin x = —1 for x by taking the arcsine of 
both sides of the equation. 


arcsin (sin x) = arcsin(—1) 


x =arcsin(—1) 


As Problem 10.1 explains, the unit circle angle x = 31/2 satisfies the 
equation, but that angle does not fall within the restricted range of 
arcsine (—1/2 < x < n/2). Subtract 2m from x = 3n/2 to calculate a 
coterminal angle that lies in the restricted range. 


Look at Problems 9.20, 9.24, 9.25, and 9.26 for more information. In 
each case, you have to calculate a coterminal angle within a 


restricted range. 


The exact solution is x = —m/2. 


Note: Problems 10.4—10.5 refer to the trigonometric equation 2 cos x — 1 = 
0. 


10.4 Identify the general solution to the equation. 


In order to isolate cos x on the left side of the equation, add 1 to both 
sides and then divide both sides by 2. 


2cosx =1 


] 
cosx =— 
9 
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Note: 
10.6 


Now identify the angles on the unit circle that have a cosine value of 
+1/2. Two such angles exist: m/3 and 51/3. These angles belong to the 
general solution, as do all of their coterminal angles; therefore, you 
need to add multiples of 27 (the period of cosine) to each solution, as 
demonstrated below. 


~ 


IT OT . 
cme +2kt,x= — 2k, such that & is an integer 
Problems 10.4—10.5 refer to the trigonometric equation 2 cos x — 1 = 


Calculate the exact solution to the equation. 


According to Problem 10.4, two angles on the unit circle are solutions 
to the equation: x = 1/3 and x = 5m/3. Only the smaller angle belongs to 
the restricted range of arccosine (0 < x < m). Therefore, the exact 
solution to the equation is x = 7/3. 


Problems 10.6—-10.7 refer to the trigonometric equation 5 —\2sin@ = 6, 


Calculate the exact solution to the equation. 


Isolate the trigonometric expression sin 8 on the left side of the 
equation. 
—/2sin@=6=<5 


—,/2sind=1 


sin@ =——= 
‘ 
V2 


Rationalize the denominator to reveal a familiar sine value from the 
unit circle. 


sin? =——=--—= 


: V 
sin? = ——= 
v4 
i9 
= ve 
sin? = ——_— 
» 


Se 


Apply the arcsine function to calculate the exact solution. 


; f V2 \ 
arcsin(sin@) = arc sin|— : 
‘ 


\ = | 


0 = arc sin| - . | 
According to Problem 9.24, the exact solution to this equation is 8 = — 
T/4. 


Note: Problems 10.6—10.7 refer to the trigonometric equation 5 —~2sin® = 6. 


10.7 Identify the general solution to the equation. 


As Problem 10.6 demonstrates, solving the equation 5—V2sin@ =6 for 
sin 8 produces the following equation. 


V2 
sin@ =—— 
9 


There are two angles on the unit circle that have a sine value of 
—V2/2:@=52/4 and 8 = 7n/4. To construct the general solution, add 
multiples of 27 (the period of sine) to each solution. 


~ 


57 72 ; 
G= a 2kx,0= = + 2k, such that & is an integer 


Note: Problems 10.8—10.9 refer to the trigonometric equation 2(tan x + 3) = 
3 + tan x. 


10.8 Identify all solutions to the equation on the interval 0 < x < 2n. 


Isolate the expression tan x on the left side of the equation. 
2(tanx)+2(3)=5+tanx 
2tanx+6=5+tanx 
2 tanx—tanx =5—6 
tanx=—1 
There are two angles on the unit circle that have a tangent value of —1: 
8 = 3n/4 and 0 = 7n/4. 
The tangent of an angle is equal to —-1 whenever the sine and cosine of that angle 
are opposite values. 


Note: Problems 10.8—10.9 refer to the trigonometric equation 2(tan x + 3) = 
3+ tan x. 


10.9 Identify the general solution to the equation. 


To create the general solution to a trigonometric equation, you identify 
the angles on the unit circle that represent solutions and then add 
multiples of the period to that solution. In Problems 10.2, 10.4, and 
10.7, you append the notation “+ 2kn, such that k is an integer,” 
because 27 is the period of sine and cosine (as well as the period of 
secant and cosecant). 


However, the tangent and cotangent functions have a period of 7, so 
you should add kr to the unit circle solutions rather than 2km. 
According to Problem 10.8, the unit circle angles that satisfy this 
equation are 8 = 3n/4 and 0 = 7/4. Hence, you may be tempted to 
report the following general solution. 


3m 7x ; 
d= = ka, 0= Td kz, such that & is an integer 


This solution is not incorrect, but it is repetitive. Notice that 77/4 is 
equal to 37/4 plus a multiple of m, as demonstrated below. 
Imagine that the solution to some equation was “x = 1 plus any positive multiple 
of 2.” In other words, the solution set is {3, 5, 7, 9, 11, ...}. Even if “x = 11 plus 
any multiple of 2” is another valid solution, you don’t need to write it because it 
describes a set of values that are already included: {13, 15, 17, 19, ...}. 


30 3x 4x Tx 
=—-+ 


Thus, the following solution is sufficient. 


32 ‘ 
0= re +k, such that k is an integer 


Note: Problems 10.10-—10.11 refer to the trigonometric equation 
1 I 
q (sec d— 2) = 5 lee o— 1) 


10.10 Identify the general solution to the equation. 


Multiply the entire equation by 12 (the least common denominator of 
1/4 and 1/3) to eliminate the fractions. 


1 . 
12| 5G 9-2)| = 12| (sec | 


12 12 
; (sec0—2)= - (sec0—1) 


3(secO@—2) =4(sec@—1) 


Now isolate sec 8 on one side of the equal sign. 
3sec0 —6=4sec0—4 
—6+4=4sec0—3sec0 


—2=sec0 


The equality of a statement is preserved if you take the reciprocal of 
both sides of the equation. Recall that secant is defined as the 
reciprocal of cosine. 


1 1 


2 sec@ 


—-—=cos0 
2 


The two angles on the unit circle that have a cosine value of —1/2 are 8 
= 2n/3 and 8 = 4n/3. Include coterminal angles (by adding multiples of 
2m) to create the general solution to the equation. 


) 


27 4n ; 
é= < +2kx,0= /- + 2k, such that kis an integer 


Note: Problems 10.10—10.11 refer to the trigonometric equation 
1 1 
q sec 0-2) = 5 ise 6-1) 


10.11 Calculate the exact solution to the equation. 


According to Problem 10.10, two angles on the unit circle are 
solutions to the equation: 8 = 27/3 and 0 = 4n/3. Only the smaller of 
the two angles lies within the restricted range of arccosine (0 < 8 < 1), 
so you conclude that the exact solution to the equation is 8 = 27/3. 


Zero Products 
Factoring 


10.12 Explain how to apply the zero-product property to solve the equation xy 
= 0. 


According to the zero-product property, if two or more expressions are 
multiplied and their product is 0, then at least one of those expressions 
must be equal to 0. In the given equation, x and y are multiplied to 
produce a product of 0, and the only way to obtain a zero product is to 
include 0 as one (or both) of the factors. 
This isn’t true for any other number. For example, if you multiply two numbers 
together and get 10, one of those numbers doesn’t HAVE to equal 10. 


Therefore, to solve an equation in which a product equals zero (like xy 
= 0), set each factor equal to zero. In this example, x = 0 and y = 0 are 
solutions to the equation. 


10.13 Apply the zero-product property to solve the equation: x(x — 7)(x + 6) = 
0. 


The product x(x — 7)(x + 6) equals 0, so according to the zero-product 

property, at least one of the factors must be equal to 0. Set each factor 

—x, x — 7, and x + 6—equal to 0 and solve the resulting equations. 
x=0 x—7=0 x+6=0 


me 


x=7 x=-—6 


There are three possible solutions to the equation: x = —6, x = 0, and x 
=7, 


10.14 Identify the solutions to the equation (cos 8 — 1)(sin 8 + 1) = 0 on the 
interval 0 < @ < 2m. 


Apply the zero-product property, setting each of the factors equal to 
zero and solving the equations. 
cos?—-1=0 sind+1=0 
cos#=1 sin? =—1 
Only angle 6 = 0 has a cosine value of 1 on the interval 0 < 0 < 2n, and 
only angle 8 = 3n/2 has a sine value of —1 on that interval. Therefore, 
= 0 and 8 = 3n/2 are solutions to the equation. 


10.15 Explain why the equation (2 cos x — 3)(cos x — 4) = 0 has no real 
solutions. 


Apply the zero-product property to create two equations from the 
factors. 
2cosx—-3=0 cosx—-4=0 


2cosx =3 cosx =4 


tun 
~ 


cos x = — 


nN 


The range of cos x is —1 < x < 1, but neither 3/2 nor 4 fall within that 
range. Therefore, there is no value x for which cos x equals either 3/2 
or 4, and the original equation has no solution. 
The graph of cosine is a wave that oscillates between a maximum height of 1 
and a minimum height of —1. Sine has the same range. To review these graphs, 
check out Problems 5.26 and 5.35. 


10.16 Identify the general solution to the equation: tan2 x — tan x = 0. 


The terms in the expression contain a common factor: tan x. Factor this 
expression out of both terms. 


tan® x —tanx = 0 


tanx(tanx—-1)=0 


The result is a product equal to 0, so you can apply the zero-product 
property to solve the equation. Note that you can only apply the zero- 
product property when the product is equal to zero. Note that the 
period of tangent is m, so rather than identify solutions on the interval 0 
< x < 2n, identify solutions on the interval —n/2 < x < n/2. 
tanx = 0 tanx -1=0 
x=0 tanx =1 


Tt 
x=— 
1 


Construct the general solution by adding multiples of m (the period of 
tangent) to each solution you identified. 


bs : 
x=O+kz,x = °™ such that k is an integer 


10.17 Identify the solution to the equation 4 cos2 x — 1 = 0 on the interval 0 < 
x= 2, 


Factor the expression left of the equal sign, a difference of perfect 


squares. 


(2cos x+ 1)(2cos x-—1) =0 


Apply the zero-product property. 
2cosx+1=0 2cosx—-1=0 

2cosx=—1 2 cosx =] 

cosx =—— cosx = 

©) c 


re 


ho 


Four angles on the unit circle have a cosine value of +1/2, so there are 
four solutions on the interval 0 < x < 2m. 

2x 40 5x 

373° 3 


10.18 Identify the general solution to the equation: csc? x -— 4 cscx + 4= 0. 


Factor the expression csc2 x — 4 csc x + 4 in the same way that you 
would factor y2 — 4y + 4 = (y— 2)(y — 2). 


(csc x — 2)(csc x -— 2) = 0 


The factors are equal, so the original expression csc? x — 4 csc x + 4 is 
a perfect square. Set the repeated factor equal to 0 and solve for x. 
Recall that cosecant and sine are reciprocal functions. 

cscx—-2=0 


csc x =2 


sinx = — 
9 


~ 


The angles on the unit circle with a sine value of 1/2 are x = 1/6 and x 
= 5/6. The problem directs you to identify the general solution, so add 
multiples of 27 (the period of cosine) to these angles. 


1 57 , ' 
x= ms + 2kr,x = id 2kz, such that k is an integer 
) D 


10.19 Identify the general solution to the equation: tan2x + 6 tan x = —5. 
You can apply the zero-product property only if one side of an 


equation is equal to 0. Therefore, you should add 5 to both sides of this 
equation before factoring. 


tan?x+6tanx+5=0 


(tanx+1)(tanx+5)=0 


Set each factor equal to 0 and solve. 

tanx+1=0 tanx+5=0 

tanx=-—1 tanx=—5 

Note that the angle x = —1/4 has a tangent value of —1. However, no 
angle on the unit circle has a tangent value of —5. The angle does exist 
—remember that the domain of arctangent is all real numbers (as 
explained in Problem 9.14)—so it is sufficient to report the solution as 
xX = arctan (—5). To construct the general solution, add multiples of mt 


(the period of tangent) to both solutions. 
The angle 37/4 also has a tangent of —1, but you don’t have to list it because it is 


automatically included by the general solution (if k = 1): 


Ei s ; 
x =——+hkr, x =arctan(—5)+kz, such that k is an integer 


10.20 Identify the solutions to the equation 6 sin 8 (sin 8 — 1) = 4—sin 8 on 
the interval 0 < 0 < 2n. 


Apply the distributive property to simplify 6 sin 8 (sin @ — 1). Recall 
that the zero-product property may only be applied when one side of 
the equation is 0, so 4 must be subtracted from—and sin 8 must be 


added to—both sides of the equation. 
6sin@(sin@)+ 6sin@(—1)=4—siné@ 
6sin® @—6sin@ =4—sind 
6sin® @—6sin@+sin@-4=0 
6sin® @—5sind-4=0 
If factoring this trinomial is tricky, work through Problems 12.35—12.44 in The 
Humongous Book of Algebra Problems. 
Factor the expression left of the equal sign and set each factor equal to 


(2sin@ +1)(3sind—4)=0 


2sin8+1=0 3sin0d—4=0 
2sind=-1 3sin@ = 4 

4 

sin§g ==— sin@ =— 


9 


There are two angles on the unit circle with a sine value of —1/2, but 
there are no angles with a sine value of 4/3. Recall that the range of 
sine (and the domain of arcsine) is —1 < @ < 1, and 4/3 does not belong 
to this interval. 


10.21 Identify the general solution to the equation: cos40 = 1. 


Subtract 1 from both sides of the equation to create a difference of 
perfect squares. Factor the expression. 


cos’ @—1=0 
(cos’ @+1)(cos* @—1)=0 


One of the factors is a difference of perfect squares, so it can be 
factored further. 


(cos2 8 + 1)(cos 8 + 1)(cos 8-1) =0 


Apply the zero-product property. Setting the two linear factors equal to 
0 produces the equations cos 8 = —1 and cos 6 = 1; the solutions are 8 = 
m and 6 = 0, respectively. 


However, setting the quadratic factor equal to 0 produces the equation 
cos26 + 1 = 0, which has no solution. Notice that subtracting 1 from 
both sides produces the statement cos20 = —1, but a squared value 
cannot equal a negative number. 


Thus, the general solution to the original equation is 8 = 0 + 2kn and @ 
= 1 + 2km, such that k is an integer. You may wish to express the 
solution as the single expression 8 = 0 + kn. 


10.22 Identify the general solution to the equation: cot28 + 3 cot28 + 6 = —2 
cot 0. 


Add 2 cot 6 to both sides of the equation in order to apply the zero- 
product property. 


cot38 + 3 cot28 + 2cot8@+6=0 
If you need help factoring by grouping, check out Problems 12.20—12.25 in The 
Humongous Book of Algebra Problems. 


Apply the factoring by grouping technique. Treat this four-term 
expression as a pair of two-term expressions, cot30 + 3 cot26 and 2 cot 
§ + 6. Notice that the first pair of expressions has a greatest common 
factor of cot20, and the second pair of expressions has a greatest 
common factor of 2. 


cot? 8 (cot 8 + 3) + 2(cot 8+ 3) =0 


Now both expressions have a greatest common factor of (cot 8 + 3), 
which should be factored out of each. 
(cot 8 + 3)(cot28 + 2) =0 
Apply the zero-product property and reciprocal identities, as 
demonstrated below. 
coté+3=0 cot’ 6+2=0 


cord=—3 cot’ @=—2 
| 
tan@ =—— 
3 
The equation cot2@ = —2 has no real solutions; no squared value may 
equal a negative number. However, the domain of arctangent is all real 


numbers, so 8 = arctan (—1/3) is a valid solution. To construct the 
general solution, add multiples of m (the period of tangent). 


@ = arc tan|—— |+ kot, such that & is an integer 


10.23 Identify the solutions to the equation 20 sin’ x + 3 = 12 sin? x + 5 sin x 
on the interval —m/2 < x < n/2. 


Subtract 12 sin? x and 5 sin x from both sides of the equation and 
factor by grouping. 
20sin’ x —12sin® x—5sinx + 3=0 
4sin® x(5sinx—3)—1(5sinx -—3)=0 


(5sin x —3)(4sin * x -1) =0 
Factor —1 out of (— 5 sin x + 3) so you end up with matching factors (5 sin x — 3). 


The quadratic factor 4 sin2 x — 1 is a difference of perfect squares and 
can be factored further. 


(5 sin x — 3)(2 sinx + 1)(2 sin x— 1) =0 


Apply the zero-product property. Notice that the problem asks you to 
identify answers on the interval —n/2 < x < n/2, which is the range of 
arcsine. Therefore, you should calculate the exact solution to each of 
the three equations. 


5sinx -3=0 2sinx+1=0 2sinx—-1=0 
5sinx =3 2sinx=-—] 2sinx =1 
. : ; l ; l 
sinx =— sinx =—— sinx =— 
F 9 9 
* ~ ~ 
_ 3 oak lh) l 
* = arcsin— x= arcsin| --| x = arcsin— 
a : ey 2 


Two of the solutions appear on the unit circle. Although arcsin (3/5) 
does not, it is still a valid solution; recall that the range of sine (and the 
domain of arcsine) is —1 < x < 1, and x = 3/5 belongs to that interval. 
wT : 
x=—-—,—, arcsin— 
6’ 6 5 
Quadratic Formula 
When you can’t factor 


10.24 Identify the quadratic formula used to solve quadratic equation ax? + bx 
+c =0, such that a, b, and c are integers and a ~ 0. 


The quadratic formula allows you to solve a quadratic equation using 
only its coefficients. This technique, like the factoring technique 
described in Problems 10.12—10.23, requires that one side of the 
equation equals 0. 

—+ Vb? —4ac 


+= 


2a 
10.25 Apply the quadratic formula to solve the equation: 2x2 — 5x + 1 = 0. 


Substitute a = 2, b =—5, and c = 1 into the quadratic formula, 
identified in Problem 10.24. 
—b+ Vb? —4ac 


. 4 = 
2a 


_ —(-5)+ y(-5 -4(2)0) 


2(2) 


There are two solutions to the equation: = eee ee 
4 4 


Note: Problems 10.26—10.27 demonstrate two different ways to solve the 
quadratic trigonometric equation 2 sin2 x + 3 sin x + 1 = 0. Identify all 
solutions on the interval 0 < x < 2 7. 


10.26 Solve the equation by factoring. 
Apply the technique described in Problems 10.12—10.23, factoring the 


expression and then setting each factor equal to zero, applying the 
zero-product property. 


(2sinx+1)(sinx +1)=0 
2sinx+1=0 sinx +1=0 
2sinx =—1 sinx =—1 


1 : 
sinx =—— x= 
») ») 


oo) 


Mf 


° ° C= - , . ’ t 
The solution is to a 


Note: Problems 10.26—10.27 demonstrate two different ways to solve the 
quadratic trigonometric equation 2 sin2 x + 3 sin x + 1 = 0. Identify all 
solutions on the interval 0 < x < 27. 


10.27 Verify the solutions you identified in Problem 10.26 by applying the 
quadratic formula. 


Substitute a = 2, b = 3, and c = 1 into the quadratic formula. Note that 
the left side of the equation in the traditional quadratic formula is 
simply “x,” but in this problem, the left side of the equation is “sin x.” 


J , 
—btvh° —4ac 


sinx = - 
2a 
: —(3)+ 3° -4(2)(1) 
OO Sa 
2(2) 
—3+/9-8 
sinx = 
4 
—-3+1 
sinx = 
t 
; —-3—1 —3+1 
sinx = or 
4 1 
—4 2 


sinx =— or —— 
4 


4 


sinx =—lor -—— 
9 


oe 


Thus, sin x = —1 or sin x = —1/2. These are the same equations 
produced by the zero-product property in Problem 10.26, so the 
solutions are the same: x = 71/6, 3n/2, 1117/6. 


Note: In Problems 10.28-10.29, you solve the equation 9 cos2x — 9 cos x + 2 
= 0 using two different techniques. In each problem, identify the solutions 


on the interval 0 < x < 7. 


10.28 Apply the quadratic formula to solve the equation. 


The problem asks for the solutions that belong to the restricted range 


of arccosine ‘9**<7), Neither 1/3 nor 2/3 are cosine values on the 
unit circle, so leave your answers in terms of arccosine. 


Substitute a = 9, b = —9, and c = 2 into the quadratic formula, and set 
the fraction equal to cos x. 


—(-9)+,/(-9)° —4(9)(2) 
2(9) 
QO /81—72 
18 
9+ /9 
18 
9+53 9—3 
“18” 18 


cosx = 


COsx = 


CcCosSx = 


COosSx = 


Thus, the solutions to the equation are x = arccos (1/3), x = arccos 
(2/3). 


Note: In Problems 10.28-10.29, you solve the equation 9 cos2 x — 9 cos x + 2 
= 0 using two different techniques. In each problem, identify the solutions 
on the interval 0 < x <7. 


10.29 Verify your answer to Problem 10.28 by factoring the quadratic 
expression and applying the zero-product property. 


Factor the quadratic expression and set each factor equal to 0. 


(3 cosx—1)(3 cosx—2)=0 


3 cosx—-1=0 3cosx—2=0 
3cosx =1 3 cosx =2 
9 
cosx =— cos x =— 
3 3 
9 
x = arccos— x = arccos— 
3 3 


These solutions are identical to the solutions in Problem 10.28. 


10.30 Apply the quadratic formula to identify the solutions to the equation 12 
cos2 x + 7 cos x = 10 on the interval 0 <x <1. 


In order to apply the quadratic formula, one side of the quadratic 
equation must equal 0; subtract 10 from both sides of the equation. 


12 cos2 x + 7 cosx—10=0 


Substitute a = 12, b = 7, and c = —10 into the quadratic formula and set 
it equal to cos x. 


—7+,) 7°—4(12)(—10) 
CcCOsSx = 7 
2(12) 
—7+/529 
cosx = 
24 
—7+23 
cos x = 
24 
—7-23 —74+23 
cosSx = 
24 24 
—30 16 
cosx =-———_,, 
24°24 
5 2 
te —= |, 
4’°3 


The range of cosine is —1 < cos x < 1, so —5/4 is not a valid cosine 
value. Therefore, the only solution to this equation is x = arccos (2/3). 


10.31 Explain why the equation 4 sin2 x — sin x + 2 = 0 has no real solutions. 


Apply the quadratic formula, setting a = 4, b = —1, andc = 2. 


—(-1)+ J(-1)° -4(4)(2) 


sinx = 


You cannot evaluate the square root of a negative number, so there are 
no real solutions to this trigonometric quadratic equation. 


10.32 Identify the solutions to the equation 5 tan 8 = —1 — 3 tan26 on the 
interval —m/2 <0 < 7/2. 


Add 3 tan2@ and 1 to both sides of the equation. 
3 tan28+5tan8+1=0 


Substitute a = 3, b = 5, and c = 1 into the quadratic formula. 


v= 


/ 
é= arctan| ; - } arctan 
\ ) 


(= alle | 
6 


Arctangent is defined for all real numbers, so both of these solutions are valid. 


Functions of Multiple Angles 
Instead of cos x = 1, solve cos 5x = 1 


Note: In Problems 10.33—10.36, you solve similar equations, each with a 


different coefficient of x. In each problem, identify all solutions on the 
interval 0 < x < 27. 


10.33 Solve the equation: sin x + 1 = 0. 


Subtract 1 from both sides of the equation to isolate sin x left of the 
equal sign. 


sin x =-1 


Taking the arcsine of both sides of this equation solves it for x. 
X = arcsin (—1) 


Note that the range of arcsine is —m/2 < arcsin x < 1/2, so if you were 
asked to supply the exact solution to this equation, the answer would 
be x = —1/2. However, the problem directs you to identify all solutions 
within a single rotation on the coordinate plane. The only angle on this 
interval with a sine value of —1 is x = 3/2. (Note that —n/2 and 31/2 
are coterminal angles, and the choice of one angle versus the other in 
the solution is dictated solely by the interval specified in the problem.) 
In other words, the angles between 0 and 2n including 0 but excluding 2n 


Note: In Problems 10.33—10.36, you solve similar equations, each with a 
different coefficient of x. In each problem, identify all solutions on the 
interval 0 < x < 2n. 


10.34 Solve the equation: sin 2x + 1 = 0. 


This equation is similar to the equation in Problem 10.33 (sin x + 1 = 
0); only the arguments of the equations differ. This equation contains 
argument 2x, a double angle. Regardless of this difference, you still 
begin by isolating the trigonometric function on one side of the equal 
sign. In other words, you still begin by subtracting 1 from both sides of 
the equation. 


sin 2x = —1 
Now apply the arcsine function to both sides of the equation. 
2x = arcsin (—1) 


As Problem 10.33 states, angle 37/2 has a sine value of —1, but because 
this equation contains a double angle (2x instead of x), you should list 
twice as many solutions. Thus, you should calculate a coterminal angle 
for the solution 31/2 by adding the period of sine (27). 


Rewrite the equation 2x = arcsin (—1), replacing arcsin (—1) with the 
two solutions you have identified. 


2x =arcsin (—1) 


To finish solving the equation, you must isolate x. Eliminate its 
coefficient (2) by multiplying both sides of the equation by 1/2. 


Fate =(>\=).5 =] 


a M2 

ea? 4 

Note that both of the final solutions belong to the interval specified by 
the problem: 0 < 3n/4 < 7n/4 < 2n. 


Remember to adjust the total number of solutions based on the 
coefficient of x, especially when the problem asks you to list the 
solutions on the interval 0 < x < 2m. 


Note: In Problems 10.33—10.36, you solve similar equations, each with a 
different coefficient of x. In each problem, identify all solutions on the 
interval 0 < x < 27. 


10.35 Solve the equation: sin 3x + 1 = 0. 


In Problem 10.34, the trig expression contained 2x and you had to list 2 times as 
many solutions. In this problem, the trig expression contains 3x, so you will need 
to list 3 times as many solutions. 


Like Problems 10.33—10.34, you begin this problem by subtracting 1 
from both sides of the equation. In order to solve any trigonometric 
equation, you must isolate the expression containing the variable (in 
this case sin 3x) on one side of the equation. 


sin 3x =-1 


Apply the arcsine function to eliminate the sine expression containing 
x, the variable for which you are solving. 


3x = arcsin (—1) 


Only one angle on the unit circle has a sine value of —1: x = 3n/2. 

However, the coefficient of x is 3, so you must list three solutions— 
three times as many as the single solution 3n/2. Add 21 to 31/2 (like 
you did in Problem 10.34) to identify coterminal angle x = 71/2, and 


then add 2r to that angle in order identify a second coterminal angle. 


3x 3x 4x Tx 7x 7x 4x Illa 
— +22 =—+— = — —+2x1 =—+—= 
2 2 2 2 2 2 2 


Return to the equation 3x = arcsin (—1) and replace the arcsine 
expression with the three angles you have identified. 
$x =arcsin (—1) 
3x 7x llx 


a ae 


Multiply both sides of the equation by 1/3 to solve for x. 


Ff 
/ 


Fal fe} =[5ll } sll "i Mell + | 


Note: In Problems 10.33—10.36, you solve similar equations, each with a 
different coefficient of x. In each problem, identify all solutions on the 
interval 0 < x < 27. 


10.36 Verify your solutions to Problem 10.35 by substituting each into the 
equation sin 3x + 1 =0. 


Problem 10.35 states that equation sin 3x + 1 = 0 has three solutions 
that lie between 0 and 2m: x = 11/2, 71/6, and 1171/6. Substitute each into 
the equation to verify that the resulting statements are true. 


sin3x+1=0 sin3x+1=0 sin3x+1=0 
eo me pet site TSE) 
sin[3-—|+1=0 sin{ 3-—]+1=0 sin] 3-——|+1=0 
\ 2) \ 6 |} \ 6 | 
. 3a . 21x . 332 
sin—+1=0 sin— +1=0 sin—+1=0 
2 6 6 
=-1+1=0 _ 71% . liz 
sin—-+1=0 sin—+1=0 
0=0 2 2 
-1+1=0 —-1+1=0 


0=0 0=0 


In Problem 10.35, you calculated two angles coterminal to 34/2: 74/2 ana | \1/2. 
If the angles are coterminal, then all three have the same sine value: —1. 


10.37 Identify the solutions to the equation sin 2x = 0 on the interval 0 < x < 
21. 


In order to solve for x, you must first eliminate the trigonometric 
equation that contains the variable. Take the arcsine of both sides of 
the equation. 


2x = arcsin 0 


Only angles 0 and mt have a sine value of 0 on the interval 0 < x < 2n. 
Because x has a coefficient of 2, you should list twice as many 
solutions—four angles instead of two. Add 27 (the period of sine) to x 
= 0 and x = 1: to identify two additional coterminal angles: 0 + 2m = 2n 
and m + 2m = 3m. 


2X = 0, 1, 27, 3m 
Divide by 2 to solve for x. 
zx On Zn 3x 
7 222 
au 3 
x = 0, —, x, — 
os 


; : 3 fo é 
10.38 Identify the solutions to the equation cos3x = —on the interval 0 < x < 


211. 


Take the arccosine of both sides of the equation. 


ip 


3x = arccos 
\ = | 


; 
jey /6 


The two angles on the unit circle that have a cosine of =v2/2 are 3n/4 
and 57/4. Calculate two coterminal angles for each, adding 27m and then 
An to 3n/4 and 51/4. 


_ 3x 5x llxz 132 19m 21x 


Multiply each term by 1/3 to solve for x. 


3x 3a 5x lla 132 19% 21x 
, i je 2 2’ R 
x 5x llx 132 19x 7x 


“1s ae A? Ie 
10.39 Identify the solutions to the equation 4 cos2x—/8 =0 on the interval 0 < x 
ie 


Isolate cos 2x on the left side of the equation and simplify the square 
root expression. 


4 cos2x=WV8 


= 
4 cos2x = 2./2 


[5 


Vv 
cos 2x = 
‘ 


Take the arccosine of both sides of the equation. 


j 
9 
- 


Vv 
2x = arccos as 
‘ 


Angles 1/4 and 71/4 have cosine values of ¥2/2, but you should 
calculate one coterminal angle for each; an x-coefficient of 2 requires 
twice as many solutions. 


10.40 Identify the general solution to the equation: 2(cos 3x — 2) = 3(cos 3x — 
1). 


Simplify both sides of the equation and isolate the trigonometric 
expression on one side of the equal sign. 


2 (cos 3x)+2(—2) = 3(cos3x)+3(—1) 
2 cos3x—4=3 cos3x—-53 
—4+3=3cos3x—2 cos3x 
—l=cos3x 


arccos(—1) = 3x 


To solve the equation cos 3x = —1 on the interval 0 < x < 27", you need to write 
three times the number of solutions (1,47, axa Sx). However, for the general 
solution, don’t bother with the coterminal angles 37 aa St, because your 
solution already includes ALL coterminal angles. 


Only angle m has a cosine of —1 on the interval 0 < x < 27. Because the 
coefficient of x is 3, you may be tempted to list three times as many 
solutions, most likely 3m and 5n, which are angles coterminal to 1. 
However, this problem asks for the general solution, which includes all 
coterminal angles. Therefore, there is no need to list additional 
solutions based on the coefficient of x. 


mt + 2ktt = 3x 


Divide each term by 3, including 2kn, to solve for x. 


3 3 B 


x Qk Bx 


#2 
cms + 3° such that & is an integer 


10.41 Identify the general solution to the equation: 3(tan 2x — 4) + 9 = 0. 


Isolate 2x on one side of the equation. 
3(tan2x)+3(—4)+9=0 
3 tan2x —-12+9=0 
$tan2x—-3=0 
$tan2x =3 
tan 2x =— 
3 
tan2x =] 
2x =arctan] 
Consider the full period of tangent lying between @ = —n/2 and 8 = n/2. 
Only angle 1/4 has a tangent value of 1 on that interval. Because you 


are asked to report the general solution, there is no need to list twice as 
many solutions (despite the fact that x has a coefficient of 2); the 


general solution will include all coterminal angles. 


IU 
2x = Pts kn 


Solve for x, dividing each term by 2 or multiplying each term by 1/2. 


Zx x kx 
ae, 4 a 
2 2:4 2 
x kx 
x= aes such that & is an integer 
is = 


Note: Problems 10.42—10.43 refer to the equation 2 sin= =1, 


10.42 Identify the solutions to the equation on the interval 0 < x < 2n. 


Isolate the trigonometric expression on the left side of the equation and 
apply the arcsine function. 


sin- 


as ie 
vey 


= = arcsin— 
2 


The two angles on the interval 0 < x < 2m that have a sine value of 1/2 
are x = 1/6 and 5m/6. Although the coefficient of x is 1/2, you do not 
apply the technique demonstrated in Problem 10.34; in other words, a 
coefficient of 1/2 does not imply that you should list half as many 
solutions. Fractional coefficients between 0 and 1 do not require you to 
identify additional coterminal solutions. 
But you should check to make sure you don’t end up with extra solutions that are 
outside the specified interval 


To solve for x, multiply each of the terms by 2. 


2 (5)-22)31= 
14 ra ] 


Note: Problems 10.42—10.43 refer to the equation 2 sin = 1, 


10.43 Identify the four smallest positive solutions to the equation. 


Complete the steps outlined in Problem 10.42 to isolate the variable 
expression x/2 on the left side of the equation, but before you solve for 
x, list the general form of the solutions. 

| ta 

—=—+2kx, —+2kr 

2 6 6 
Solve for x, multiplying each of the terms in the equation by 2. 


(x) (x ( 520" 
z\5|= o|=|+2(2kz), 2{ = ]+2(2k) 
2 | \6) 6 / 
u 530 
x= 3° 4kx, -" 4kx, such that k is an integer 


The two smallest positive solutions are m/3 and 51/3. To generate the 
next two solutions, substitute k = 1 into each of the expressions. 


e 


OT 


M4 
x=—+4(1)x (= — +4(1) 
ae (1) a (1) 
a 5m 
=—+4n = +47 
3 3 
ree ss 5x 12x 
=—-+ = —_ 
3 3 3 3 
_ 13% _17x 
3 
Thus, the four smallest positive solutions to the equation are 
x 5x 132 17 
x =—,—,— -,", anc 
3° 3° 3 


10.44 Identify the solutions to the equation 3sec* bees 2 =0on the interval 


OR Ir 


The left side of the equation is a factorable quadratic expression: 3y2 — 
sy — 2 = (3y + 1)(y — 2), such that y = sec (x/2). 


P = a x. 
3sec —— 5sec——-2=0 
2 2 


| 3 sec . + [se - 2| =() 
Check out Problem 10.18 if you need to review factoring and the zero-product 
property. 


Apply the zero-product property, setting each factor equal to 0 and 
solving the two resulting equations for sec x. 


x x 
3sec>+1=0 sec-—2=0 


a 


3sec 


ll 
I 
bt 
wv 
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= 


sec 


no|* hol 


Apply the reciprocal identity cos 8 = 1/sec 8 and solve for x. 


Z a | 
cos—=-—3 cos—=— 
c 9 


= arccos(—3) 


ro| & rols 


x l 
—=arccos— 
9 9 


- 


Note that the domain of arccosine (like the range of cosine) is—1 < 0 < 
1, so arccos (—3) is not defined; this equation may be omitted from the 


final solution. However, there are two angles with a cosine value of 
1/2. 


x 

— = arccos— 
9 9 
x 
2 


The coefficient of x is 1/2. As Problem 10.42 explains, you do not 

have to identify additional coterminal angles for fractional coefficients 

between 0 and 1. Multiply each term by 2 in order to solve for x. 
However, one of these solutions will no longer fit in the interval 0 < x < 2ronce 
you solve for x. 


, 


Note that 1071/3 is greater than the upper bound of the interval (27), so 
the equation has only one valid solution: x = 27/3. 


10.45 Identify the general solution to the equation: tan* ; +4 tanz =4, 


Subtract 4 from both sides of the equation; the result is a quadratic 
expression left of the equal sign and the number 0 right of the equal 
sign. 


9 x x 
tan*—+4tan——-4=0 
3 3 
The quadratic expression cannot be factored, so apply the quadratic 


formula, as demonstrated in Problem 10.25. Note that the formula is 
set equal to the trigonometric expression tan (x/3). 


x —=4+,/4° —4(1)(-4) 
tan —- = 

3 2(1) 

x —42 VJ164+16 
fan — = ——_ 

: 2 
tan—= 

2 
—4+4,/2 

tan—= 

3 2 


The numerator has a greatest common factor of 2. Factor it out of that 
expression to simplify the fraction. 


« 2£(-2+2V2) 
tan—= 
Z 
x i 
tan— =—2+2/2 
3 
x 9 9 [5 =. € fp" 
3 = arctan (-2- 2/2 ), arctan(—2 +2, 2) 


The problem directs you to calculate the general solution, so add 
multiples of m (the period of tangent) to each solution. 


—=arctan|=2— 2/2 )+Az, arctan|=2+ 2/2 )+ 2, such that & is an integer 
3 | \ - 


Multiply each term by 3 to solve for x. 


x = 3arctan (-2 - 9/2 ) + 3k, arctan (-2 + 9/2 ) +3kz, such that k is an integer 


Chapter 11 


ADVANCED TRIGONOMETRIC EQUATIONS 


Trickier equations = clever-er solutions 
In Chapter 10, you explore the fundamental concepts and techniques of solving 
trigonometric equations, including: 


* Exact solutions versus general solutions versus solutions on an interval 
* The role of inverse trigonometric functions 

* The zero-product property and factoring 

* The quadratic formula 

* Equations containing single-and multiple-angle arguments 


Some of the techniques in Chapter 10 are revisited in this chapter, so ensure that you 
understand all of the bulleted items above before attempting any of the problems in 
this chapter. 


In this chapter, you learn a few more techniques for your trigonometric equation 
solving toolbox. The four major concepts of this chapter are: 

(1) rewriting trig equations using identities, (2) introducing a squared function 
when you need one, (3) getting rid of a square when you don’t need one, and (4) 
solving equations that contain fractions. 


If you need to review identities, flip back to Chapters 7 and 8. Make sure that 
you have the three Pythagorean identities memorized, because you will see them 
a lot in these problems. 


Square Roots 
Eliminating squares instead of factoring them 


Note: In Problems 11.1—11.2, you solve the equation tan2 x — 1 = 0 using two 
different techniques. Report the solutions on the interval 0 < x < 27. 


11.1 Solve the equation by factoring the expression tan2 x — 1. 


The expression tan2 x — 1 is a difference of perfect squares. Factor it 
and apply the zero-product property, setting each of the individual 
factors equal to zero and solving those equations. 

If you need to review this technique, check out Problems 10.12—10.23. 


(tanx+1)(tanx—-1)=0 
tanx+1=0 tanx—-1=0 


tanx=—1 tanx =1 


The solutions to the equation tan2 x — 1 = 0 are the angles x on the 
interval 0 < x < 2 that have a tangent of —1 or +1. 


x 3x Sa Tx 
g=—, —_; _—, 
4 4 $f 64 


Note: In Problems 11.1—11.2, you solve the equation tan2 x — 1 = 0 using two 
different techniques. Report the solutions on the interval 0 < x < 2n. 


11.2 Solve the equation using square roots to verify your solution to Problem 
ely 


Unlike the factoring and quadratic formula techniques for solving 
quadratic equations, applying square roots does not require that one 
side of the equation be equal to 0. Begin by adding 1 to both sides. 


tan2 x= 1 


Take the square root of both sides of the equation. Note that any even 
root applied to both sides of an equation requires the insertion of a “+” 
symbol. 
For example, to solve the equation x2 = 16, you take the square root of both sides 
to get x = +4. There are two answers, because +4 and —4 both equal 16 when 
squared. 


Vtan? x =I 
tanx =+] 
Thus, the solutions to the equation are all angles x on the interval 0 < x 
< 2n that have a tangent value of either —1 or +1. This is the same set 
of angles identified in the solution to Problem 11.1. 


320 
x= aE 
4 


a | 
~I 
(5 


4 
11.3 Identify the solutions to the equation 4 sin? x — 4 sinx + 1 =0 onthe 


interval 0 < x < 2n. 


Factor the quadratic expression left of the equal sign. Note that the 
quadratic formula will also produce the correct solution to this 


11.4 


equation, but it requires more arithmetic than the technique described 
in this solution. 


(2 sin x — 1) (2 sinx-—1)=0 
Note that the factors are equal, so the left side of the expression can be 
expressed as a square. 
(2 sin x —1)2=0 


Take the square root of both sides of the equation. Note that the “+” 
may be omitted because +0 = 0. 


ee om 
\(2sinx—1) =+v0 


2sinx—-1=0 


2sinx =1 


sinx =— 
9 


- 


Two angles on the interval 0 < x < 2m have a sine value of 1/2. 


Identify the solutions to the equation 2(cos2 x + 4) -9 = 0 on the 
interval 0 < x < 2n. 


Simplify the expression left of the equal sign and then take the square 
root of both sides. 
2(cos* x)+2(4)-9=0 
2cos’x+8-9=0 
2cos’x-1=0 


2cos* x =1 


cos x=— 
9 
r'4 


Rationalize the denominator on the right side of the expression to 
reveal a familiar value of cosine. 


cosx=+ 


There are four angles on the interval 0 < x < 2m that have a cosine 
value of —V2/2 or +V2/2, 


11.5 Identify the solutions to the equation 3 csc2 2x = 4 on the interval 0 < x 
SS Al 


Isolate csc? 2x on the left side of the equation and then take the square 
root of both sides. 


Apply a reciprocal identity to express cosecant in terms of sine. Then 
apply the arcsine function to eliminate sine from the left side of the 


equation. 


03] 


WV 
4 
a 


sin2x=+ 


/ [3 \ 

rs oe Ve 

2x = arcsin +> 
\ - J 


You use arcsine to get rid of sine and leave behind the 2x that was plugged into 
it. The equation’s not solved until you divide by 2 at the end and solve for x. 


The four angles on the interval 0 < x < 2m that have a sine of 
—J/3/2 or +V3/2 are 1/3, 21/3, 41/3, and 51/3. However, because x has a 
coefficient of 2, you should list twice as many solutions. Add 27 to 
each of those four solutions to generate the list of eight solutions 
below. 
If the coefficient of x is N, then you have to list N times the number of answers 
you normally would. (See Problem 10.34.) This is only true when you are 
identifying solutions on a specific interval like O< x < 211 


fs 2° 6° 6 OS 


11.6 Identify the solutions to the equation 9 cot4 x — 1 = 0 on the interval 0 < 
xX < 2N. 


Factor the difference of perfect squares and apply the zero-product 
property. 
(3 cot’ x+ 1)(3 col x= 1) =() 
3cot’x+1=0 3cov x—1=0 
3cot’x=—] 3cot* x=] 
cot? x= aa cot? x =— 
3 3 
Note that the equation cot2 x = —1/3 has no solution, because no 
squared value can be equal to a negative number. Solve the remaining 
equation by taking the square root of both sides. 


It is helpful to divide the numerator and denominator of the fraction by 
2 and express cot x in terms of cosine and sine. 


COSX Ls? 


sin x V3 /2 


There are four angles with cosine values of +1/2 and sine values of 
+V3/2. 


2a 42 Ox 
3° ' 3 
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Rational Equations 
Fractions with trigonometric numerators and denominators 


Agphs: 
x =9 


x+3 


11.7. Solve the rational equation: =0.. 


A fraction is equal to zero when its numerator is equal to zero but its 
denominator is not. To identify possible solutions of this rational 
equation, set the numerator equal to 0 and solve for x. 
x’ —9=0 
x* =9 


Vx? =+ 9 


The numerator of the fraction is equal to 0 when x = —3 or x = 3. 
However, one of those values is not a solution to the equation. 
Substituting x = —3 into the denominator results in 0, and dividing by 0 
is an undefined operation. Thus, there is a single solution to this 
equation: x = 3. 


2cos6 —1 
sin20 


11.8 Identify the values of 6 on the interval 0 < 8 < 2m for which the fraction 
is undefined. 


Note: Problems 11.8—11.9 refer to the equation 


The fraction A/B is undefined when its denominator is equal to zero (B 


= 0). The denominator of this fraction is sin 20. 
sin20=0 
20 =arcsin0 
Note that sin 0 = 0 and p, according to the unit circle. The coefficient 
of 8 is 2, so you should identify twice as many solutions on the interval 
0 < @ < 27m than you normally would. 
20=0, 7, 27, 32 
Pee, PD ‘1) fv a file 
(24) =|5].(5|@. Lz\(22).[z]60 


2 cos@—1 
There are four values of 8 for which the fraction sin2@ is undefined. 
2cos)—1 


Note: Problems 11.8—11.9 refer to the equation 0p 
sin 


11.9 Identify the solutions to the equation on the interval 0 < 0 < 2n. 


The solutions to the equation A/B = 0 are the values for which A = 0 
but B # 0. Set the numerator equal to 0 and solve for 8. 
2cosd—1=0 
2cos?=1 


l 
cos@ =— 
2 


= ba 
3 3 


11.10 Identify the solutions to the below equation on the interval 0 < x < 2m. 


5 
4 cos’ x—2 cosx 


COSX 


The terms in the numerator have a greatest common factor of 2cos x; 
factor it out of the expression. 
2 cosx(2 cos? x—1) 


0 


COSX 


The fraction on the left side of the equation is equal to 0 when its 
numerator is equal to 0. Apply the zero-product property, setting each 


of the factors in the numerator equal to 0. 
2#0 cosx=0O 2cos?x—1=0 


Clearly, 2 # 0, so that factor should be discarded. Any values of x for 
which cos x = 0 will also cause the denominator to equal 0, so the 
equation cos x = 0 may also be discarded. The solutions to this rational 
equation are limited to the solutions of the equation 2 cos2 x— 1 = 0. 
To solve a rational equation, you should factor the numerator and denominator. 
If any factor appears in both the numerator AND the denominator (like cos x in 
this problem), then any x-value that makes that factor equal 0 will also make the 
denominator equal 0. Therefore, those x-values can’t be solutions to the 


equation. 


2 cos’ x-1=0 


cosx =+— 
icy 
VG 


Rationalize the denominator and identify the solutions on the interval 0 
<x < 21, 


11.11 Identify the general solution to the equation: BRD ETS UGS SS oh, 


3s > > 
sin’ x+sinx—2 


Factor the quadratic expressions in the numerator and denominator. 
(3sinx +5)(sinx—1) 


(sinx + 2)(sinx—1) 


0 


The numerator contains factors (3 sin x + 5) and (sin x — 1), so the x- 
values that cause either of these factors to equal 0 are possible 

solutions to the equation. However, the factor (sin x — 1) also appears 
in the denominator, so any solutions to the equation sin x — 1 = 0 will 


cause both the numerator and denominator to equal 0. Discard this 
factor and set the remaining factor of the numerator equal to 0. 
3sinx+5=0 


3sinx =—5 
; 5 
sinx =—— 

€ 


There are no real number solutions to this equation, because the range 

of sin x is —1 < sin x < 1. Hence, there are no real solutions to the 

original rational equation. 
You can verify this visually. Graph (3*(sin(x))\2+2*sin(x)—5)/((sin x)A2+sin(x)— 
2) on your graphing calculator. It doesn’t intersect the x-axis, so there are no 
solutions. 


tanx—| 


11.12 Identify the general solution to the equation: 


=—2. 
tanx+l 


The technique used in Problems 11.7—11.11 to solve rational equations 
is only applicable when the fraction is equal to 0. Add 2 to both sides 
of the equation and then combine the terms left of the equal sign into a 
single fraction. 
To solve a rational equation, you need a single fraction on one side of the equal 
sign and a zero on the other side. 
tanx—1 
tanx +1 


+2=0 


tanx—1 


=(0) 


(tanx +1) 
tanx +1 | tanx +1) 
tanx—1+2(tanx+1) _ 
tanx+1 7 
tanx—-1+2tanx+2 =0 
tanx+1 


3tanx +1 ; 
——_- = 0) 


2 
+— 
1 


0 


tanx +1 


The common denominator is tan x + 1. 


The fraction is equal to 0 when its numerator is equal to 0. 


3$tanx+1=0 


tanx =—— 
3 


{ \ 
x= arctan| ro | 
\ 3 


To construct the general solution, add multiples of nm, the period of 
tangent. 


je | , , 
x= arctan|—— + kz, such that kis an integer 


11.13 Identify the solutions to the below equation on the interval 0 < x < 2m. 
1 1 1 


cosx—-1 2cosx—1 aa cos’ x—3 cosx +1 


The least common denominator of this equation is (cos x — 1)(2 cos x — 
1) = 2 cos? x— 3 cos x + 1. Express each fraction in terms of the least 
common denominator. 


ff SH |=] - 1 
ae 2 cosx—1 schol cosx—1 2 cos’ x—3 cosxt1 


2cosx—1 —I(cosx—1) _ | 

2cos’x—3cosxt+l 2cos*x—3cosx+] — = cos’ x—3 cosx +1 
2cosx—l—cosx+1 _ l 

29 cos?x—3cosx+1_ 2 cos’ x—3cosx+1 
Cos x _ 1 

2cos?x—3cosx+1 _ = cos x—3cosx+1 

Add 1/(2 cos2 x — 3 cos x + 1) to both sides of the equation. 
cosx 1 


2 cos’ x—3cosx+1 . 2 cos’ x—3cosx+1 a 
cosx +1 

2cos?x—3cosxt+1 — 
Set the expression in the numerator equal to 0 and solve for x. Note 
that the factor (cos x + 1) does not appear in the denominator, because 
2 cos? x —3 cos x + 1 = (cos x— 1)(2 cos x — 1). Therefore, solutions to 
the equation cos x + 1 = 0 are also the solutions to the original 
equation stated in the problem. 

cosx+1=0 
cosx =—1 


x= 


Pythagorean Identities 
Convert one trig function into another 


Note: In Problems 11.14—11.15, you solve the equation sin2 x = cos? x using 
two different techniques. In each problem, identify the solutions on the 
interval 0 < x < 2n. 


11.14 Rewrite the equation in terms of tan2 x and then solve the equation for x. 


Divide both sides of the equation by cos2 x, which creates the quotient 
sin2 x/cos2 x = tan2 x left of the equal sign. Solve that equation for x. 


sin x cos’ x 


cos’ x 7 cos* x 
tan’ x =1 
Vtan’? x = +V1 
tanx=2+1 
The tangent function is equal to +1 when the numerator and 
denominator are either equal or opposite values. 


Note: In Problems 11.14—11.15, you solve the equation sin2 x = cos? x using 
two different techniques. In each problem, identify the solutions on the 
interval 0 < x < 27. 


11.15 Verify your solution to Problem 11.14 by rewriting the equation in terms 
of sin2 x and then solving for x. 


According to a Pythagorean identity, cos2 x + sin2 x = 1. If you 
subtract sin2 x from both sides of the identity, the result is cos? x = 1 — 
sin? x. Apply this modified Pythagorean identity to rewrite the 
equation sin2 x = cos2 x in terms of sine. 


sin? x = cos’ x 

sin’ x =1—sin’ x 
Solve the equation for x and identify the solutions on the specified 
interval. 


2sin* x=1 


= I 
sin'x= 5 


_ 
| i] 
Vsin' x =+ re 


\2 
1 


sinx = +—— 
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There are four angles on the interval 0 < x < 2m that have a sine value 


of +V2/2, They are the same angles identified as solutions in Problem 
11.14. 


11.16 Solve the equation sin x — cos x = 1 for x and identify the solutions on 
the interval 0 < x < 2n. 


If you subtract cos2 x from both sides of the Pythagorean identity cos? 
x + sin2 x = 1, the result is sin2 x = 1 — cos2 x. Apply this modified 
identity to eliminate sin2 x from this problem, effectively expressing 
the equation in terms of a single trigonometric expression, cosine. 
sin’ x—cosx =1 
(1—cos? x)—cosx =1 
l-—cos* x—cosx =1 
0 =1—1+ cos’ x + cosx 
0= cos’ x+cosx 
If you add cos2 x and cos x to both sides of the equation, you don’t have to deal 
with as many negative signs. 
Factor the quadratic expression. 
0 = cos x (cos x + 1) 


Apply the zero-product property and identify the solutions on the 
interval 0 < x < 2n. 


cosx = () cosx+1=0 


x 3x cosx =—1 


2 2 x=1 


The solutions to the equation are x = 71/2, m, and 3/2. 


11.17 Identify the solutions to the equation 3 sin x — 2 cos2 x = —3 for x and 
identify the solutions on the interval 0 < x < 2n. 


Apply the technique modeled in Problem 11.15, applying the modified 
Pythagorean identity cos2 x = 1 — sin2 x to write the equation in terms 
of a single trigonometric expression. 
3sinx—-2 cos’ x=—3 
3 sinx —2(1—sin® x)=—3 
3 sinx —2(1)—2(—sin’ x)=—3 
3sinx —2+2sin’x+3=0 
2 sin’ x+3sinx+1=0 
Factor the quadratic expression. 
(2 sin x + 1)(sinx + 1) =0 
Apply the zero-product property and identify the solutions to each 
equation on the interval 0 < x < 2m. 
2sinx+1=0 sinx +1=0 
I sinx =—] 


30 
~ x= 
7x 11x 9 


The solutions to the equation are x = 71/6, 3/2, and 1171/6. 


11.18 Identify the solutions to the equation 3 tan? x + 5 sec x + 1 =0 on the 
interval 0 < x < 2n. 


According to a Pythagorean identity, 1 + tan? x = sec? x. Subtract 1 
from both sides of that identity to produce the equally valid statement 
tan2 x = sec? x — 1. Use this modified identity to rewrite the problem in 
terms of a single trigonometric identity. 


$tan*?x+5secx+1=0 

3(sec* x —1)+5secx+1=0 

3sec’x—3+5secx+1=0 

3sec*x+5secx=2=0 

(3 secx— 1)(sec x+2)=0 

Apply the zero-product property and express the secant equations in 
terms of cosine. 

5secx—-1=0 secx+2=0 
secx =—2 
secx = 3 


cosx =3 9 
2 


Note that —1 < cos x < 1, so there are no values of x for which cos x = 
3. Thus, that equation may be discarded. There are two angles on the 
interval 0 < x < 2m that have a cosine value of —1/2; these are also the 
solutions to the original equation. 


Qa 
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11.19 Identify the solutions to the below equation on the interval 0 < x < 2m. 


2x 4 
.=—, 
3 


cot x— cot x + ese x—2—0 


Recall that 1 + cot2 x = csc2 x. Apply this trigonometric identity to 
rewrite the equation in terms of a single trigonometric expression, cot 
x: 
cot’ x—cotx +csc’ x -2=0 
cot’ x—cotx +(1 +cot® x)-2 =() 
cot’ x+cot’ x—cotx—-1=0 
Factor the expression left of the equal sign by grouping. 


Factor (cot x + 1) out of both clumps, leaving cot2 x and —1 behind, like in 
Problems 10.22-10.23. 


cot’ x(cotx+1)—1(cotx +1) =0 
(cot x+ 1)[cot? x= 1] =z () 


(cot x +1)(cotx+1)(cotx—1)=0 


Note that the factor (cot x + 1) is repeated. Apply the zero-product 


property. 
cotx+1=0 cotx—-1=0 
cotx=—1 cotx =1 
tanx ==] tanx =1 


In each of these steps, you take the reciprocals of both sides of the equations. 
The reciprocal of cot x is tan x, the reciprocal of —1 is —1, and the reciprocal of 1 
is 1. 

There are four angles on the interval 0 < x < 2m that have a tangent 

value of +1. 
30 
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11.20 Identify the general solution to the equation: sin4 x + 4 cos2 x = 0. 


Note that (sin2 x)? = sin4 x. Apply the modified Pythagorean identity 
sin2 x = 1 — cos2 x to express the equation in terms of a single 
trigonometric function. 


sin‘ x +4cos’ x =0 
(sin® x) +4cos’ x=0 
(1 —cos* x) +4cos’x=0 
(1—cos’ x)(1- cos’ x)+4cos’ x =0 
1—2 cos’ x+cos' x+4cos’ x =0 
cos'x+2cos’x+1=0 
The expression left of the equal sign is a perfect square—it is the 
product of two equal factors. 
(cos* x +1)(cos* x +1)=0 
(cos x+ 1) =0 
¥( cos’ x + 1)" = +/0 
cos’ x+1=0 


9 
cos’ x=-—1 


There are no real solutions to the equation cos? x = —1, because no 
squared value can be equal to a negative number. Thus, there are no 
real solutions to the original equation, sin4 x + 4 cos2 x = 0. 


Sv 2 
ar 


11.21 Identify the general solution to the equation: 3 sec? 6 + 4 tan 8 = 5(sec2 
8-1). 


Combine like terms in the equation, setting one side equal to 0. 
3 sec’ O+4 tan@=5 sec’ 0-5 
0=5sec’ 0-3 sec’ 0—4 tand—5 
0=2 sec’ 0—4 tanO—5 
Apply the trigonometric identity sec? 8 = 1 + tan? @ to rewrite the 
equation in terms of a single trigonometric expression. 
0 =2(1+tan? @)—4 tand—5 
0=2+2tan’* é@—4tand—5 
0=2tan*@—4tanO=3 
The quadratic expression right of the equal sign cannot be factored, so 


apply the quadratic formula. This technique is demonstrated in 
Problems 10.27—10.32. 


—(—4)+ /(-4)? —4(2)(-3) 
2(2) 


tang = 


Reduce the fraction to lowest terms and solve for 0. 


—" 


gz 9+ 10) 


9+/10 


2 


tan@ = 


tan@ = 


29 10 

ag A 
tang =—+ 

9 9 


; fio \ 
@= arctan| I+ ba | 


To construct the general solution, add multiples of m (the period of 
tangent). 


far 


| 
/10 V10 , : 
1+ 2 +kz, where k is an integer 


| 
d= arctan epee 
‘ 2 / 


+ kr, arctan 


a YF 
IS 
4cosx 3 _ 6cosxsinx 


11.22 Identify the general solution to the equation: —— + 


5 ° ae 2 a 
sinx sin’x  cos’x—1l 


According to a Pythagorean identity, cos2 x + sin2 x = 1. Subtract sin2 
x and 1 from both sides of the equation to produce the modified 
equation cos2 x — 1 = -sin2 x. Apply this modified identity to rewrite 
the denominator cos2 x — 1 in the given equation. 


4 cosx 3 6 cosx sinx 
ae Os ei ae, aa 
sinx sin’ x —sin’ x 
. E eo 
4 cosx 3 6 cosx sHTx 
, ee ae 
sinx sin’ x sInx* SHTX 
4 cosx 3 6 cosx 
: 5 aR er 
sinx sin’ x sinx 


Note that cos x/sin x = cot x and 1/sin2 x = csc2 x. 
4 cot x + 3 csc2 x =-6 cot x 


According to a Pythagorean identity, 1 + cot? x = csc? x. 


4 cotx+3(1+ cot? x) =—6 cotx 
4cotx+3+3 cot’ x+6cotx=0 
3 cot*x+4 cotx+6cotx+3=0 

3 cot’ x+10 cotx+3=0 


Factor or apply the quadratic formula to solve the quadratic equation. 
In the solution below, the expression 3 cot2 x + 10 cot x + 3 is factored 
into the product (3 cot x + 1)(cot x + 3) and the zero-product property 
is applied. 
3 cotx+1=0 cotx+3=0 
] cotx=—3 
cot*x =-— 
3 l 
tanx =—— 


tanx =—3 3 


x =arctan(=3) 


{ 1 \ 
x arctan =a) 
The general solution to the equation is x = arctan (—3) + kn, arctan (— 
1/3) + kn, such that k is an integer. 


Squaring 
With squares come Pythagorean identities 


Note: Problems 11.23—11.24 refer to the equation cos x = sin x + 1. 


11.23 Square both sides of the equation and apply a Pythagorean identity to 
identify three potential solutions on the interval 0 < x < 2n. 

When you square both sides of an equation, you run the risk of introducing 

extra “solutions” that are actually false. That’s true here, and you’! pluck out 

that false “solution” in Problem 11.24. 


Square both sides of the equation, as directed by the problem. Note 
that (sin x + 1)? 4 sin2 x + 12. 
cosx =sinx+1 
(cosx) =(sinx +1) 
cos’ x =(sinx +1)(sinx +1) 


cos’ x =sin’ x+2sinx+1 


This equation contains two trigonometric expressions. Apply the 
technique demonstrated in Problems 11.15—11.22 to rewrite the 
equation in terms of a single trigonometric expression. 

In other words, use a Pythagorean identity. Look for the trig expression that is 


NOT squared (2 sin x in this equation) and write everything in terms of that trig 
expression. To get rid of cos2 x here, you use the modified Pythagorean identity 
cos? x = 1—sin2 x. 
(1 —sin’ x) =sin’ x+2sinx+1 
0 =(sin? x+sin’ x)+2sinx+(1—1) 
0 =2sin’ x+2sinx 
Factor the quadratic expression. 
0 = 2 sin x (sinx + 1) 


Apply the zero-product property to identify the solutions on the 
interval 0 < x < 2n. 


2sinx =0 sinx+1=0 
0 sinx ==] 
sinx =— 
2 3m 
sinx =0 Nr 9 
x=0, 7 


The three potential solutions to this equation are x = 0, x = m1, and x = 
3n/2. 


Note: Problems 11.23-11.24 refer to the equation cos x = sin x + 1. 


11.24 Test each of the potential solutions you calculated in Problem 11.23 to 
identify the actual solutions to the equation on the interval 0 < x < 2m. 


According to Problem 11.23, the three potential solutions to the 
equation are x = 0, x = m, and x = 3m/2. Substitute each into the original 
equation (cos x = sin x + 1) to determine which, if any, satisfy the 
equation. 


; cosx = sinx +1 
cosx=sinx +1] cosx=sinx +1 


: Co : 3x . 3x 
cos0 =sin0+1 | cosa =sina +1] cos—=sin— +1 
%) ‘ 


1=0+1 —-1=0+1 
l=] —-1#1 


0=-1+1 
0=0 


The potential solution x = m does not satisfy the equation. You 
conclude that the equation cos x = sin x + 1 has two solutions on the 


interval 0 < x < 2m: xX = 0 andx = 3n/2. 


Note: Problems 11.25—11.26 refer to the equation sec x — 1 — tan x = tan x. 


11.25 Square both sides of the equation and apply a Pythagorean identity to 


identify potential solutions on the interval 0 < x < 1. 


Before you square both sides of the equation, add tan x to both sides 
and combine like terms. 


secx—1=2tanx 


Now square both sides of the equation, noting that (sec x — 1)? is a 
simpler expression than (sec x — 1 — tan x)2, the left side of the original 
equation. 


(secx— 1) = (2 tanx) 
(secx—1)(secx —1) = 2” - tan’ x 
sec’ x—2secx+1=4 tan’ x 
Apply the modified trigonometric identity tan? x = sec? x — 1 to rewrite 
the equation in terms of secant. Combine like terms and factor. 


sec’ x — 2 secx +1=4(sec* x—1) 
sec’ x —-2secx+1=4sec*x—4 
0=3sec?x+2secx—5 


0 =(3secx+5)(secx—1) 


Apply the zero-product property to identify potential solutions to the 
equation. Notice that the problem directs you to identify solutions on 
the interval 0 < x < 1, which is the range of arccosine. Thus, you 
should apply the arccosine function to identify the exact solution for 
both of the following equations. 
5secx+5=0 secx—-1=0 

secx =] 
secx == 
cosx =] 

x =arccos! 


x=0 


Sr] Go Ga] or 


cosi== 
/ 3 \ 

x= arccos|——| 

\ D/ 


The potential solutions to the equation sec x — 1 — tan x = tan x are xX = 
O and x = arccos (—3/5). 


Note: Problems 11.25—11.26 refer to the equation sec x — 1 — tan x = tan x. 


11.26 Test each of the potential solutions you calculated in Problem 11.25 to 
identify the actual solution(s) to the equation on the interval 0 < x <n. 


According to Problem 11.25, the two potential solutions are x = 0 and 
X = arccos (—3/5). Begin by testing the solution x = 0. 


sec 0 — 1—tan 0 = tan 0 


Note that sec 0 does not exist. Secant and cosine are reciprocal 
identities, and sec 0 = cos (1/0) is undefined. As further evidence that 
sec 0 does not exist, refer to the graph of y = sec x, which has a vertical 
asymptote at x = 0. 


Now determine whether or not x = arccos (—3/5) is a solution to the 
equation, noting that secant and cosine are reciprocal functions; sec 
[arccos (—3/5)] = —5/3. Furthermore, tan [arccos (—3/5)] = —4/3. 
If x = arccos (—3/5), then x = arcsec (—5/3). Because secant and arcsecant are 
inverse functions, they cancel each other out: sec [arcsec (—5/3)] = —5/3. 
If x = arccos (—3/5), then x is an angle in the second quadrant. Cosine = 
adjacent/hypotenuse, so you can draw a reference triangle with a horizontal 
signed length of —3 and a hypotenuse of length 5. That means the vertical side 
has length +4. 


x = avccos (-3/S) 


3 


If x = arccos (—3/5), then tan x = opposite/adjacent = +4/—3. 


{ $) {f 3)\ f 3) 
Sec arecos| ar —1—tan arccos| = | = tan| arcec rs| -— | 
\ 2) \ 5) \ 5) 


The only solution on the interval 0 < x < 1 that satisfies the equation 
sec X — 1 — tan x = tan x is x = arccos (—3/5). 


Note: Problems 11.27—11.28 present two different ways to solve the equation 
cot x = csc x. In each problem, identify all solutions on the interval 0 < x < 
21. 


11.27 Rewrite the equation in terms of sine and cosine, and solve the resulting 
rational equation. 


Recall that cot x = cos x/sin x and csc x = 1/sin x. 
CcOoLx = C8Cx 


COSX l 


sinx sinx 
Subtract 1/sin x from both sides of the equation and combine the 
fractions, noting that they have common denominator sin x. 


cos x 1 


= () 
sinx sinx 


cosx—1 


= () 


SIT. xX 
A fraction is equal to 0 when its numerator is equal to 0. 
cosx—-1=0 
cosx =1 
x=0 
Although x = 0 is a potential solution, the original equation contains 
terms cos x/sin x and 1/sin x, and both of the terms are undefined when 
x = 0. Thus, there are no real solutions to this equation. 
The denominators (sin x) equal 0 when x = 0, and you can’t divide by 0. 


Note: Problems 11.27—11.28 present two different ways to solve the equation 
cot x = csc x. In each problem, identify all solutions on the interval 0 < x < 
21. 


11.28 Verify your answer to Problem 11.27 by squaring both sides of the 
equation and applying a Pythagorean identity. 


Square both sides of the equation and recall that 1 + cot? x = csc? x. 
cot” x = csc’ x 
cot’ x =(1+ cot’ x) 
Subtract cot? x from both sides of the equation. 
0=1 


The statement 0 = 1 is untrue, so there are no solutions to this—or the 
original—equation. This verifies the answer to Problem 11.27, which 
concluded that no real solutions exist. 


Applying Trigonometric Identities 
Other than the Pythagorean identities 


11.29 Identify the solutions to the equation sin x = sin 2x on the interval 0 < x 
<2 Tl 


According to Problem 8.1, sin 2x = 2 sin x cos x. Use this identity to 
rewrite the right side of the equation. 

sinx = sin2x 

sin x = 2 sinx cosx 


Subtract one of the terms from both sides of the equation. In the 
following solution, sin x is subtracted from both sides. 


0 =2 sin x cos x—sinx 


The terms on the right side of the equation have greatest common 
factor sin x. 


0 = sin x (2 cos x — 1) 


Apply the zero-product property. 


sinx = 0 2 cosx—-1=0 
x=0,7% 2cosx =] 


I 


cosx =— 
« 


The equation sin x = sin 2x has four solutions on the interval 0 < x < 
2m: O, 7/3, 1, and 57/3. 


11.30 Identify the solutions to the equation cos 2x — 2 sin2 x = 0 on the interval 
(WS ZI, 


According to Problems 8.9—8.10, there are three ways to rewrite cos 2x 
as a single-angle expression. Apply the identity cos 2x = 1 — 2 sin2 x to 
express the equation in terms of sine. 


cos2x —2 sin? x =0 
(1—2sin® x)—2 sin? x =0 
1—4sin*® x =0 
Isolate sin2 x on the left side of the equation. 
—4sin*x=-1 
sin® x = a 


Take the square root of both sides of the equation. 


i 


/ s | 
Vsin® x =+,/— 


\4 


1 
sinx =+— 
%) 


There are four angles on the interval 0 < x < 2m that have a sine value 
of +1/2 or -1/2. 


11.31 Identify the solutions to the equation (tan 2x)(sin 2x) = 0 on the interval 
OP nt, 


Apply the double-angle identities for tangent and sine, as presented in 
Problems 8.39 and 8.1, respectively. 


(tan 2x)(sin2x)=0 
{f Qtanx \, 
——— |(2 sinx cosx)=0 
Ee 5K ) 


P 1 
(2tanx)| ale sinx cosx)=0 
\l—tan* x 


In order to simplify the product on the left side of the equation, express 
2 tan x as the quotient 2(sin x/cos x). 


\ 


_ sinx : sont ; 
2° —(2sinx cosx | —-]=0 
Cosx \l—tan* x; 

4 sin’ *{——- |= 
\l—tan* x, 
4 sin’ x 
i} 
l—tan’ x 


The fraction is equal to 0 when its numerator is equal to 0. 
4 sin’ x=0 
0 


. ? 
sin’ x =— 
4 


aT 
sin* x =0 


PR in 
Vsin* x =+ V0 
sinx =0 


x=0,27 


11.32 Identify the solutions to the equation 4 cos2 (x — m1) = 3 on the interval 0 
SS yy, 


Isolate the trigonometric expression left of the equal sign. 


: 3 

cos (x-a)=— 

) 4 
a ¥ Laer [3 
Icos’ (x~—7) =+,/— 
ee ee 
V3 


cos(x—-a2)=+ 


9 


Apply the difference formula for cosine (as defined in Problem 7.37) 
to simplify the left side of the equation. 


x Tx ln 

6° 6° 6° 6 
If you divide both sides of this equation by —1, you get cos x = +¥3/2, If you 
divide the positive or negative version of a number by —1, you get the negative 
or positive version. In other words, you end up with the same two numbers. 


11.33 Identify the solutions to the equation sn( » -=) =0on the interval 0 < x < 
21. 


According to Problem 7.34, sin (x — y) = sin x cos y— cos x sin y. In 
this problem, y = 7/3. 


/ I | 
sin| x2 |= 0 


Bs ae 
Sill x * cos7™= COS X* sin = 0 
3 
2p V3 
sin x| —|—cosx|—|]=0 
\2 2 
\a/ / 


V Re 
Pe x= CcOSx 


— 


Square both sides of the equation. 

a. 

—sin x=>——Ccos x 

4 
Rewrite the equation in terms of a single trigonometric identity, noting 
that cos? x = 1 — sin? x. 


You could also use the identity sin? x = 1 — cos2 x to rewrite the equation in 
terms of cosine. 


HI 


—sin® x +—sin’ x 
4 4 


II 


lsin’ x 


oy” \3 
Vsin’ x =2=,/— 
\4 
V3 
sinx = +— 
9 
— 

x 2a 4% 5x 

x= = 

3 3 3 3 


11.34 Identify the solutions to the equation tan ; —1=0on the interval 0 < @< 
21. 


Apply the half-angle formula for tangent (presented in Problem 8.44) 
to express tan (8/2) in terms of single-angle sine and cosine 
expressions. In the solution below, tan (6/2) = (1 — cos 8)/sin 8 is used 
rather than tan (8/2) = sin 6/(1 + cos 8), because the former contains a 
single term in the denominator and the latter contains two terms. 
This only matters because you will need to write things in terms of a common 
denominator, and that’s easier to do when the common denominator only has one 
term in it. 


0 
tan anu = (0 


- 


1—cos0 
cos en 


sind 


Simplify the expression on the left side of the equation, using least 
common denominator sin 8. 


l—cosé i sin@ \ 


.sin@ | 


=0 


sin 


l—cos@ sin@ _ 


0 


sin@ sind 
l—cosO—sind | 
—_——_—____—— = 0 
sin 
The fraction is equal to 0 when its numerator is equal to 0 and its 
denominator is not. 
1—cos@—siné =0 
1—cos@=sin@ 
(1—cos0)’ = (sind) 
1—2 cos + cos’ 0 = sin’ 6 
Apply the Pythagorean identity sin2 6 = 1 — cos2 0 to rewrite the 
equation in terms of cosine. 
1—2 cos@ + cos’ 0 =1-—cos’ 0 
2 cos’ 9—2cos0 =0 
Divide each of the terms by 2 and factor. 
Zcos’@ 2% cosé _0 


z z 2 
cos’ @= cos =0 
cos@(cosé—1)=0 


Apply the zero-product property. 


cosd=0 cos8é—1=0 
_% 3a cos@=1 
ia) 0=0 


There are three possible solutions: 8 = 0, m/2, and 31/2. Substitute each 
into the original equation to determine whether the solutions are valid. 


a 
2 


* 
II 


(3a 
1=0 | tan(— =}-1=0 


\ 


0 
tanf 3} =() 
‘2 


tand-1=0 a 370 

tan(= —-1=0 tan] —|-1=0 

0—-1=0 4 4 
—-1#0 | sin(a/4) 1=0 sin (32 / 4) 
cos( / 4) cos(3z / 4) 


oO s¢€ ¢ f 
v2/2 1 v2/2 129 


=0 


2/2 —J/2/2 
—1-1=0 
-240 


The equation has a single solution, 8 = 1/2, on the interval 0 < 8 < 2n. 


11.35 Identify the solutions to the equation tan(«—:) + tan +%|- 0 on the 


interval = eee 
2 Be 


Apply the sum and difference formulas for tangent, presented in 
Problem 8.36. 


tan(x—s)+tan{x+=}= 0 


tanx —tanz tanx+tanz /4 = 
l+tanx'tanza l—tanx-tana/4 
tanx —0 P tanx+1 
1+(tanx)(0) 1—(tanx)(1) 
tanx tanx+l 
— +———_- = 0 
l l—tanx 


Combine the fractions by writing them in terms of the least common 
denominator, 1 — tan x. 


tan x | 
1 


tanx(1—tanx) " tanx+1 


l—tanx\ tanx+l1 


0 


\l—tanx/ Il—tanx 


0) 


l—tanx l—tanx 


tanx—tan’x tanx+l 

—— =0 

|—tanx l—tanx 
—tan’ x+2tanx+1 = 


l—tanx 


The fraction is equal to 0 when its numerator is equal to 0. Because the 
quadratic expression —tan2 x + 2 tan x + 1 is not factorable, you should 
apply the quadratic formula. Mathematics convention dictates that the 
coefficient of the squared term should be positive when solving a 
quadratic equation, so multiply each term by —1 to produce the 
equivalent equation tan? x — 2 tanx—1=0. 

Added bonus: The answers will be in the interval specified by the problem 

(3/2 % x £m/2), You won’t need to add or subtract m and calculate coterminal 

angles when you’re done. 

—(-2)* y(-2)° -40)(-1) 


tanx = 


2(1) 
ry 
2+ VJ44+4 
lanx = 9 
TT 
2+V8 
tanx = : 
\ £- Zz 2 
tanx = gz 
tanx =1+ V2 


x= arctan (1 + V2) 
There are two solutions on the interval —m/2 < x < 1/2. 


= = 
x= arctan(1 —V2 ) and x = arctan(1 + /2) 


Chapter 12 


AREA OF TRIANGLES AND SECTORS 


Three-sided polygons and pieces of pie 


The study of geometry includes a set of formulas used to compute the areas of 
common figures, including triangles, rectangles, parallelograms, trapezoids, and 
circles. However, each formula only applies when very specific criteria are met. For 
example, the most common formula used to calculate the area of a triangle, A = 
(1/2)bh, only applies if you are able to calculate the height of the rectangle—the 
length of the segment perpendicular to the line containing one side and extending to 
the opposite vertex. 


As trigonometry is primarily focused on the study of triangles—and secondarily on 
the relationship between triangles and circles—this chapter explores additional 
formulas that calculate the areas of triangles. It concludes with a set of problems in 
which you calculate the area of a sector, a roughly triangular region of a circle formed 
by two radii and an arc of the circle. 


This chapter is all about area. Most of it focuses on triangles. By the time you’re 
done, you’ll be able to calculate the area of a triangle given: 


* Base and height 
* Two angles and one side 
* Two sides and one angle 
* The lengths of all three sides 


You'll also calculate the area of sectors, which are sections of a circle that look 
like pieces of pie. Draw two radii on a circle and then darken in the arc that 
connects the two points at which those radii touch the circle and you have 
yourself a sector. 


Base and Height 
Half of base times height 


Note: Problems 12.1—12.3 refer to the diagram below, rectangle ABCD in 
the coordinate plane with length 6 and width 4. 


12.1 Calculate the area of the rectangle by counting the square units bounded 
by its sides. 


The rectangle has a length of 6 and a width—or height—of 4, so it is 
comprised of four rows of six square units, each numbered 
individually in the following diagram. Thus, its area is 6 - 4 = 24 
square units. 


t 
eee 
BOGBHGGE 
3 
Tse feof 


ps) fis fis) a7 iw 
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The area A of a rectangle with length / and width w is A = Iw. 
Note: Problems 12.1—12.3 refer to the diagram in Problem 12.1, a rectangle 
ABCD in the coordinate plane with length 6 and width 4. 


12.2 Calculate the area of triangle DAB, based on your answer to Problem 
12: 


Draw the segment connecting points D and B to form triangle DAB. In 
the following diagram, the region bounded by triangle DAB is shaded. 


Note that it represents exactly half of the area of rectangle ABCD. 


According to Problem 12.1, the area of rectangle ABCD is 24 square 
units. Therefore, the area of triangle DAB is 12 square units. 


Note: Problems 12.1—12.3 refer to the diagram in Problem 12.1, a rectangle 
ABCD in the coordinate plane with length 6 and width 4. 


12.3. Based on your solutions to Problems 12.1—12.2, generate the formula 
for the area of a triangle with two perpendicular sides of known lengths. 


If a triangle has two perpendicular sides, one may be described as the 
base of the triangle; the other represents the height of the triangle. In 
Problem 12.2, you are given triangle DAB with perpendicular sides DA 
and AB. Let the base of the triangle be AB = 6 and the height of the 
triangle be AD = 4. The area of DAB is half the product of the base and 
the height. 


If the base is AD = 4 and the height is AB = 6, you get the same 
answer. Note that the height of a triangle does not always equal the 


length of one of its sides. However, if two sides are perpendicular, 
you can automatically make one side the base and the other the 
height. 


Las 
= 5 (6)(4) 
=(3°4) 


=12 


12.4 Calculate the area of triangle XYZ below. 
“ 


Two sides of triangle XYZ are perpendicular: XZ and YZ Let one of 
those lengths represent the base and the other the height of triangle 
XYZ. For example, b = YZ = 3 andh = XZ = 5. Substitute these values 
into the triangle area formula. 


12.5 Calculate the area of triangle CDE below. 


D 4 


Sides CD and DE are perpendicular, so consider one of those lengths 
(either CD or DE) the base of the triangle and the other length the 
height. You are given DE = 4, but you must apply the Pythagorean 
theorem to calculate CD. 
(CD) +(DEY =(CEY 
(cD)’ +(4)° =(6)° 
(CD) +16 = 36 
(cDY = 20 
y(cDy* = ¥20 
CD =2V5 


Don’t worry about adding the “+” symbol here. The lengths of the 


sides of a triangle are always positive (unless you’re working in the 
coordinate plane and you have to worry about the SIGNED length). 


Let DE represent the base of triangle CDE and CD represent the 
height. Apply the triangle area formula. 


] 
A=—bh 
2 
Ey; os 
= 5 (DE)(CD) 
=+(4)(2V5) 
a 


= 4/5 


12.6 Calculate the area of triangle JKL below. 


(yen 


K 14 


Notice that the measure of angle L is 30°; angle J is a right angle, so its 
measure is 90°. According to a geometric theorem, the measures of the 
interior angles of a triangle have a sum of 180°. Thus, the measure of 
angle K is 180° — 30° — 90° = 60°. The interior angles of the triangle 
are 30°, 60°, and 90°. According to a geometric theorem, all such 
triangles (called “30°—60°—90° triangles”) have lengths that follow a 
specific pattern: 


For more information, look at Problems 12.29—12.33 in The 
Humongous Book of Geometry Problems. 


e The short leg, opposite the 30° angle, is exactly one-half the 
length of the hypotenuse. 

e The long leg, opposite the 60° angle, is exactly //3 times as 
long as the short leg. 


The hypotenuse of triangle JKL has length KL = 14, the short leg is 
half as long (JK = 7), and the long leg is 3 times as long as the short 
leg (JL=7,/3). Two sides of the triangle are perpendicular, so classify 
one of their lengths as the base and the other as the height of triangle 
JKL. 


12.7 Calculate the area of isosceles right triangle MNP below. 


M 


The legs of an isosceles right triangle have equal lengths; each is !/ v2 
times as long as the hypotenuse. In this problem, “Y= “= (1/v2)(NP), 


—\ 


f 1 \ 4 
MN = MP=(—=|(¥8) 
\ V2) ; 


j 1 \ 


42 | 


(2 vB ) 


=2 
The legs of triangle MNP are perpendicular, so one represents the base 
of the triangle and the other represents the height. 


l 
A=—Dbh 
2 


=—(MN)(MP 
9s )( MP) 


| ee 
=—(2}(2 
1(2)() 


=2 


Note: Problems 12.8—12.10 refer to the diagram below, in which WX = 10 
and the measure of angle W is 60°. 


Ly 


a Y 
W Z 


12.8 Calculate the area of triangle WXZ. 


Note that angle XZY is a right angle, measuring 90°. Therefore, angle 
WZX is also a right angle. Recall that the sum of the measures of the 


interior angles of a triangle is 180°, so the measure of angle WXZ is 
30°. 
mZ. WXZ + mZ XWZ+mZ WZX = 180° 
mZ. WXZ + 60° + 90° = 180° 
mZ. WXZ + 150° = 180° 
mZ WXZ = 180° —150° 
mZ. WXZ = 30° 


This little m and the angle symbol together are read “the measure of 
angle.” In other words, »2wxz is read “the measure of angle WXZ.” 


Because angles WXZ, XWZ, and WZX measure 30°, 60°, and 90° 
respectively, you can apply the technique described in Problem 12.6. 
Specifically, 30°—60°—90° right triangle WXZ has a hypotenuse of 
length WX = 10, so the short leg is half as long: WZ = 5. Furthermore, 
the long leg is 3 times as long as the short leg: XZ =5v3. 


The legs of the right triangle are perpendicular to each other, so they 
represent the base and height of triangle WXZ. Apply the triangle area 
formula. 


A=- bh 


J— mle wl 


(WZ)(XZ) 


(5)(5V3) 


5/3 


rm nN 


9 
Note: Problems 12.8—12.10 refer to the diagram in Problem 12.8, in which 
WX = 10 and the measure of angle W is 60°. 
12.9 Calculate the area of triangle XYZ. 

In Problem 12.8, you apply the properties of a 30°—60°—90° triangle to 


calculate two lengths in the diagram: WZ = 5 and XZ =5V3, as 
illustrated in the following diagram. 


. 
8 


Note that two of the angles in the large triangle WXY are known: angle 
XWY measures 60° and angle WXY measures 90°. Therefore, angle Y 
measures 30°, because the measure of the three interior angles of 
triangle WXY must have a sum of 180°. 
mZ XWY +mZWXY +mZY =180° 
60° + 90° + mZ Y = 180° 
mZY =180°—150° 
mZY = 30° 
Angle Y is shared by triangles WXY and XYZ. Now you know the 
measures of two angles in triangle XYZ: angle Y measures 30° and 
angle XZY measures 90°. All three of the triangles (WXZ, XYZ, and 
WXY) are 30°-60°—90° triangles, as illustrated in the following 
diagram. 


10 


The short leg of right triangle XYZ has length xz=5V3; the long leg is 
/3times as long. 


The legs of right triangle XYZ are perpendicular, so set one length 
equal to the base and the other equal to the height in the triangle area 
formula. 


] 
A= —bh 
Poe 
= —(YZ)(XZ) 


9 


Note: Problems 12.8—12.10 refer to the diagram in Problem 12.8, in which 
WX = 10 and the measure of angle W is 60°. 


12.10 Calculate the area of triangle WXY by applying the triangle area formula 


and verify your answer by adding the areas you calculated in Problems 
12.8-12.9. 


Big triangle WXY is made up of smaller triangles WXZ and XYZ. 
You calculated the areas of the smaller triangles in Problems 12.8 


and 12.9, so if you add those two answers, you should get the area 
of the big triangle. 


In Problems 12.8—12.9, you calculate the lengths of many segments 
within the diagram. The following illustration summarizes the 
calculations conducted in those two problems. 


ss 
25 V3 


Area of aWXZ = 


c 
4 


ee [> 
75V3 


Area of aXYZ = 


9 
4 


If hypotenuse WYrepresents the base of triangle WXY, then XZ 
represents the height of the triangle, because it is perpendicular to the 


base and extends to the opposite vertex, X. Apply the triangle area 
formula. 


I 
A=—bh 
2 
1 a 
= 5(WY)(XZ) 
pe a se 
= 5(5+15)(5v3) 


~ 5 (20)(5¥3) 


_ 100V3 
2 


= 50/3 


Verify your answer by adding the areas of the triangles that comprise 
triangle WXY. 
Area(aWXY ) = Area(aWXZ)+ Area(a XYZ) 


fa a fon 
25/3 75V3 
aneualits + a ae 


12.11 Use a scientific or graphing calculator to compute the area of triangle 
LMN below, accurate to the thousandths place. 
M 


& 
P 


Consider LNthe base of triangle LMN and mp the height. Note that the 
height is not necessarily a side of the triangle; it is simply a segment 
that is perpendicular to one side of the triangle and extends to the 
opposite vertex. In this problem, LN 1 MPand MP extends from base LN 


to opposite vertex M. 


You are given the height (MP = 6) and part of the base (LP = 2). You 
need to calculate the length of the other portion of the base, NP, in 
order to apply the triangle area formula. Notice that triangle MNP is a 
right triangle. Apply the tangent ratio to calculate NP. 


Look at Problems 2.19 and 2.21 if you need to review the tangent 


ratio. 


length of leg opposite N 


tan N = - 
length of leg adjacent to N 
Oe a 
tan 35° = 
NP 
tan35°—s «6 
| NP 


Cross-multiply and solve for NP. 
(tan 35°)( NP) = (1)(6) 
(tan 35°)( NP) =6 
6 


NP = 


tan 35° 
Calculate the base of triangle LMN. Do not evaluate tan 35° yet, in 
order to avoid possible rounding errors. Instead, wait until the final 
step of the problem to compute tan 35°. 
LN = LP+ PN 


LN =2+ 7 
tan 35 


Apply the area formula to calculate the area of triangle LMN. 


l 
A=—bh 
9 


- 


= +(LN)(MP) 


='o4 


gt 


6 


tan 35° 


\(6) 
~ 5 (10.56888804)(6) 


== 31.707 


Make sure your calculator is in degrees mode, not radians mode. 


This chapter has a lot of degree measurements in it, because angles 
not on the coordinate plane are commonly measured in degrees. 


12.12 Use a scientific or graphing calculator to compute the area of triangle 
QRS below, accurate to the thousandths place. 
9 R 
Q 


Notice that angles Q and R have a sum of 28° + 62° = 90°. Recall that 
the measures of the interior angles of a triangle have a sum of 180°, 
and use the given information to calculate the measure of angle S. 
mZQO+mZR+mZS = 180° 
28° + 62° + mZS = 180° 
mZS§ =180° —90° 
mZS = 90° 


Because S is a right angle, QRS is a right triangle and Qs 1 Rs. Calculate 
the lengths of the legs using trigonometric ratios. 


length of side adjacent to Q length of side adjacent to R 
0080 8 cos R = — 
length of hypotenuse length of hypotenuse 
IS RS 
cos28¢ = cos62° = — 
QR QR 
cos28° QS cos62° _ RS 
1 9 l 9 
9(cos 28°) = QS 9(cos62°) = RS 


Consider one leg to be the base of the right triangle; the remaining leg 
is the height. Apply the triangle area formula and round the product to 
the thousandths place, as directed by the problem. 


l 
A=—bh 
2 
Sie: 
=5(QS)(RS) 


| 
(9+ cos28°)(9-cos62°) 


“9 
| ee a <> . . 
= | 7.946528336 )(4.225244065) 

= 16.788 


Trigonometric Area Formulas 
SAS, ASA, and AAS triangle area formulas 


12.13 Explain the relationship between the variables x, X, y, Y, z, and Z in the 
trigonometric formulas for the area of a triangle, and construct a 
diagram to illustrate your answer. 


Many trigonometric formulas, including the trigonometric area 
formulas for triangles in this chapter and the laws of sines and cosines 
in Chapter 13, contain multiple instances of the same letter, one 
lowercase and one uppercase. In these instances, the lowercase letter 
represents the length of a side of the triangle and the uppercase letter 
represents the measure of the opposite angle. Corresponding letters (x 
and X, or y and Y, for example) are always opposite each other in the 
diagram. 


Consider the following illustration, in which the side with length x is 
opposite the angle with measure X. Similarly, y is opposite Y and z is 
opposite Z. 


12.14 Based on your answer to Problem 12.13, describe the relationship 
between the sides and angles identified in the triangle area formula 


l 
A= 5% sin Z. 


— 


In order to apply this triangle area formula, you must know the lengths 
of two sides (x and y) and the measure of one angle (Z). Refer to the 
diagram you created in Problem 12.13, and note that the sides with 
lengths x and y actually form angle Z. Thus, the area formula A = 
(1/2)xy sin Z only applies when you know the lengths of two sides of a 
triangle and the measure of the included angle. Because of these 
requirements, this formula is often described as the side-angle-side 
(SAS) area formula. 


Note: In Problems 12.15—12.16, you apply two different techniques to 
calculate the area of isosceles right triangle XYZ, illustrated below. 


id 

Z 

12.15 Calculate the area of isosceles right triangle XYZ by applying the 
formula A= sth. 


The problem states that XYZ is an isosceles right triangle, so its legs 
have the same length: XZ = YZ. Furthermore, isosceles right triangles 
are always 45°-45°-90° triangles, so the legs are equal to !/V2 times 
the length of the hypotenuse (and, conversely, the hypotenuse is V2 
times the length of each leg). Calculate the length of the legs. 


1 
XZ = YZ=——(XY) 


Na 


XZ =YZ= -(9 v3) 
v2 
XZ =YZ=9 
Because two sides of the triangle are perpendicular (XZ 1 YZ), one 
represents the base and the other represents the height of the triangle. 


l 
A=-—bh 
2 


Note: In Problems 12.15—12.16, you apply two different techniques to 


calculate the area of isosceles right triangle XYZ, illustrated in Problem 
12.15. 


12.16 Verify your answer to Problem 12.15 by applying the formula 


A= zxysinZ. 
2 


According to Problem 12.15, the legs of the triangle have the same 


length: XZ = YZ = 9. Note that the included angle is Z, a right angle 
measuring 90°. 


In order to use the area formula (1/2) xy sin Z, angle Z has to be 


formed by the sides with length x and y. That means Z is the angle 
“included” by sides x and y. 


A=—xysinZ 


c 


— nl= wole n|= 


(XZ)(¥Z)(sin Z) 


(9)(9)(sin 90°) 


Note that sin 90° = sin (1/2) = 1. 


This is the same area value calculated in Problem 12.15, thus verifying 


the solution. 


12.17 Calculate the area of triangle QRS, illustrated below. Report your 
answer accurate to the thousandths place. 
Q 


6 


Angle R is formed by sides RQ and RS, and you are given the lengths of 
those sides: RQ = 6 and RS = 8. Therefore, you can apply the SAS 


triangle area formula, A = (1/2) xy sin Z. 


Don’t get confused by the variables—x, y, and z don’t need to be in 


the problem. All you need are two side lengths (that you plug into x 
and y) and an angle (that you plug into Z) formed by those sides. 


1 
A=—rxysinZ 

9% 
= Li yi (sin R 
= 5 (QR)(RS)(sin R) 

Pasueie 5 ° 
=> (6)(8)(sin41 ) 
= 24-sin41° 


Use a scientific or graphing calculator to compute sin 41°. 


A® 15.745 


12.18 Use a scientific or graphing calculator to compute the area of a triangle 


with an interior angle measuring 48°, if the lengths of the sides forming 
that angle are 10.4 and 13.9. Report your answer accurate to the 
thousandths place. 


Apply the SAS triangle area formula, setting x = 10.4, y = 13.9, and Z 
= 48°. 


A=—xy sinZ 


(10.4)(13.9)(sin 48°) 


= 72.28 (sin 48°) 
715 


= 53.71 


12.19 Identify the formula used to calculate the area of a triangle given two of 
its angle measurements and the length of one side. 


If you know the measures of two angles and the length of one side of a 
triangle, you can apply the following formula to calculate the area. The 
side with the known length need not be included by the angles whose 
measurements are known. Therefore, the formula is known alternately 
as the angle-side-angle (ASA) and angle-angle-side (AAS) formulas, 
as it satisfies both cases. 


“Included” means “between.” 


x” sinY sinZ 


2? sin X 


A= 


Note that the formula contains x and X, which represent the known 
side length and the measure of the opposite angle, respectively. Also 
note that the formula requires the measures of all three interior angles 
of the triangle. 


If you are given two interior angle measures, subtract them both 


from 180° to figure out the third interior angle measure. Remember: 
those three angles add up to 180°. 


12.20 Apply the triangle area formula identified in Problem 12.19 to calculate 
the area of triangle JKL below. Report your answer accurate to the 


thousandths place. 


You are given two angle measures and the length of one side that is not 
included between those angles, typically described as AAS. (If the side 
were included, you would describe the given information as ASA.) 
Subtract the given angle measurements from 180° to calculate the 
measure of angle L. 

mZ L =180°—110°—25° 

mZ L =180°—135° 

mZL = 45° 
You are given side length JL = 3; angle K is opposite that side. 
Substitute x = 3 and X = 25° into the AAS triangle area formula, 
presented in Problem 12.19. The remaining angle measurements are 
substituted into Y and Z. In the solution below, Y = 110° and Z = 45°; 
however, substituting Y = 45° and Z = 110° produces the same final 
result. 

= x’ sinY sinZ 
a 2 sin X 
3” (sin110°)(sin 45°) 
2 (sin 25°) 
5.980167219 

~ 08452365235 


= 7.075 


Note: In Problems 12.21—12.22, you calculate the area of triangle BCD, 
illustrated below, two different ways. 


B 


D C 
12.21 Identify the base and height of the triangle and apply the formula 4 = sh 


to calculate its exact area. 


In other words, don’t use a calculator in this problem. Unless you 


have a symbolic calculator, your answer will be a decimal, which 
is usually an approximate—rather than an exact—answer. 


Note that BCD is a 30°-60°—90° triangle with hypotenuse length BC = 
16. Therefore, the short leg is half the length of the hypotenuse (CD = 
8) and its long leg is /3 times the length of the short leg (zp =8¥3). 
Because BD 1 Cp, the length of one leg serves as the base of the triangle 
and the length of the other leg represents the height. Substitute these 
values into the standard triangle area formula (A = 1/2bh). 


| 
A=—bh 
9 


_ 


=—(CD)( BD) 


€ 


> wl Ww 


Note: In Problems 12.21—12.22, you calculate the area of triangle BCD, 
illustrated in Problem 12.21, two different ways. 


12.22 Verify your solution to Problem 12.21 by applying the ASA triangle 


area formula. Do not use a scientific or graphing calculator for this 
problem. 


A known side length and the measure of its opposite angle must be 
substituted into x and X, respectively, in the ASA triangle area formula. 
In this diagram, you are given BC = 16. Its opposite angle, D, is a right 
angle, which measures 90°. 

x’ sinY sinZ 

= 2 sin X 
167 (sin 30°) (sin 60°) 
~ 2 (sin 90°) 


256 (1/2)( V3 /2) 


The numerator contains two fractions with a denominator of 2. 


Multiply 256 by 1/2 to get 128. Then, multiply 128 by ¥3/2to get a 
numerator of «47%. 


12.23 Calculate the area of triangle NPQ, given mZN =80°, mZQ=35°, and NQ 
= 7, Report your answer accurate to the thousandths place. 


It is helpful to construct a diagram that illustrates the given 
information. Your diagram may not precisely match the below 
diagram, but both will return the same solution. Calculate the measure 
of angle P by subtracting the measures of angles N and Q from 180°: 
mZP = 180° — 80° — 35° = 65°. 

N 


You are given side length NQ = 7; its opposite angle is P, which has a 
measure of 65°. Substitute these values for x and X in the ASA triangle 
area formula. 
lie x’ sinY sinZ 

2 sin X 

7° (sin 80°)(sin 35°) 
2 (sin 65°) 

27.67826355 
~ 7,812615574 
= 15.270 


\o 


oe 


12.24 Calculate the area of triangle BCE in the diagram below, and report the 
answer accurate to three decimal places. 
B 


The diagram does not provide sufficient information to calculate the 
area of triangle BCE directly. Notice that the area of the largest 
triangle, BDE, is equal to the sum of the areas of triangles BCE and 
CDE. Apply the SAS triangle area formula to calculate the area of 
triangle CDE. 


area(aCDE)=—(CD)( DE )(sin D) 


3)(5)(sin 40°) 


els rele rolm 


> (ain 40°) 


Calculate the measure of angle BED, noting that the sum of the 
measures of the interior angles of triangle BDE must equal 180°. 
mZ. BED = 180° —mZB—mZD 
mZ. BED = 180° — 30° = 40° 
mZ. BED = 110° 
Apply the ASA triangle area formula to calculate the area of triangle 
BDE. 
(DE) (sin D)(sin BED) 
2(sin B) 
_ 5? (sin 40°)(sin110°) 
7 2(sin 30°) 
_ 25 {sin 40° sin110° 
2% sin 30° 


area(s BDF) = 


Recall that the larger triangle is comprised of the two smaller triangles. 
area(s BCE) = area(s BDE)—area(aCDE) 


Solve for the area of triangle BCE and substitute the areas calculated 
above into the equation. 
area (aBCE) = area(sBDE)—area(aCDE) 
25/sin40°-sinl10°\ 15, . : 
| gir 2) 
2 \ sin 30° fy 2 
= 15.10056934 —4.820907073 
= 10.280 


Heron’s Formula 
SSS triangle area formula 


12.25 Identify the formula used to calculate the area of a triangle given only 
the lengths of its sides. 


Heron’s formula allows you to calculate the area of a triangle given 
only the lengths of its sides, x, y, and z. In order to apply the formula, 
you must first calculate the semiperimeter, s, of the triangle using the 
following formula. 

va x+yt+z 


9 


= 


The perimeter of a triangle is the sum of the lengths of its sides. The 


SEMIperimeter is equal to half of the perimeter, just like a 
SEMIcircle is half of a circle. 


Once you have calculated the semiperimeter, you can apply Heron’s 
formula to calculate the area A. 


A= s(s—x)(s—y)(s—2) 


Note: Problems 12.26—12.28 refer to isosceles triangle XYZ below. 
Xx 


Y 


6 


12.26 Calculate the semiperimeter of XYZ. 


Triangle XYZ is isosceles because at least two of its sides have the 
same length (XY = XZ = 5). The semiperimeter is equal to half the sum 
of the lengths of the sides. 


xt+yt+z 
5 = —_——_ 
9 


_ YZ+XZ+ XY 
7 2 
 6+54+5 


9 


16 
2 
=8 


Note: Problems 12.26—12.28 refer to isosceles triangle XYZ, as illustrated in 
Problem 12.26. 


12.27 Apply Heron’s formula to calculate the area of triangle XYZ. 


Heron’s formula is the square root of the product of the semiperimeter 
and the differences of the semiperimeter and each of the side lengths. 


A= s(s—x)(s—y)(s —z) 


= ,/8(8-6)(8—5)(8—5) 
= ,/8(2)(3)(3) 

= /144 

=12 


Note: Problems 12.26—12.28 refer to isosceles triangle XYZ, as illustrated in 
Problem 12.26. 


12.28 Verify your solution to Problem 12.27 by dividing triangle XYZ into two 
congruent right triangles and calculating their areas. 


The segment connecting X and the base ¥Zof the isosceles triangle 
bisects that base, dividing it in half, and is perpendicular to the base. In 
the diagram below, XW 1 ¥YZand WY = WZ. 


3 WwW 3 
Apply the Pythagorean theorem to calculate WX. 


) 


(Wx) +(WYy’ =(xY)’ 
(Wx) +3? =5? 
(Wx)’ =25-9 
(Wx) =16 
\(Wx)’ = 16 
WX =4 


If a triangle is drawn in the coordinate plane, you may have to worry 
about signed length, meaning the side of a triangle can have a 
positive or negative value. This triangle is not drawn in the 


coordinate plane, so its side lengths MUST be positive. In other 
words, the answer WX = +4 is wrong. 


Both right triangles have a base of 3 and a height of 4. Use the 
standard triangle area formula to calculate their areas. 


| 
area(aWXY ) = area(saWXZ) = 5h 


Each of the right triangles has an area of 6. Together they have a total 
area of 12, which verifies the solution to Problem 12.27. 


Note: Problems 12.29-12.30 refer to a triangle with side lengths 7, 9, and 
10. 


12.29 Calculate the semiperimeter of the triangle. 


Add the lengths of the sides and divide by 2. 
7+9+10 


9 


s5= 


_ 26 
=13 

Note: Problems 12.29-12.30 refer to a triangle with side lengths 7, 9, and 

10. 


12.30 Calculate the exact area of the triangle. 


Apply Heron’s formula, setting x = 7, y= 9, z= 10, and s = 13 (as 
calculated in Problem 12.29). 


A=s(s—x)(s—y)(s—2) 
= /13(6)(4)(8) 
= /936 


f 


= 6/26 


Note: Problems 12.31—12.32 refer to triangle LMN, illustrated below. 
E 


M 7 


12.31 Calculate the semiperimeter of the triangle. 


You are given the lengths of two sides of the right triangle; apply the 
Pythagorean theorem to calculate the third. 
(LM) +(MNY =(LN)* 
3? +7? =(LN)" 
58 =(LN)* 
V58 = LN 
Calculate the semiperimeter of the triangle. 
,_ LM+MN + LN 


a 


BA 


Note: Problems 12.31—12.32 refer to triangle LMN, illustrated in Problem 
12.31. 


12.32 Calculate the exact area of the triangle. 


Uh oh. That means no calculator and a bunch of arithmetic. Bring 


it on! 


According to Problem 12.31, LN = V58 and s=5+ 58/2. Apply Heron’s 
formula. 


A=,/s(s—LM)(s— MN)(s—LN) 


fu \/ fn \ 
V58 — V58 _ 
—7 15+ —V58 
9 > 


if fom Vi yee | ae OF —— ——s 
[58 /58 [58 [58 2/58 
- \5+~ l|2+- \|-2+F [5+ | 
\\ 2 }\ 2 }\ 2 \\ 74 2 
l Je SRV \ J) 
[58 [58 [58 {58 
\ 2 \\ 2 fh 2 \\ 2 


od 


Group the factors to simplify the product. 


A= I(5+2 \p-S | 2+ \|-2+-—= 
WI" 2 2, 2 i 2 | 


Multiply the factors within each bracketed group using the FOIL 
method. 


2 2 4 


E J one P as 7 = |- ag 258 _2V58 | V58" 


rs 
ie =| 16 4 
—_—_——_ — _—_—_ + — 
4 4 4 4 


Rs 2x-4 


12.33 Calculate the lengths of the sides of triangle QRS. 


Note that QST is a right triangle, so apply the Pythagorean theorem to 
calculate ST (which is also equal to x). 


(gr) +(s7 =(Qs)" 


12° + x* =13° 
144+x* =169 
x* =25 
> | Ay 
Vx" =. 


Now that you know ST = x = 5, you can substitute x = 5 into the 
expressions that represent the lengths of QR and RS. 
OR =3x+1 RS =2x—4 
= 3(5)+1 =2(5)- 
=16 =6 
The lengths of the sides of triangle QRS are RS = 6, QS = 13, and QR = 
16. 


Note: Problems 12.33-12.34 refer to the diagram in Problem 12.33. 


12.34 Apply Heron’s formula to calculate the area of triangle QRS. Report the 
answer accurate to the thousandths place. 


According to Problem 12.33, the lengths of the sides of triangle QRS 
are RS = 6, QS = 13, and QR = 16. Calculate the semiperimeter. 
_ RS+QS+QR 
2 


_ 6+134+16 


Apply Heron’s formula to calculate the area of triangle QRS. 


A= yee RS)(s —QS)(s—QR) 


“(EKG 9) 
35 | 35 2 

a Gea lea 
ii zed 23\/9\/3\ 
=\s) Gol 

- (21 ,735 

~Y 16 

= 36.857 


Area of a Sector 
Surface area of a pizza slice 


12.35 Identify the formula used to calculate the area of a sector with central 
angle @. 


A sector is a portion of a circle bounded by an arc and two radii of the 
circle. To compute the area of a sector, you need to know the measure 
of its central angle 8 and the radius r of the circle. 


The vertex of a central angle lies on the center of a circle and its 


sides extend outward from the center, intersecting the circle. 


measure of central angle 
area (sector ) = _-—@—@—_—_- 
measure of one full rotation 


Essentially, this formula multiplies the area of the full circle (7") by a 
fraction that identifies how much of the circle is contained within the 
sector. For instance, a semicircle has a central angle of 180°, and its 
area is 180°/360° = 1/2 of the circle. 


Note: Problems 12.36—12.39 refer to the diagram below, in which circle X 
has radius r = 2. 


12.36 Calculate the area of circle X. 


The area of a circle is the product of m and the squared radius (r2) of 
the circle. The problem states that the radius is r = 2. 
A=axr' 
= (2) 


=47 


Note: Problems 12.36—12.39 refer to the diagram in Problem 12.36. Note 
that circle X has radius r = 2. 


12.37 Calculate the perimeter of the shaded sector, assuming 0 is measured in 
radians. 


The sector is bounded by two radii (AX and BX) and an arc (48). Each of 
the radii has length 2. Apply the formula below to calculate the length 
of the arc. 
length( AB) =r-‘0 
=20 
The perimeter p of the sector is the sum of the lengths of the bounding 
radii and the arc. 
p = AX + BX + length(AB) 
=2+2+20 
=4+20 
If the central angle of an arc is measured in degrees rather than 
radians, the following formula calculates the length of that arc; the 
formula multiplies angle 8 (measured in degrees) by 7/180, thereby 
converting the angle measurement to radians. 
length( AB) =@-r 80 
Note: Problems 12.36—12.39 refer to the diagram in Problem 12.36. Note 
that circle X has radius r = 2. 
12.38 Calculate the area of the shaded sector, assuming 8 = 11/6. 


Apply the sector area formula presented in Problem 12.35. Note that 
the measure of the central angle is expressed in radians, so you should 
also use radians to express the measure of one full rotation: 2m. 


measure of central angle 


fs epee Te ER a Oe 
measure of one full rotation 
7/6 2 
= ———' 2(2) 
27 
1/6 
= tor 
2 
l 
=—-47 
12 
_ 4 
3 


Note: Problems 12.36—12.39 refer to the diagram in Problem 12.36. Note 
that circle X has radius r = 2. 


12.39 Calculate the unshaded region of the circle, assuming 8 = 40°. 


The unshaded region of the circle is also a sector. Its central angle 
measures 360° — 40° = 320°. Because the central angle is expressed in 
degrees, you should also express the measure of one full rotation in 
degrees when applying the area formula. 

measure of central angle 


measure of one full rotation 


Note: Problems 12.40-12.42 refer to a circle with radius 6 and a sector of 
the circle that has a central angle measuring 100°. 


12.40 Calculate the area and circumference of the circle. 


The area A of a circle is equal to the product of m and the square of the 
radius. 


The circumference C of a circle is the product of 27 and the radius. 


C=2n1 


= 27(6) 
] 


27 


Note: Problems 12.40-12.42 refer to a circle with radius 6 and a sector of 
the circle that has a central angle measuring 100°. 


12.41 Calculate the area of the sector. 


Apply the area formula for the sector of a circle. 


measure of central angle 


measure of one full rotation 
100° 

=— ‘7 
360° 

5 


=—- 362 
18 


1807 
18 
=10z 


Note: Problems 12.40-12.42 refer to a circle with radius 6 and a sector of 
the circle that has a central angle measuring 100°. 


12.42 Calculate the perimeter of the sector. 


The perimeter of a sector consists of two radii and an arc of the circle. 
The radius of this circle is r = 6. To calculate the arc length, apply the 
formula introduced in Problem 12.37; use the version of the formula 
intended for central angles measured in degrees. 


arc length = 6+ r-—— 
. 180 


os 100(6)(=} 


— 600z 
~ 180 
= LOz 


3 
Add the lengths of the two radii to the arc length you calculated. 


2erimeter = 2r + arc length 
8 


ae 
3 3 
— 36+102 
3 


Note: Problems 12.43—12.45 refer to the diagram below, in which XY = 13 
and XZ = 24. 


Zz 


12.43 Calculate the area of the sector, bounded by XY, YZ, and XZ. Report the 
answer accurate to the thousandths place. 


Two sides of triangle XYZ are also radii of circle Y, so they have the 
same length (XY = YZ = 13). Therefore, XYZ is an isosceles triangle. 
Draw WY, the segment connecting Y to the opposite side, and note that 
it is perpendicular to—and bisects—xzZ. 


See Problem 12.28. 


X 


By drawing the perpendicular bisector, you have divided XYZ into two 
congruent right triangles, WZY and WXY. Furthermore, you know that 
the measure of angle XYZ is equal to 8 + 8. Apply a trigonometric ratio 
to calculate 0. 


length of side opposite 6 


sin@ = 
length of the hypotenuse 
, _. WX 
sin =— 
y 
12 
sin@ = — 
13 


9 


0 =arcsin 


¢ 


Therefore, the measure of central angle XYZ is equal to 20 = 2arcsin 
(12/13). Apply the sector area formula. In the solution below, the 
calculator is set to degrees mode. 


measure of central angle 
A=~-e-_—eoeorororre oS 0” 
measure of one full rotation 


2-arcsin(12 /13) 


7 360 ase 

_ arcsin(12 /13) _ 1697 
180 

— 1692: arcsin(12 / 13) 

7 180 

= 198.74488 


The area of the sector, accurate to the thousandths place, is 198.745. 


Note: Problems 12.43—12.45 refer to the diagram in Problem 12.43, in 
which XY = 13 and XZ = 24. 


12.44 Calculate the area of triangle XYZ. 


As Problem 12.43 explains, XY = YZ = 13. You are given the length of 
the third side: XZ = 24. Calculate the semiperimeter of triangle XYZ. 
_XY+¥Z+XZ 
2 


_ 13 +134 24 


Now apply Heron’s formula to calculate the area of triangle XYZ. 


A=/s(s—XY)(s—¥Z)(s—XZ) 
= ,/3,600 


= /60-60 
= 60 


Note: Problems 12.43-12.45 refer to the diagram in Problem 12.43, in 
which XY = 13 and XZ = 24. 


12.45 Calculate the area of the shaded region, accurate to the thousandths 
place. 


The shaded region is the portion of the sector investigated in Problem 
12.43 that does not include the area of triangle XYZ. Subtract the area 
you calculated in Problem 12.44 from the area you calculated in 
Problem 12.43. 
shaded area = sector area — area of triangle XYZ 
= 198.74488 — 60 
= 138.745 


Chapter 13 


OBLIQUE TRIANGLE LAWS 


Oblique = Not a right triangle 


In Chapter 12, you apply different formulas to calculate the area of a triangle. Often, 
the formula you choose is dictated by the information provided in the problem. For 
example, Heron’s formula only applies if you know the lengths of all three sides— 
which is described as “SSS” or “side-side-side.” 

In this chapter, you once again select between formulas—the law of sines and the law 
of cosines—based on the information you are given. Specifically, given any two 
angles and a side (AAS or ASA), you apply the law of sines to calculate lengths of the 
remaining sides. Given the lengths of all three sides, or two sides and the included 
angle measurement, you apply the law of cosines. 


There are two important formulas to memorize in this chapter—the law of sines 
and the law of cosines. Both refer to triangles, and in both formulas, matching 
upper-and lowercase letters represent opposite elements. In other words, angle A 
is opposite the side with length a. 


The law of sines is a bit easier than the law of cosines, and you’! see the law of 
sines more often. In fact, you will probably use it in the later stages of problems 
that you start with the law of cosines. 


Two rules of thumb: 

(1) Use the law of sines whenever you can 

(2) Be careful when you are given two sides and a non-included angle (SSA). 
You’ll see why in Problems 13.9-13.12. 


Law of Sines 
Given AAS, ASA, and occasionally SSA 


13.1 Given the diagram below, in which A is opposite a, B is opposite b, and 
C is opposite c, state the law of sines. 


The law of sines states that the ratio of the sine of an angle to the 
length of the opposite side is constant in a triangle. 


sinA sinB sinC 


a b c 
You may also express the law of sines using the reciprocals of the 
ratios. 


a b C 


sin A ta sin B . sin 


Note: Problems 13.2—13.4 refer to triangle ABC below. 
A 


C 
13.2 Calculate b and report your answer accurate to the thousandths place. 


You are given the measures of two angles and the length of a non- 
included side: m2 B=70°, mZC =25°and c = 4; in other words, you are 
given angle-angle-side (AAS). You are asked to calculate b, the side 
opposite angle B, which is also written AC. Because you know the 
measure of angle C and the length of the opposite side c, the ratio (sin 
C)/c should appear in the law of sines proportion. You are asked to 


calculate AC, which is equal to b, because it is the length of the side 
opposite angle B. 


The side is not sandwiched between the two angles. In this diagram, 
BC is the side included between angles B and C. 


AC and b are two different ways to write the same length. One 
names the side according to its endpoints and the other names the 
side according to the opposite angle. 


sinB  sinC 
be! 
sin70° _ sin25° 
5 7 4 
Cross-multiply and solve for b. 
(sin 70°)(4) = (4)(sin 25°) 
4-sin 70° 
—— =) 
sin 25° 
8.894008668 = b 


You conclude that b » 8.894. 


Note: Problems 13.2-13.4 refer to the diagram in Problem 13.2. 


13.3. Calculate the measure of angle A. 


The measures of the interior angles of a triangle have a sum of 180°. 
You are given two of those measures, so subtract them from 180° to 
calculate the measure of angle A. 

mZA=180°—mZB—mZC 

mZA = 180°—70° —25° 


mZA = 85° 
Note: Problems 13.2-13.4 refer to the diagram in Problem 13.2. 
13.4 Calculate the perimeter of ABC and report your answer accurate to three 


decimal places. 


According to the diagram, the side opposite angle C has length c = 4; 
in Problem 13.2, you calculate b, the length of another side of the 


triangle. In order to compute the perimeter, you need to calculate the 
length of the remaining side, a. Apply the law of sines once again. 


sinA  sin€ 


a Cc 


According to Problem 13.3, the measure of angle A is 85°. Note that 
you can replace (sin C)/c with (sin B)/b in the proportion above, now 
that you know the value of b. However, because b is a lengthy decimal 
and c is an integer, (sin C)/c is preferred. 
sin85° _ sin25° 
a 4! 
(4)(sin 85°) = (a) (sin 25°) 
4-sin 85° 

sin 25° ~ 

Add the lengths of the sides to calculate the perimeter of ABC. 
perimeter of ABC =atbh+c 
4-sin85° 4-sin70° 
— ins? sins 


= 22.3227985 


= 22.323 


Substitute the exact values of a and b, the ugly fractions, into the 
formula. If you use decimals rounded to the thousandths place, it 
might lead to a rounding error, making your solution slightly 


inaccurate. If you hate typing fractions into your calculator, you can 
use the long decimal equivalents, but don’t round anything until the 
final step of the problem. 


Problems 13.5—13.7 refer to triangle RST in the diagram below. 
= 


10 


13.5 Calculate the measure of angle R. 


The measures of two interior angles of triangle RST are given. Subtract 
them from 180° to calculate the measure of the remaining angle. 
mZR=180°—mZS—mZT 
mZ R= 180° —15° = 125° 
mZR = 40° 


Problems 13.5—13.7 refer to triangle RST, illustrated in Problem 13.5. 
13.6 Calculate RT, accurate to the thousandths place. 


You are given the measure of two angles and the included side, or 
angle-side-angle (ASA). Apply the law of sines, noting that angle S is 
opposite side RT and angle R is opposite side sT 
r § 
sinR  sin§ 
ST RT 


According to Problem 13.5, the measure of angle R is 40°. 


sin40° _ sin15° 
10s RT 
(RT )(sin 40°) = (10)(sin15°) 
__ 10°sin15° 
~~ sin 40° 
RT = 4.027 


Rl 


One fraction should always contain a known side length opposite a 
known angle measure (in this case, r and R). The other fraction 


should contain the side or angle you’re calculating and the side or 
angle opposite it (in this case, you are calculating s = RT and 


Problems 13.5—13.7 refer to triangle RST, illustrated in Problem 13.5. 
13.7 Calculate RS, accurate to the thousandths place. 


Apply the law of sines, noting that t = RS because side RS is opposite 
angle T. 


sink  sinT 
a a 
sin40° _ sin125° 
10 ~—soRS 
(RS)(sin 40°) = (10)(sin 125°) 
_ 10°sin125° 
RS = ———- 
sin 40° 
RS = 12.744 


13.8 Calculate YZ in the triangle illustrated below. Report your answer 
accurate to the thousandths place. 
y 


You are given two angles and a non-included side (AAS), so apply the 
law of sines. Note that you are given the measure of angle Y (50°) and 
the length of the opposite side (y = 7). You are asked to calculate x = 
YZ, the length of the side opposite angle X. 


sinY  sinX 
yk 
sin50° — sin80° 
7 ¥Z 
(sin 50°)(¥Z) = (7)(sin80°) 
_ 7*sin80° 
sin 50° 
YZ = 8.999 


Problems 13.9—13.12 refer to a triangle ABC, such that mZA = 20°, a = 3, and 
c=5. 


13.9 Explain why the information provided by the problem classifies this as 
the ambiguous case for the law of sines. 


You are given the measure of one angle and the lengths of two sides of 
triangle ABC. Note that one of the side lengths given (a = 3) is 
opposite the given angle measurement. Therefore, the angle is not 
formed by the sides, classifying this information as side-side-angle 
(SSA), rather than side-angle-side (SAS). Unlike the preceding 
problems in this chapter, you are given only one angle measurement, 
rather than two. 


The angle included between two sides is the letter not named by the 
sides. In this case, angle B is included between (and formed by) 


sides a and c. If you had a triangle named MNP, and you were given 
side lengths n and p, those sides would form angle M, the remaining 
letter in the name of the triangle. 


A SSA triangle is described as the ambiguous case, because the law of 
sines cannot always reliably predict whether or not an angle is obtuse 
when only one angle measurement is known. Because of this 
limitation, you should apply the law of cosines (described in Problems 
13.13-13.24) to calculate any angle that may be obtuse, whenever 
possible. However, in this case, you must apply the law of sines and 
carefully interpret your answer. 


Problems 13.9—13.12 refer to a triangle ABC, such that mZA = 20°, a = 3, and 
c=5. 


13.10 Demonstrate, via an illustration drawn to scale, that angle C of triangle 
ABC may be acute or obtuse. 


Use a ruler and a protractor to draw two different triangles named ABC 
with side lengths a = 3 and c = 5. Note that the angle opposite a must 
measure 20°. The diagram below illustrates two different triangles that 
meet these requirements; in one case, angle C is acute, and in the other, 
angle C is obtuse. 


A 5 B A 5 B 
Because two different triangles may (and in this problem actually do) 
satisfy the SSA conditions described, there may be two different—and 
equally valid—ways to calculate the measures of the remaining sides 
and angles of the triangle. Hence, a SSA triangle is considered the 
ambiguous case for the law of sines. In Problems 13.11—13.12, you 
calculate the two possible measures of angle C. 


Problems 13.9—13.12 refer to a triangle ABC, such that mZA = 20°, a = 3, and 

c=5. 

13.11 Calculate the measure of angle C, assuming C is acute. Report your 
answer accurate to the thousandths place. 


In the ambiguous case, you apply the law of sines and use arcsine to 
calculate the measure of an angle. Recall that the restricted range of 
arcsine is —1/2 < @ < n/2. Because triangles not on the coordinate plane 
must have positive angle measurements, arcsine will report an angle 
between 0 and 7/2. In other words, unless the unknown angle is a right 
angle, it will be acute. 


sinA sin€ 


a c 
sin20° sin 
3 5 
5(sin 20°) = 3(sinC) 
5+ sin 20° 
3 


5-sin 20° \ 


j= 


=sinC 


arcsin| 
\ 3 
arcsin (0.5700335722) = C 

$4.75256688 = C 


Therefore, mZC = 34.753°. 


Problems 13.9—13.12 refer to a triangle ABC, such that mZA = 20°, a = 3, and 
c=5. 


13.12 Calculate the measure of angle C, assuming C is obtuse. Report your 
answer accurate to the thousandths place. 


According to Problem 13.11, angle C has a sine value of 
approximately 0.5700335722. This is true whether C is acute or 
obtuse. An angle in standard position with a measure of approximately 
34.753° has that sine value, and so does a reference angle with the 
same measure in the second quadrant. The terminal sides of both 
angles intersect the unit circle at the same height, so they have the 
same sine value, as illustrated below. 


aa i fe sine = 0.5700335722 


Angle C is the highlighted angle in the diagram, an obtuse angle in 
standard position that terminates in the second quadrant. Calculate its 


measure by subtracting the measure of its reference angle from 180° 
(as explained in Problem 4.7). 


unit circle 


mZ C = 180° — measure of reference angle 
= 180° — 34.753° 


= 145.247° 


If C is an obtuse angle in triangle ABC, then it measures 145.247°. 


Law of Cosines 
Given SAS or SSS 


13.13 State the law of cosines, given a triangle ABC such that a is the length 
of the side opposite angle A, b is the length of the side opposite angle B, 
and c is the length of the side opposite angle C. 


The law of cosines takes one of three forms, based on the information 
you are given in the problem. In each case, the square of the length of 
one side is equal to the sum of the squares of the other side lengths 
minus double the product of those lengths multiplied by the cosine of 
the angle opposite the original side. 


Added bonus: There is no ambiguous case for the law of cosines. If 


the formula produces an answer, you can be sure that answer is 
correct. 


a =b' +e —2he-cosA 
b* =a’ +c —2ac-cosB 


c¢ =a’ t+bh* —2ab-cosC 


Problems 13.14—13.17 refer to triangle ABC, illustrated below. 


13.14 Explain why you must begin this problem with the law of cosines, not 
the law of sines. 


The law of cosines is usually applied to triangles in which you are 
given the lengths of two sides and an included angle (side-angle-side 
or SAS) or the lengths of all three sides (side-side-side or SSS). In this 
problem, you are given the length of all three sides. 


Problems 13.14—13.17 refer to triangle ABC, illustrated in Problem 13.14. 


13.15 Identify the angle measure you should calculate first and explain your 
answer. 


When possible, you should use the law of cosines to calculate the 
largest angle in a triangle, in case it is obtuse. As Problems 13.9-13.12 
explain, the law of sines is unable to differentiate between acute and 
obtuse angles; the law of cosines does not suffer this limitation. The 


largest angle in a triangle is always opposite the longest side. Because 
the longest side of this triangle is b = 9, you should apply the law of 
cosines to calculate the measure of angle B. 


Because the restricted range of arccosine is 9 + ¢@ <|s0°it can calculate 
acute angles (whose measures are greater than 0° but less than 90°) 


and obtuse angles (whose measures are greater than 90° but less than 
180°). 


Problems 13.14—13.17 refer to triangle ABC, illustrated in Problem 13.14. 


13.16 Calculate the angle you identified in Problem 13.15, and report the 
answer accurate to the thousandths place. 


As Problem 13.15 explains, you should calculate the measure of angle 
B first. Use the version of the law of cosines that includes B. 
b* =a +c* —2ac:cosB 
9* = 4" +6* —2(4)(6)-cosB 
81=16+36—48-cosB 
81=52—48-cosB 
81=52=—48-cosB 


29 = —48-cosB 
29 

—-—=cosB 
18 


arccos(—29/48) = B 
127.1688997 = B 


If the cosine is negative, the angle is obtuse. If the cosine is positive, 


the angle is acute. 


The measure of angle B is approximately 127.169°. 


Problems 13.14—13.17 refer to triangle ABC, illustrated in Problem 13.14. 


13.17 Calculate the measures of the remaining angles in triangle ABC, 
accurate to the thousandths place. 


According to Problem 13.16, angle B measures approximately 
127.1688997°; the opposite side has length b = 9. Although you can 


apply the law of cosines to calculate another angle measure in the 
triangle, you should apply the law of sines instead, because it requires 
less arithmetic to complete. Furthermore, because you have already 
calculated the measure of the largest angle in triangle ABC, the 
ambiguous case is no longer a concern. 


You can choose to calculate the measure of angle A or C; below, the 
law of sines is used to calculate the measure of angle A. 


sinA  sinB 


a b 
sinA — sin127.1688997° 
4. #29 | 
9(sin A) = 4(sin127.1688997°) 
3.187431915 
9 
sin A = 0.3541591017 
A= arcsin(0.3541591017) 
A = 20.74191647° 


sinA = 


Angle A measures approximately 20.742°. Now that you know two of 
the angle measures, you can subtract them from 180° to identify the 
remaining angle measure in the triangle. Use the unrounded angle 
measurements to avoid possible rounding errors. 

mZC=180°—mZA—mZB 

mZ C = 180° — 20.74191648° — 127.1688997° 

mZ.C = 32.089° 


Problems 13.18—13.21 refer to triangle XYZ, illustrated below. 


13.18 Calculate XZ using the law of cosines, and report your answer accurate 
to the thousandths place. 


The diagram provides the lengths of two sides and the measure of the 
angle they form, so you are given side-angle-side or SAS; therefore, 
the law of cosines should be applied to calculate the missing 
measurement. Note that side XZ is opposite angle Y, so y = XZ. 


y =x" +27 —2xz-cosY 

y’ =8° +4* —2(8)(4)-cos15° 
y = 64+ 16—64-cos15° 

y’ = 80 —64(cos15°) 


y = 4,263888732 


Therefore, XZ 8 4.264. 


Problems 13.18—13.21 refer to triangle XYZ, illustrated in Problem 13.18. 


13.19 Identify an angle that must be acute and calculate its measure using the 
law of sines. Report your answer accurate to the thousandths place. 


Two side lengths are given in the diagram: XY = 4 and YZ = 8. 
According to Problem 13.18, XZ * 4.264. The largest angle must be 
opposite the largest side, so angle X is larger than angles Y and Z. A 
triangle can have, at most, one obtuse angle. In this case, only angle X 
could be obtuse; thus, angle Z must be acute. 


sinY¥  sinZ 
y 4 
sin 15° _ sinZ 
4(sin15°) = 4.263888732(sin Z) 
4-sin15° 
arcsin (0.2428009372) = Z 
14.05191311° = Z 


Angle Z measures approximately 14.052°. 


=sinZ 


Problems 13.18—13.21 refer to triangle XYZ, illustrated in Problem 13.18. 


13.20 Calculate the measure of the remaining angle, accurate to the 
thousandths place. 


The diagram states that angle Y measures 15°; according to Problem 
13.19, angle Z measures approximately 14.05191311°. Subtract these 
values from 180° to identify the measure of angle X. 


mZX =180°—mZY—mZZ 
mZX =180°—15°—14.05191311° 
mZX = 150.9480869° 


Angle X measures approximately 150.948°. 


Problems 13.18—13.21 refer to triangle XYZ, illustrated in Problem 13.18. 


13.21 Verify your answer to Problem 13.20 using the law of cosines. 


Apply the law of cosines to calculate the measure of angle X, given the 
lengths of the sides of the triangle: x = 8, y ¥ 4.263888732, and z = 4. 
= y +27 =2yz°cosX 
8 = (4.263888732)° + 4? —2(4.263888732)(4)- cos X 
64 = 34.18074712—34.11110986 - cos X 
29.81925288 = —34.11110986- cos X 
29.81925288 \ 


arccos| ———————— =X 
. 34.11110986; 


150.9480869° = X 


Problems 13.22-13.24 refer to triangle LMN, illustrated below. 


N 
13.22 Calculate the area of triangle LMN using only the information given in 
the diagram, and report your answer accurate to the thousandths place. 


You are given the lengths of two sides and the measure of the included 
angle (SAS); apply the area formula introduced in Problem 12.14. 


1 
A= 


9 


mn sin L 


= d (3) (2) sin(50°) 


= 3-sin 50° 


= 2.298 


Problems 13.22-13.24 refer to triangle LMN, illustrated in Problem 13.22. 


13.23 Calculate MN, and report your answer accurate to the thousandths place. 


Given the lengths of two sides of a triangle and the measure of the 
included angle, you should apply the law of cosines to calculate the 
length of the side opposite the included angle. Note that 1 = MN. 
=m? +n? —2mn-cosL 
= 3? +2? —2(3)(2)-cos50° 
?? 
? 


9+4—12-cos50° 
13—12-cos50° 
= 5.286548684 
= ./5.286548684 
| = 2.299949591 


ll 


t 


Thus, MN ® 2.299. 


Problems 13.22-13.24 refer to triangle LMN, illustrated in Problem 13.22. 


13.24 Verify your answer to Problem 13.22 using Heron’s formula. 


Heron’s formula, first introduced in Problem 12.25, allows you to 
calculate the area of a triangle based on the lengths of its sides. You 
are given LM = 2 and LN = 3; according to Problem 13.23, MN * 
2.299249591. Begin by calculating the semiperimeter, s. 
_LM+LN+MN 
9 
2+3+42.299249591 
2 
7.299249591 
2 


= 3.649624796 


§ 


= 


Now apply Heron’s formula to calculate the area A of triangle LMN. 


A=,/s(s—LM)(s—LN)(s—MN) 


= \/3.649624796 (3.649624796 —2)(3.649624796 — 3)(3.649624796 —2.299249591) 


3.649624 796 (1.649624796 )(0.649624796 )(1.350375205) 


u 


/5.281416806 


= 2.298 


t 


Some calculators use more decimals than they actually show on 
screen, so the number under your square root may not end in “806” 


like the book’s does. That’s okay, as long as you still end up with the 
Same answer rounded to the thousandths place: 2.298. 


This is the same area value you calculated in Problem 13.22, thus 
verifying your answer. 


Chapter 14 


VECTORS 


Arrows on the coordinate plane 


Vectors are directed line segments in the coordinate plane that possess both magnitude 
and direction. In this chapter, you plot vectors in the coordinate plane, identify 
equivalent and opposite vectors, express vectors in component form, calculate vector 
magnitude, and investigate unit vectors. Although Chapters 14—16 deal exclusively 
with vectors, many of the concepts you explore in this chapter are echoed in later 
concepts, including complex numbers and the parametric representation of graphs. 


If you have had your fill of triangles, you’re in luck. The final five chapters of 
this book are a startling change of pace. For example, in this chapter you study 
vectors, which are basically rays lying in the coordinate plane. Like line 
segments, they have a length you can calculate, but unlike line segments, they 
have direction. One end of a vector is represented by an arrowhead, while the 
other is just a point. 


Plotting Vectors 
Using initial and terminal points 


Note: Problems 14.1—14.5 refer to vector v, which has initial point P = (—2,3) 
and terminal point Q = (5,1). 
14.1 Plot v in the coordinate plane. 
Vector v begins at point P = (—2,3) and extends to point Q = (5,1), 
where it terminates, as illustrated in the following graph. Note that the 


initial and terminal points are not explicitly depicted on the graph of 
the vector. 


In other words, just draw an arrow whose pointy end is the terminal 


point. Don’t draw dots on the graph to represent the initial and 
terminal points of the vector. 


Note: Problems 14.1—14.5 refer to vector v, which has initial point P = (—2,3) 
and terminal point Q = (5,1). 


14.2. There are two ways to name a vector. In this problem, the vector is 
defined using the single letter v. Identify the other, equally valid, name 
for the vector. 


In this problem, vector v is assigned a name, but you can also identify 
a vector according to its initial and terminal points. Because v has 
initial point P and terminal point Q, you can refer to v as PO. (Some 
textbooks use a slightly different arrow to denote a vector: Pd.) The 
first letter in the name must be the initial point of the vector, so OP is 
not the same vector as v; they point in opposite directions. 


Note: Problems 14.1—14.5 refer to vector v, which has initial point P = (—2,3) 
and terminal point Q = (5,1). 


14.3. Verify that the vector with initial point R = (0,5) and terminal point S = 
(7,3) is equivalent to v and explain your answer. 


Equivalent vectors have the same length and direction. However, you 
do not need to calculate the lengths (or magnitudes) of two vectors to 
determine whether or not they are equivalent. You simply need to 
compare the horizontal and vertical changes exhibited by both vectors. 


If you travel along v from P to Q, you move 7 units to the right and 2 
units down. To calculate the change in x (horizontal change), subtract 


the x-coordinate of P from the x-coordinate of Q. Similarly, calculate 
the change in y (vertical change) by subtracting the corresponding y- 
coordinates. 


change in x for PQ: 5—(—2)=5+2=7 
change in y for PQ: 1-3 =—2 


Now calculate the changes in x and y that occur as you travel from the initial 
point to the terminal point of Rs 


change in x for RS; 7-0=7 
change in y for RS: 3-5=—2 


Although v and RS appear in different locations on the coordinate 
plane, they both describe a vector that travels 7 units to the right and 2 
units down. Thus, the vectors are equivalent. 


Note: Problems 14.1—14.5 refer to vector v, which has initial point P = (—2,3) 
and terminal point Q = (5,1). 


14.4 Let w represent a vector that is equivalent to v and has initial point (— 
1,0). Identify the terminal point of w. 


Let (x, y) represent the terminal point of w. As Problem 14.3 explains, 
equivalent vectors exhibit the same changes in x and y as you travel 
from their initial to their terminal points. Furthermore, Problem 14.3 
States that v exhibits a +7 change in x and a —2 change in y. 


Let (x, y) represent the terminal point of w. Calculate the changes in x 
and y for vector w by subtracting the coordinates of its initial point (— 
1, 0) from the corresponding coordinates of its terminal point (x, y). 
Recall that the change in x is equal to 7; the change in y is equal to —2. 
change in x for w:x —(—1)=7 change in y forw: y-0=—2 
x+1=7 y=-2 
x=6 
Thus, the terminal point of w is (6,—2). As you travel along the vector 


to this coordinate from initial point (-1,0), you move 7 units right and 
2 units down. 


Note: Problems 14.1—14.5 refer to vector v, which has initial point P = (—2,3) 
and terminal point Q = (5,1). 


14.5 Assume z is the opposite vector of v. Identify the initial and terminal 
points of z. 


Vector v has initial point P and terminal point Q. Reverse those points 

to identify the opposite vector z. In other words, the initial point of z is 
Q and the terminal point is P. A vector and its opposite have the same 

length but opposite directions. 


Note: In Problems 14.6—14.7, M = (0,6) and N = (-3,-1). 


14.6 Plot vector MN. 


The vector begins at initial point M = (0,6) and extends toward its 
terminal point N = (—3,—1), as illustrated in the following graph. 


Note: In Problems 14.6—14.7, M = (0,6) and N = (-3,-1). 


14.7 Construct a vector v that is equivalent to MN and plot it on the 
coordinate plane. 


There is more than one correct answer to this problem. 


In the diagram below, MN is illustrated as a dotted vector. It is 
equivalent to v, which has initial point (3,2) and terminal point (0,—5). 
Both vectors travel left 3 units and down 7 units as you trace the path 
from their initial to terminal points. 


14.8 


14.9 


There is no single correct solution to this problem; any vector with a 
terminal point 3 units left of, and 7 units below, its initial point is a 
valid solution. 


Given P = (1.5, —3.5), Q = (-4, 9.5), R = (13, 6), and S = (7.5, 19), 
determine whether or not PQ and Rg are equivalent vectors and explain 
your answer. 


Subtract the x- and y- coordinates of each vector’s initial point from 
the coordinates of its terminal point to determine whether the vectors 
demonstrate the same changes in x and y. 

change in x for PQ: —4—1.5=—5.5 


change in y for PQ: 9.5—(—3.5)=13 


change in x for RS: 7.5-13=—5.5 
change in y for RS: 19-6=13 


Both vectors travel left 5.5 units and up 13 units from their initial to 
terminal points, so they are equivalent. 


Given AB, the vector illustrated below, identify the terminal point of the 
equivalent vector v, which has initial point (9,—8). 


A= (2,-2) 


Vector AB has initial point A = (2,—2) and terminal point (0,4). Thus, it 
exhibits a horizontal change of 0 — 2 = —2 and a vertical change of 4 — 
(—2) = 6. You are given an initial point of (9,8) for equivalent vector 
v. Let (x,y) represent its terminal point. Recall that equivalent vectors 
exhibit the same horizontal and vertical changes. 
change in x forv: x-9=—2 change in y forv: y—(—8)=6 
x=9-—2 yt+8=6 
7 


The terminal point of v is (7,—2). 
Note: In Problems 14.10-14.11, assume that AB and CD are equivalent 


vectors, such that A = (-4, 11), B = (8, —3), C = (x — 1, 3x), and D = (4x, y + 
2). 


14.10 Calculate x. 


Calculate the horizontal change exhibited by each vector. 
change in x for AB: 8—(—4)=8+4=12 


change in x for CD: 4x—(x-1)=4x-—x+1=3x41 


Make sure to distribute the negative sign to both terms in the 


parentheses: x and —1. 


Equivalent vectors have equivalent horizontal changes, so 12 = 3x + 1. 
Solve this equation for x. 


12=3x+1 
ll=3x 

11 
oe 


x 


Note: In Problems 14.10-14.11, assume that AB and CD are equivalent 
vectors, such that A = (-4, 11), B = (8, —3), C = (x — 1, 3x), and D = (4x, y + 
2). 


14.11 Calculate y. 


Calculate the vertical change exhibited by each vector. 
change in y for AB: -3-11=-14 
change in y for CD: yt2—3x 
Equivalent vectors have equivalent vertical changes, so —14 = y + 2 — 


3x. According to Problem 14.10, x = 11/3. Substitute that value into 
the equation and solve for y. 


-14=y+2-3 Fa 
—14=y+2-11 


-l4=y-9 


—5=y 


Component Form 
Move the initial point to the origin 


14.12 Given a vector v in standard position, identify its initial point and 
explain how to express it in component form. 


A vector v in standard position has an initial point of (0,0)—the origin 
of the coordinate plane. The coordinates of its terminal point are the 
components of the vector. For example, if v has terminal point (a, b), 
then the component form of the vector is v = <a, b>. 


If vector v goes right 5 units and up 9 units as you travel from its 


initial point to its terminal point, then v = <5,9>. 


Note: In Problems 14.13-14.16, v = <2,-1 >. 


These pointy grouping symbols (that look like less than and 


greater than symbols) indicate that the vector is in component 
form. 


14.13 Identify the initial and terminal points of v, assuming v is in standard 
position. 


A vector in component form describes the horizontal and vertical 
changes of the vector without tying it to a specific position on the 
coordinate plane. Thus, v may be located anywhere in the coordinate 
plane, but you know that its terminal point is 2 units right of, and 1 
unit below, its initial point. 


Some textbooks refer to vectors in standard position as “standard 


vectors.” 


This problem states that v is in standard position, so its initial point is 
(0,0). Its terminal point has the same coordinates as the component 
form of v. Therefore, the terminal point of v is (2,—1). 


Note: In Problems 14.13—14.16, v = <2,—1 >. 


14.14 Plot v in standard position. 


According to Problem 14.13, v has initial point (0,0) and terminal 
point (2,—1). 


Note: In Problems 14.13—14.16, v = <2,—1>. 


14.15 Assume that w is the opposite of v. Express w in component form. 


If a vector has component form <a, b>, its opposite vector has 


component form <—a, —b>. Thus, w = <—2, 1>. 
Note: In Problems 14.13-14.16, v = < 2,-1 >. 


14.16 Plot w in standard position on the coordinate plane. 


Problem 14.15 states that w = <—2, 1>. If w is in standard position, 
then its initial point is (0,0) and its terminal point is (—2,1). 


Note: In Problems 14.17-14.18, V = (4,7) and W = (1,6). 


14.17 Express VW in component form. 


The component form of a vector describes its horizontal and vertical 
changes as you travel from the initial to the terminal point. Thus, you 
apply the technique introduced in Problem 14.3, subtracting the x- and 
y-coordinates of the initial point from the corresponding coordinates of 
the terminal point. 


In other words, if a vector has initial point (a, b) and terminal point 
(c,d), then the component form of that vector is <c — a, d — b>. In this 
problem, a = 4,b=7,c=1, andd=6. 
VW =(1-4,6-7) 
=(-3,-1) 
Note: In Problems 14.17-14.18, V = (4,7) and W = (1,6). 
14.18 Plot VW in its original position and in standard position to visually 


verify that the vectors are equivalent. 


According to Problem 14.17, the component form of the vector is <—3, 
—1>, so in standard position, the vector travels from an initial point of 
(0,0) to a terminal point of (—3,-1). 


14.19 Given S = (—10,6) and T = (3, —3), express ST in component form. 


Apply the technique described in Problem 14.17, subtracting the 
coordinates of S from the corresponding coordinates of T. 


ST =(3-(-10),-3-6) 


= (13,—9) 
14.20 Given Q = (5.-2) and R= [-8.2) express OF in component form. 


Subtract the components of Q from the corresponding components of 
R. Use least common denominators to reduce the fractions to lowest 
terms. 


OR =(-8- 


Note: Problems 14.21—14.22 refer to w, the vector plotted below. 


14.21 Express w in component form. 


Vector w has initial point (—2,1) and terminal point (2,—3). 
w =(2—(—2),-3-1) 
=(2+2,-3-1) 


=(4,—4) 


Note: Problems 14.21—14.22 refer to w, the vector plotted in Problem 14.21. 
14.22 Plot w in standard position. 


According to Problem 14.21, w = <4, —4>. Therefore, in standard 
position, w has initial point (0,0) and terminal point (4,—4). 


14.23 Determine whether vectors r and s, plotted below, are equivalent. 


Vector r has initial point (—3,—-5) and terminal point (—1,—1); s has 
initial point (4,1) and terminal point (6,6). Express both vectors in 
component form. 


r=(—1-—(-3),-1 —(-—5)) $= (6-4, 6-1) 
=(-1+3,-1+5) = (2,5) 
= (2,4) 
Both vectors exhibit the same horizontal change—they travel 2 units to 
the right between their initial and terminal points. However, r and s 
exhibit different vertical changes, so they are not equivalent vectors. 


Two vectors are equivalent if and only if they have the same 
component form, and <2, 4> # <2, 5>. 


In other words, if two vectors have the same component form, then 


they are equivalent. Furthermore, if two vectors are equivalent, then 
they must have the same component form. 


14.24 Given P =(2c* —3c, 4d—d*) and Q =(7c—1, d* +6d—10), such that c and d are 
real numbers, express PQ in component form. 


Subtract the components of initial point P from the corresponding 
components of terminal point Q and combine like terms. 


PQ =(7em1—=(2c* = 3c), d’ +6d—10 =(4d =a" )) 
=(7¢—1—2c? + 3c, d? +6d—10—4d +d’) 
=(—2c* +10c—1, 2d* + 2d —10) 


Magnitude 

How long is the vector? 
Note: Problems 14.25—14.26 refer to a vector in component form: v = <3,4>. 
14.25 Calculate |v. 


The notation |vll represents the magnitude, or length, of vector v. Given 
a vector v expressed in component form v = <a, b>, the magnitude of 
v is defined according to the following formula. 


ae 5 
hal =Va +h 


In this problem, the components of v are a = 3 and b = 4. Substitute 
these values into the magnitude formula. 


Ie =V3°+# 


The magnitude of v is 5, so the vector has a length of 5. 


Note: Problems 14.25—14.26 refer to a vector in component form: v = <3,4>. 


14.26 Verify your answer to Problem 14.25 by plotting v in the coordinate 
plane and applying the Pythagorean theorem. 


Plot v in standard position in the coordinate plane, with initial point 
(0,0) and terminal point (3,4). If you draw a vertical segment 
connecting the terminal point to the x-axis, you construct a right 
triangle whose legs have lengths 3 and 4. 


— 


Apply the Pythagorean theorem to calculate the length of the vector, 
the hypotenuse of the right triangle. 


3° +4 =(|lv|)° 
9+16 =(|lv)° 
V25 = y(lv[) 

5 =|lv| 


It is no coincidence that the solutions to Problems 14.25—14.26 are 
equivalent, as the vector magnitude formula is derived from the 
Pythagorean theorem. 


14.27 Calculate the magnitude of w = <—12, 5>. 


Apply the vector magnitude formula introduced in Problem 12.25. 
|w| = y(—12)" +5" 
= 144 + 25 
= 169 


=13 
14.28 Calculate the magnitude of r = <—6, —3>. 


Remember to square both components when you apply the magnitude 
formula. Magnitude is always a positive real number value. 


Ir = y(—6)* +(-3)" 


= /36+9 


14.29 Given s = <4, -11>, calculate |Is|. 


The magnitude of a vector is equal to the square root of the sum of its 
components’ squares. 
|s|= 4° +(—11) 
= 16+121 
= J137 


4 7 


14.30 Given =. = calculate || 


Substitute the components of v into the magnitude formula and use a 
least common denominator to reduce the expression to lowest terms. 


\/ 4 \2 f m\? 
-\|— I} eres 
bs ts] +| 2 | 
_ /16 49 
“N94 
16 4 49 9 
— J—— + — of —_. + — 
V9 449 
64 44] 
= |—— ++ —— 
V36 36 
_ [505 
\ 36 
V505 


6 
14.31 Given A = (2, —9) and B = (-4,-1), calculate [Aa] 


Begin by rewriting the vector in component form: A& = (-6, 8). 
Substitute the components into the magnitude formula. 


| aBl| = /(—6)* +(8)° 


= /36+ 64 
= /100 


=10 


14.32 Given P = (8, —5) and Q = (4, —14), calculate [Pal 


Express the vector in component form: ?2=(4-8,-14-(-5))=(-4,-9), 
Next, apply the magnitude formula. 


PQ = \(—-4)? +(—9)' 


= J/16+81 


= V 97 


j= kare) s 
Note: In Problems 14.33-14.34, ¥ = (4,4) and ‘ila 


14.33 Verify that lvl =|. 


Compute the magnitude of each vector individually. 


Ilvl= va" +4 Iw] = y(-5) +(-V7) 
= v16+16 = /25+7 
= /32 = /32 
= 4/2 = 4/2 


Note: In Problems 14.33-14.34, v = (4,4) and w =(—5,-V7). 


14.34 Determine whether v and w are equivalent vectors and explain your 
answer. 


Equivalent vectors always have the same magnitude, but vectors with 
the same magnitude are not always equivalent. In order for two vectors 
to be equivalent, they must have the same length and direction. While 


v and w have the same length, they do not have the same direction. If 
you plot v in standard position, its terminal point is (4,4), which is 
located in the first quadrant. Note that w, plotted in standard position, 
terminates in the third quadrant. 


Vectors are only equivalent if they have the same component form. 


In other words, v = <a, b> and w = <c, d> are equivalent only if a = 
c and b = d. 


14.35 Given r =(3x,—6) and |r] = 10 calculate x. 


af 


soe 


Apply the magnitude formula, noting that the magnitude of the vector 
is equal to 10. 
Ir| = (3x)? + (-6)" 
10 = V9x" +36 
(10)° = (Vox? + 36 ) 
100 = 9x* +36 | 
100 = 9(x* +4) 


Solve for x. 


g 9 


If you substitute either x = +8/3 or x = —8/3 into the x-component of 


r, the magnitude of r is 10. 


14.36 Given v =(a+1,a—1) and |\v| = /34, calculate a. 


Apply the magnitude formula to v, noting that its magnitude is V34. 


llv| = (a +1)" +(a—1) 


V34 = (a? + 2a +1)+(a? —2a+1) 
V34 = 2a" +2 
Square both sides of the equation and solve for a. 
(V34) = ( V2a* +2 } 


34 = 2a* +2 


» 9 9 


Ifa =—4 ora = +4, then (+1, a—1)|= v34. 


Unit Vectors 
Vectors with a magnitude of 1 


14.37 Describe the relationship between a vector v and its unit vector ¥. 


Given a vector v, the corresponding unit vector + has the same 
direction as v with a magnitude of 1. 


Just like a unit circle has a radius of 1, a unit vector has a length of 1. 


Note: In Problems 14.38—-14.39, v = <4, 3>. 


14.38 Given v = <4,3>, express its unit vector ¢ in component form. 


Begin by calculating the magnitude of v. 


To compute the unit vector, apply this formula: ¥ = ia: In other words, 
divide each component of v by the magnitude of v. 


=(—.—) 


\ ; 
lee els 


Note: In Problems 14.38-14.39, v = <4, 3>. 


14.39 Verify that the unit vector ¥ identified in Problem 14.38 has a magnitude 
of 1. 


According to problem 14.38, += (3 =}, Apply the magnitude formula. 


rf 


14.40 Given w = <—2, —5>, express the corresponding unit vector w in 
component form. 


Begin by calculating the magnitude of w. 


lw] = ¥(—2)° +(—5Y 


V4+25 


= ,/99 
V4: 


Divide each of the components of w by the magnitude of the vector 


and rationalize the denominators. 


Unless your instructor doesn’t mind square roots in the denominator 


/ -? —5 \ 
w =(——, —}) 
\ i9Q 90 / 
29’ 29 | 


14.41 Express the standard unit vectors i and j in component form. 


The standard unit vectors i and j (which may also be written i and J or i 
and J) represent unit vectors in the horizontal and vertical directions, 
respectively. In other words, i is a horizontal vector with length 1 and j 
is a vertical vector with length 1. In component form, i = <1, 0> and j 
= <0, 1>. 


14.42 Write vector v = <8, 3> in terms of standard unit vectors. 


In standard positition, v stretches from the origin to the point (8,3). It 
moves a total of 8 units to the right and 3 units up. Each of those units 
in the horizontal and vertical directions can be represented by 
individual unit vectors: 8 horizontal vectors i and 3 vertical vectors j. 


v = 8i + 3j 


If a vector is in component form <a, b>, you can write it in terms of 
standard unit vectors by multiplying the x-component by i, multiplying 
the y-component by j, and then adding those products together. 


<a, b> = ai + bj 
14.43 Write vector w =(5,—/2) in terms of standard unit vectors. 


Apply the technique described in Problem 14.42: Multiply the 
horizontal component by the standard unit vector i = <1, 0>, multiply 
the vertical component by the standard unit vector j = <0, 1>, and add 
the products. 


w =5i+(—J2)(j) 


w=5i-y2j 


Note: In Problems 14.44—14.45, r = <1, 1> and s = <4, 4>. 


14.44 Identify the direction in which r travels by graphing it in standard 
position and calculating its direction angle, the measure of the acute 
angle it forms with the positive x-axis. 


Consider the diagram below, in which r is the hypotenuse of a right 
triangle. The horizontal and vertical legs of the triangle are, 
respectively, the x- and y-components of r. In other words, both legs 
have a length of 1. 


Recall that the tangent value of an angle in a right triangle is equal to 
the length of the side opposite that angle divided by the length of the 
side adjacent to that angle. Use this trigonometric ratio to calculate 0. 


length of side opposite 6 


tan@= : 
length of side adjacent to @ 
l 
tan@g=- 
l 
tan@=1 
6 =arctan(1) 
It 
@= ra or 45° 


You conclude that r has a direction of 45°, measured counterclockwise 
from the positive x-axis when r is in standard position. 


More simply, the vector has a direction angle of 45°. 


Note: In Problems 14.44—14.45, r = <1, 1> and s = <4, 4>. 


14.45 Verify that s has the same direction angle as r. 


In the diagram below, s is plotted in standard position, forming the 
hypotenuse of a right triangle whose legs have a length of 4. 


Apply the technique described in Problem 14.44; use the tangent ratio 
to calculate the measure of 0. 


length of side opposite é 
tan @ = Ss 
length of side adjacent to @ 
y a 
tan@ =— 
4 
tané=1 
@=arctan(1) 


d= Lad or 45° 
4 


You conclude that s, like r, has a direction angle of 45°. 


14.46 Based on your answers to Problems 14.44—14.45, identify a vector that 
has the same direction as v = <a, b>. 


Vectors r and s in Problems 14.44—14.45 have the same direction 
angle: 45°. In fact, all vectors in the first quadrant with equal x- and y- 
components have direction angle 45°. 


If you multiply both components of a vector by the same positive real 
number, the result is a vector in the same direction. In this case, 
multiplying each of the components of r = <1, 1> by 4 produces the 
vector s = <4, 4> in the same direction as r. Therefore, if you multiply 
the components of v = <a, b> by a positive real number c, then vector 


<ac, bc> has the same direction as v. 


If c is negative, then <ac, bc> and v travel in opposite directions. 


14.47 Explain why v = <2, 5> and w = <-4, 10> have the same direction and 
visually verify your answer by plotting both vectors on the same 
coordinate plane. 


According to Problem 14.46, multiplying both components of a vector 
by the same positive real number produces a vector in the same 
direction. In this case, multiplying the components of v by 2 generates 
w. 


<(-2)(2), (S)(2)> = <-4, 10> 


Plot v and w to visually verify that the vectors have the same direction. 
In the diagram below, the shorter vector v overlaps longer vector w, so 
both vectors have the same direction. 


mee V =<—2,5> 


— w= <4, 10> 


=-10 § 5 ‘ 2 é 6 10 


Note: In Problems 14.48-14.49, v = <12, —5>. 
14.48 Create a vector of length 2 that has the same direction as v = <12, —5>. 
Begin by calculating ¢, a unit vector in the same direction as v. Apply 


the technique described in Problems 14.38 and 14.40, which requires 
that you first compute the magnitude of the vector. 


Iv] = J12* +(-5)" 
= /144+25 
= /169 
=13 
Divide each component of v by the magnitude to identify the unit 
vector in the same direction as v. 


Now that you have identified a unit vector with the same direction as 
v, you need to identify a vector in that direction with a length of 2. 
Simply multiply each component of by the desired magnitude, in this 
case 2. 


~ \13’ -13/ 


Remember, multiplying both components of a vector by a positive real 
number produces a vector in the same direction as the original vector, 
so <24/13, —10/13> has the same direction as v and ¥. 


Note: In Problems 14.48-14.49, v = <12, —5>. 


14.49 Verify that the vector you identified in Problem 14.48 has a magnitude 
of 2. 


According to Problem 14.48, <24/13, —10/13> has a magnitude of 2. 
Apply the magnitude formula to verify this claim. 


4 
\ 


24 ' 0’ 
ag) * (“a 
1576 100 
~ V169 169 

[676 


j2410\||_ fs Y 
\13’ 13/ 


~ V¥169 
= /4 


= 


=—7 


169 -4=676 


14.50 Create a vector of length 6 that has the same direction as “ ~ (-1 2V2), 


Calculate the magnitude of w. 


lw = (—? +(22) 


Divide each component of w by its magnitude to identify the unit 
vector w in the same direction as w. 


You are directed to identify a vector in the same direction with a 
magnitude of 6. Thus, you should multiply both components of the 
unit vector by 6 to complete the problem. 


~ 1) 
bw 


i 
aa 
| 
| 


14.51 Create a vector of length d that has the same direction as v = <a, b>. 


This is just like Problems 14.48 and 14.50, but you’re using 


variables instead of numbers. 


Begin by calculating the magnitude of v. 
||| =Va'° +b? 


Divide each component of v by its magnitude to identify a unit vector 
¥ in the same direction as v. 


a b 


v= ( , \ 
\ [3 ae 2 | 
\vWa +h Vaot+b°/ 


You are instructed to create a vector of length d, so multiply each of 
the components by that constant. 


ad bd 
} 


1 f<s 9’ [9 > | 
\ V a t+ hy’ Va’ + b / 


Chapter 15 


BASIC VECTOR OPERATIONS 


Add/subtract vectors and multiply by scalars 


In Chapter 14, you are introduced to vectors, including how they are plotted in the 
coordinate plane, how they can be expressed in component form, and how they can be 
transformed into vectors of any length in the same direction. All of those concepts and 
operations involved a single vector. 

In this chapter, you will explore vector operations, which involve multiple vectors and 
real number values. You begin by combining vectors via addition and subtraction, 
eventually extending both of those operations through scalar multiplication. At the 
end of this chapter, you return to the familiar topic of component form, but with a 
complicating twist: How can you determine the component form of a vector if you are 
not given the coordinates of its initial or terminal points? 


You start this chapter by adding two vectors together using a very curious 
technique: You glue the terminal point of the first vector to the initial point of the 
second vector. Once you feel comfortable with vector addition (and subtraction, 
which is almost the same thing) in the coordinate plane, you graduate to the 
shortcut technique. Trust me, you will love the shortcut. Less graphing + easy 
formula = happy you! 


Next, it’s on to scalar multiplication, which is very straightforward. In fact, you 
unknowingly applied it in Chapter 14. Finally, you’ ll dust off sine and cosine to 
calculate the components of a vector that’s floating somewhere in the coordinate 
plane, not in standard position. Basically, given the magnitude and direction of a 
vector, you’ll be able to write it in component form. 


Adding and Subtracting Graphically 
Head-to-tail technique 


15.1 Describe the technique used to add vectors graphically in the coordinate 
plane. 


The sum of two vectors is also a vector, and it is a simple matter to 
visualize that sum in the coordinate plane through a technique known 
informally as the head-to-tail method. To add vector w to vector v, 
place the initial point of w at the terminal point of v. The sum v + w is 


called the resultant vector; it shares an initial point with v anda 
terminal point with w. 


In other words, move w so it starts exactly where v ends. 


15.2. Given v = <2,0>, calculate v + v by plotting the resultant vector in the 
coordinate plane. 


Vector v = <2,0> is a horizontal vector with a magnitude of 2 anda 
direction angle of 0°; it points directly to the right, due east from its 
initial point. If you graph v in standard position, its initial point is (0,0) 
and its terminal point is (2,0). 


In order to calculate v + v, graph v in standard position and then plot a 
second copy of v, such that the second vector begins where the first 
ends. As the following diagram illustrates, the second copy of v has an 
initial point of (2,0) and a terminal point of (4,0). 


The resultant vector, illustrated in the following diagram, represents v 
+ v. It begins at the initial point of the first vector (0,0) and ends at the 
terminal point of the second vector (4,0). 


Note that the resultant vector is in standard position, because its initial 
point is the origin. Therefore, the coordinates of its terminal point are 
also its components: v + v = <4,0>. 


15.3. Given r = <3,0> ands = <0,5>, calculate r + s by plotting the resultant 
vector in the coordinate plane. 


Plot r in standard position; it has initial point (0,0) and terminal point 
(3,0). Next, plot s so that its initial point coincides with the terminal 
point of r. In other words, from its initial point (3,0), s travels a 
horizontal distance of 0 and a vertical distance of 5 units up. 


Just pretend that (3,0)—the terminal point of r—is the origin, and 
plot s as you normally would. 


The resultant vector r + s has initial point (0,0) and terminal point 
(3,5). Therefore, r + s = <3,5>. 

Note: In Problems 15.4—15.5, v = <—4,-1> and w = <9,-2>. 

15.4 Given v = <—4,-1> and w = <9,—2>, calculate v + w by plotting the 


resultant vector in the coordinate plane. 


Plot v in standard position and then place the initial point of w at the 
terminal point of v. 


The resultant vector has an initial point of (0,0) and a terminal point of 
(5,-3). Thus, v + w = <5,-3>. 
Note: In Problems 15.4—15.5, v = <—4,-1> and w = <9,-2>. 


15.5 Demonstrate that vector addition is commutative by plotting w + v in 
the coordinate plane and verifying that the resultant vector is equal to 
the sum calculated in Problem 15.4. 


Commutative means the order in which you add doesn’t matter: v 


+W=WHYV. 


Plot w in standard position and then place the initial point of v at the 
terminal point of w. 


The resultant vector has an initial point of (0,0) and a terminal point of 
(5,-3). Thus, w + v = <5,-3>. 


15.6 Given A = (0,3), B = (4,2), C = (-1,-5), and D = (-7,1) calculate AB + CD 
by plotting the resultant vector in the coordinate plane. 


Express both of the vectors in component form by subtracting the 
components of their initial points from the components of their 
terminal points. 


AB =(4-0,2-3) CD =(—7 -(-1),1-(-5)) 
=(4,—1) =(—7+1,1+5) 
=(—6, 6) 
Plot AB in standard position. Its terminal point, (4,—1), is the initial 
point of CD. 


Because ©? = <-¢,¢2, you should travel 6 units left and 6 units up from 


(4, -1). 


15.7 


You conclude that 42+ GD =(=2, 5). 


Given r = <0,5> and s = <6,4>, calculate r — s by plotting the resultant 
vector in the coordinate plane. 


In order to plot the resultant vector for vector subtraction, rewrite the 
subtraction expression using addition. In other words, rather than 
subtract s from r, you add -s to r. Multiply both components of s by — 
1 to calculate —s. 

—s=(—1-6,-1-4) 

= (-6,-4) 

Plot r in standard position and then place the initial point of —s at the 
terminal point of r. 


You conclude that r —s = <—6,1>. 


Note: In Problems 15.8—15.9, v = —2i — j and w = 4i — 3}. 


15.8 Calculate v + w by plotting the resultant vector in the coordinate plane. 


Note that v and w are expressed in terms of standard unit vectors i = 
<1,0> and j = <0,1>. To rewrite each in component form, use the 
coefficients of i and j as the x- and y-components, respectively: v = <— 
2,-1> and w = <4,—3>. Plot v in standard position and then place the 
initial point of w on the terminal point of v, as illustrated in the 
following diagram. 


The resultant vector, v + w, has component form <2,—4>. 


Note: In Problems 15.8—15.9, v = —2i — j and w = 4i — 3}. 


15.9 Calculate v — w by plotting the resultant vector in the coordinate plane. 


According to Problem 15.8, v = <—2,-1> and w = <4,-3>. Multiply the 
components of w by —1 in order to generate the vector —w. 
—w =(=1-4,=1(=3)) 
= (—4, 3) 
The vector sum v + (—w) is equivalent to the vector difference v — w. 


Plot v in standard position and then place the initial point of -w on the 
terminal point of v. 


Just like 10 + (-5)=10-5=5 


You conclude that v — w = <—6,2>. 


15.10 Given r = <3,2> and s = <1,—4>, calculate r —s by plotting the resultant 
vector in the coordinate plane. 


Multiply the components of s by —1 to generate the vector —s. 
=s =(=1-1,=1(=4)) 
=(-1,4) 
The vector r —s is equivalent to the sum r + (-s). 


r+ (—s) 


You conclude that r —s = <2,6>. 


15.11 Given u = <—3,-1>, v = <-4,-5>,7 w = <-2,-8>, calculate u + v—w. 


Begin by multiplying the components of w by —1 to generate vector 
—w. 


—w =(—1(-2), (-1)(—8)) 


= ( 2.8 \ 


Plot u in standard position and place the initial point of v at the 
terminal point of u. Then, place the initial point of —w at the terminal 
point of v. The resultant vector stretches from the origin to (—5,2), as 
illustrated in the following diagram. 


You conclude that u + v— w = <—5,2>. 


Adding and Subtracting Algebraically 
Calculate <a, b> + <c, d> 


Note: In Problems 15.12—15.13, v = <a,b> and w = <c,d>. 
15.12 Calculate v + w. 


To compute the sum of two vectors in component form algebraically, 
add the corresponding components: 


In other words, without having to graph the vectors 


vtw=<at+ceb+d> 


Add the x-components together to get the x-component of the sum, 
and do the same thing for the y-components. 


Note: In Problems 15.12—15.13, v = <a,b> and w = <c,d>. 
15.13 Calculate v — w. 


In Problem 15.12, you add corresponding x- and y-components. In this 
problem, you subtract them. 
vV—w=<a-c,b-—d> 
Note: In Problems 15.14—15.16, r = <3,1> and s = <6,8>. 
15.14 Calculate r + s by plotting the resultant vector in the coordinate plane. 


Plot r in standard position and then place the initial point of s at the 


terminal point of r. The following diagram plots the resultant vector, r 
+S. 


The terminal point of the resultant vector is (9,9), so you conclude that 
r+s=<9,9>. 


Note: In Problems 15.14—15.16, r = <3,1> and s = <6,8>. 

15.15 Verify your answer to Problem 15.14 by calculating r + s algebraically. 
Computing the sums of vectors algebraically is a simple task: Add the 
x-components of r and s to compute the x-component of the sum r + s. 


Similarly, add the y-components of the individual vectors to compute 
the y-component of r+ s. 


r+s=(3+6,1+8) 
= (9,9) 
The solution r + s = <9,9> matches the solution to Problem 15.14, thus 
verifying the answer. 
Note: In Problems 15.14—15.16, r = <3,1> and s = <6,8>. 
15.16 Calculate r —s. 


Subtract the components of s from the components of r, applying the 
technique described in Problem 15.13. 


r—s=(3-6,1—-8) 


=(-3,-7) 
15.17 Calculate the sum: <11,—9> + <—3,-4>. 


Combine the corresponding components of each vector. 


(11,—9)+(=3,—4) =(11+(=3),—94+(=4)) 


(11-3,-9-4) 
= (8,-13) 


15.18 Calculate the difference: <x — 3,y + 5>— <9 — 7x,8y>. 


Subtract the components of <9 — 7x,8y> from the corresponding 
components of <x — 3,y + 5>. 


(x—3, y+5)—(9—7x,8y) =(x-3-—(9-—7x), y+5—By) 
=(x—-3-9+7x, y+5—8y) 
=(x+7x—-3—9, y—8y+5) 
= (8x =12,—7y+ 5) 


You conclude that <x — 3,y + 5> — <9 — 7x,8y> = <8x — 12,—7y + 5>. 
15.19 Given v = <—10,2>, A = (7,6), and B = (-9,5), calculate AB=v. 


Begin by expressing AB in component form. 


Review Problem 15.6 if you forget how to do this. 


AB =(-—9-7,5-6) 
= (-16,—1) 
Now that both vectors are in component form, calculate the difference. 
AB—v =(—16,—1)—(—10, 2) 
=(-16—(-10),-1-2) 
=(-16+10,-3) 


=(-6,—3) 


15.20 Given L = (5,—1), M = (8,4), P = (3,3), and Q = (2,5), calculate 
IM + Pl 


Express the vectors in component form. 
LM =(8-5,4—(-1)) 
=(8-5,4+1) =(2+3,5—-3) 

=(3,5) =(5,2) 


Calculate the sum of the vectors. 


Note that you are asked to calculate the magnitude of the vector sum. 


You’re calculating magnitude because there are double vertical bars 


around the vector in the original problem. Look at Problem 14.25 if 
you need to review the magnitude formula. 


lim +70 


| ‘- I\s, / } 


= /8? +7? 
= /64+49 


= VJ113 


Scalar Multiplication 
Calculate c <a, b> 


15.21 Express c<a,b> in component form, assuming a, b, and c are real 
numbers. 


The vector <a,b> is multiplied by a real number c; that real number is 
called a scalar. To multiply a vector in component form by a scalar 
value, multiply each of the components by the scalar. In this example, 
multiply both a and b by c. 


A vector has a value (magnitude) and a direction. A scalar only has a 


value. However, that value changes the SCALE of the vector. For 
example, multiplying a vector by the scalar 2 doubles its length. 


c<a,b> = <ca, cb> 


15.22 Express the vector in component form: 3<4,7>. 


Multiply each of the components of vector <4,7> by 3. 
3(4, 7) =(3(4), 3(7)) 


= (12, 21) 
15.23 Express the vector in component form: —5<—1,8>. 


Distribute —5 to each of the components of the vector. 
—5(—1, 8) =(—5(—1), —5(8)) 


= (5,—40) 


Note: In Problems 15.24—15.27, v = <2,1>. 
15.24 Calculate |v. 


Apply the vector magnitude formula presented in Problem 14.25. 


I= V2 +7 


Note: In Problems 15.24—15.27, v = <2,1>. 


15.25 Express 4v in component form. 


Multiply the x- and y-components of v by the scalar 4. 
4v = 4(2,1) 
= (4(2), 4(1)) 


=(8, 4) 


Note: In Problems 15.24—15.27, v = <2,1>. 


15.26 Based on your answers to Problems 15.24—15.25, explain how scalar 
multiplication affects the magnitude of a vector. 


In Problem 15.24, you determine that the magnitude of v is V5: in 
Problem 15.25, you determine that 4v = <8,4>. Calculate the 
magnitude of 4v and compare it to the magnitude of v. 

lav =[(8.4)] 


= /8? +4? 


= /64+16 
= /80 

= 4,/5 
Vector 4v has magnitude 4 V5, which is 4 times the magnitude of v: 
||4v| = 4| vl. This demonstrates one property of scalar multiplication: The 
product of a scalar and a vector’s magnitude is equal to the magnitude 
of the product of the scalar and the vector. 


In this problem, four times the length of v is equal to the length of 
vector Av. 


Note: In Problems 15.24—15.27, v = <2,1>. 


15.27 Visually verify that 4v is four times as long as v. 


Note that 4v =v + v+v-+-v. Use the head-to-tail technique 
demonstrated in Problems 15.1—15.11 to add those four vectors 
together. As the following diagram illustrates, the sum is a vector 
whose length must be four times the length of v, because it is literally 
comprised of four copies of that vector. 


15.28 Prove that multiplying v = <a,b> by the scalar c creates a vector with c 
times the magnitude of v. 


This problem asks you to verify that lev|=clvll, In Problems 15.24— 
15.27, you verify this is true for a specific vector and a specific scalar 
(<2,1> and 4, respectively); in this problem you prove that the same 
relationship between magnitude and scalar multiplication holds true 
for all vectors and scalars. Apply the magnitude formula to both sides 
of the equation lev] =clvl, 


lev] =elvl 
|(ca, cb)| = \\a, b)|| 
y(ca) +(cb) = (Va +h° ) 
Vea +h? =cVa’ +b" 


Factor c2 out of both terms on the left side of the equation and simplify 
the radical expression. 


J (a +h ) = eva" +h° 


c Va? +b? =cya* +b" 
Multiplying v = <a,b> by the scalar c creates a vector with length 
eva’ +p’, Which is c times the length of v. 
Note: In Problems 15.29-15.31, u = <2,—4> and v = <7,—-5>. 
15.29 Calculate 2u + 3v. 


Multiply the components of u by 2, multiply the components of v by 3, 
and add the vectors. 


2u+3v=2(2,—4)+3(7,—5) 
=(4,—8)+(21,—15) 


=(4+21,—8—15) 


Note: In Problems 15.29-15.31, u = <2,—4> and v = <7,—-5>. 
15.30 Calculate tv—Su. 


Multiply the components of v by 4, multiply the components of u by 
1/2, and subtract the vectors. 


Or you could multiply the components of u by —1/2 and add them to 


Av. 


| io tone SI , 
4v——u=4(7,—5)—(—|(2,—4) 
2 les i) ale 
= (28, - 20) —(1,—2) 
= (28-1, -—20—(—2)) 
= (28 =1,—20+2) 


= (27, —18) 


Note: In Problems 15.29-15.31, u = <2,—4> and v = <7,—-5>. 


15.31 Identify the component form of the unit vector in the direction of w = 
4u—v. 


Begin by calculating w. 


w =4(2,—4)—(7, —5) 


(8,—16)—(7,—5) 


(8—7,-16—(—5)) 


(8-7,-16+5) 


(1,—11) 


Now calculate the magnitude of w. 


According to Problem 14.38, given a vector w, the corresponding unit 
vector is ¥ = w/|w||, It is equal to the component form of the vector 
divided by its magnitude. 


——— 


Rationalize the denominators of the components. 
a / 122 11/122 \ 
aS —— . } 


ee a bo 


Note: In Problems 15.32—15.34, r = <3x,8> and s = <x — 1,5>. 
15.32 Calculate 4s — 5r. 


Multiply each of the factors by the appropriate scalar values. Note that 
the x-component of s is x — 1, and both of those terms must be 
multiplied by 4 when you compute 4s. 


4s—5r =4(x—1,5)+(—5)(3x, 8) 
= (4(x—1), 20)+(—15x, —40) 
= (4x—4, 20)+(—15x, —40) 
= (4x—4—15x, 20-40) 


= (—1lx—4,-20) 


Alternative: Instead of multiplying r by —5 and adding 4s + (—5r), 


you could multiply r by 5 and subtract 5r from 4s. 


Note: In Problems 15.32—15.34, r = <3x,8> and s = <x — 1,5>. 
15.33 Calculate r — 2s. 


When you compute —2s, make sure to distribute —2 to both terms in the 


x-component: —2(x — 1) = —2x + 2. 
r—2s = (3x,8)+(—2)(x—1,5) 
= (3x,8)+(—2x +2, —10) 
= (3x-2x +2, 8-10) 


=({x+2,—2) 


Note: In Problems 15.32—15.34, r = <3x,8> and s = <x — 1,5>. 
15.34 Given |r —2s| = 2V2,calculate x. 


According to Problem 15.33, r— 2s = <x + 2, —2>. Apply the 


magnitude formula, noting that the magnitude of the vector is equal to 
2/2. 
lr —2s|| = (x + 2)° +(—2)’ 
9,/2 = V(x" +4x+4 ) +4 
2/2 = Vx? +4x4+8 


Square both sides of the equation to eliminate the square root symbols. 


Squaring both sides could produce extra solutions that aren’t true, so 


you check the solutions at the end of the problem. 


= ( Vx? +4248 ) 


(203) 
9?(/2) =x? +4x+8 
4(2)=x° +4x+8 

8=x° +4x+8 
O=x° +4x+8-8 
O=x* +4x 

Factor the equation: 0 = x(x + 4). Apply the zero-product property to 

solve for x. 


See Problems 10.12—10.13 to review the zero-product property. 


x=0 x+4=0 
x=-4 
There are two potential solutions: x = 0 and x = -4. Substitute each 
into r — 2s = <x + 2, —2> and calculate the magnitude of the resulting 


vectors to verify that each equals 2v2. 


r—2s=(x+2,—2) r—2s=(x+2,—2) 
r—2s=(0+2,—2) r—2s=(—4+2,—2) 
r—2s=(2,—2) r—2s =(—2,-2' 

|r —2s||= 2° +(-2)° |r —2s|| = /(—2)° + (—2)° 

|r —2s||= V4+4 |r—2s||= V4+4 

|r —2s||= V8 |r —2s||= V8 

|r —2s|| = 22 |r —2s|| = 2/2 


You conclude that |r — 2s] =2V2 when x = 0 or x = -4. 


Note: In Problems 15.35—-15.36, v = <—3,-2y> and w = <—5,4 — 3y>. 
15.35 Calculate 6w — 7v. 


Multiply the components of w by 6, multiply the components of v by — 
7, and combine the vectors. 
6w—7v =6(—5,4—3y)+(—7)(—3, —2y) 


= (—30, 6(4—3y)) + (21, 14y) 


= (—30, 24—18y)+ (21, 14y) 
= (—30 + 21, 24—18y + 14y) 


=(—9,24—4y) 


Note: In Problems 15.35—15.36, v = <—3,-2y> and w = <—5,4 — 3y>. 


15.36 Given A = (—5,11) and B = (—14,—3), and assuming 6w — 7v is 
equivalent to AB,calculate y. 


Equivalent vectors have the same component form, so begin by 
expressing AB in terms of its components. 
AB = (-14-(-5),-3-11) 
=(-14+5,-14) 
=(—9,—14) 
According to Problem 15.35, 6w — 7v = <—9,24 — 4y>. Note that its x- 


component is already equal to the x-component of AB. In order for the 
vectors to be equivalent, the y-components must be equal as well. 


y-component of 6w —7v = y-component of AB 


24-—4y=-14 
—4y=-14-24 
—4)=—38 
38 


Identifying Components Given Magnitude and Direction 
Instead of coordinates 


Note: Problems 15.37—15.38 refer to v = <x,y> with direction angle 0, as 
illustrated in the diagram below. 


15.37 Evaluate cos 0, sin 0, and tan @. 


The length of the side adjacent to 0 is x, the length of the side opposite 
0 is y, and the length of the hypotenuse is |||. Use these values to 
calculate cos 6, sin 8, and tan 0. 


length of side adjacentto@ = x 
cos@ aS a Pe ae ee Pe a eT, 
length of hypotenuse ||| 

. length of side opposite 0 y 
siné a =— 
length of hypotenuse ||vl| 
length of side opposite 0 y 
tan 0 = ——— et 
length of side adjacentto@ x 


Note: Problems 15.37—15.38 refer to v = <x,y> with direction angle 0, as 
illustrated in Problem 15.37. 


15.38 Identify the component form of v in terms of |lvI. 


Note that the component form of the vector is v = <x,y>. According to 
Problem 15.37, cos 6 = x/ Ivland sin 6 = y/lv¥l. Cross-multiply to solve 
these trigonometric equations for x and y. 


x ; y 
cos9 =— sin? = 7 
Vv ha 
cos@ _ sin? y 
1 |v 1 |v 
1:x =|v||cos l- y=||v|sin@ 
x= |v < osé y =|v|sin@ 


Substitute these values into v = <x,y>. 
v =(x,y) 


v= (lv|l< osé, ||v|| sin 0) 


This is the formula that calculates the component form of a vector v 


with direction angle 6 and magnitude llv}) 


Note: Problems 15.39-15.40 refer to v = <x,y> with direction angle 0, as 
illustrated in the diagram below. 


ep 


15.39 Given |v|=6V2 and 6 = 45°, apply the vector component formula you 
generated in Problem 15.38 to express v in component form. 


Substitute the magnitude and the direction angle into the formula 


v= (|lvjcos@,||v|sin@) Note that 45° = 1/4 radians, and cos 45° = sin 45° = 


V2 /2. 


v= ([Ivllc os 9, ||v|| sin@) 


= (6/2 (cos 45°), 6/2 (sin 45°)) 


| 6 lp . i 
=| OV2 *—-, OWe *—- 
\ = = 
/6V4 64 \ 
= { ) 
ie 
6-2 6-2 \ 
= — } 
2 ye 


= (6,6) 
You conclude that v = <6,6>. 


Note: Problems 15.39-15.40 refer to v = <x,y> with direction angle 0, as 
illustrated in Problem 15.39. 


15.40 Verify your answer to Problem 15.39 by applying the properties of a 
45°—45°—90° triangle to calculate x and y. 


The right triangle in the figure has angles that measure 45°, 45°, and 
90°. Therefore, the length of the hypotenuse is equal to V2times the 
length of the legs. In this triangle, the hypotenuse has length 6V2 and 
the legs have lengths x and y. 


You know two angle measurements of the triangle: a right angle and 


a 45° angle at the origin. All three angles have to add up to 180°, so 
the third angle measures 45°. 


length of leg - 2 = length of hypotenuse 
BY 


length of leg: ¥2 =6V2 


length of leg = 


length of leg = 6 


Recall that the lengths of the legs of a 45°—-45°—90° triangle are equal, 
so X = y = 6. These are also the components of the vector: v = <x,y> = 
<6,6>. This verifies your solution to Problem 15.39. 


15.41 Given a vector w with direction angle 6 = 180° and magnitude ||w| = 2, 


express w in component form. 


Substitute the angle and magnitude into the vector component formula 
generated in Problem 15.38. Note that 180° = 7 radians; thus, cos 180° 
=—1 and sin 180° = 0. 
w= (|lw] cos6, ||w] sin 4) 
= (2-cos180°, 2 sin 180°) 
= (2(—1), 2(0)) 


= (—2,0) 


15.42 Given a vector r with direction angle @ = 135° and magnitude |r|=7¥3, 
express r in component form. 


Note that 135° = 37/4 radians, so cos 135° = —V2/2 and sin 135° = V2/2 
. Substitute these values, as well as the magnitude of r, into the vector 
component formula. 


r= (|lr|}< os 8, ||r||sin @) 


wm Ie - Ie \ 
éj V6 7V6 \ 


9 ’ 9g 


15.43 Given a vector s with direction angle 6 = 60° and magnitude |s| = 8, 
express s in component form. 


Note that 60° = 7/3 radians, so cos 60° = 1/2 and sin 60° = V3/2. 
Substitute these values into the vector component formula. 


s= (|s| cos 60°, |s||sin 60°) 
-(s(2), (2 
\ \2) 2 
_/8 8v3 
=\5 9 
= (4, 4/3) 


Note: In Problems 15.44—15.45, v has direction angle 30°, w has direction 


angle 270°, |\v|| = 3, and ||w| = 5, 


15.44 Express v and w in component form. 


Apply the technique demonstrated in Problems 15.41—15.43 to express 
both vectors in component form. Note that 30° = 71/6 radians and 270° 
= 3/2 radians; both angles appear on the standard unit circle. 
v= (||v||cos 6, ||v||sin@) w = (|w||cos@, ||w||sin6) 
= (3(cos30°), 3(sin 30°)) = (5(cos270°), 5(sin270°)) 
=(5(0), 5(-1)) 


=(0,-5) 


Note: In Problems 15.44—15.45, v has direction angle 30°, w has direction 
angle 270°, |v||= 3, and |w||= 5, 


15.45 Determine whether the following statement is true and explain your 
answer. 


Iv] + [wl =[v + w] 


This question asks whether the length of a vector sum is equal to the 
sum of the lengths of the individual vectors. In Problem 15.44, you 
express both vectors in component form. Begin this problem by 
calculating the sum v + w. 


/3V3 3\ , . 
vtw=| ,—)+(0,—5 
, 9 9 | \ 
3/3 3 
= 0,=—-5 
9 9 
3/3 3 10\ 
= —_—— } 
9 9 9 / 
i 3V3 7 \ 
= ——} 
9 9 | 


Calculate the magnitude of v + w. 


os j9°3 , 49 
V4 4 
_ 7,9 
V4 4 
_ [76 
V4 


= V1 9 


Notice that the magnitude of the sum is not equal to the sum of the 
individual magnitudes. 
[vl + lw] # lv + wl 
345419 
8+ J19 
The magnitude of a vector sum is equal to the sum of the magnitudes 


of the individual vectors only when those vectors have the same 
direction angle. Vectors v and w do not have the same direction. 


Chapter 16 


ADVANCED VECTOR OPERATIONS 


All about the dot product 


In Chapter 15, you explore vector addition, which combines two vectors to produce 
another vector. Mathematically speaking, this means that the vectors are considered 
“closed” under addition. Simply stated, a set (like vectors) is closed under an 
operation when performing an operation (like addition) on that set produces another 
member of that set. 


This is not an entirely new concept. The set of integers is closed under addition, 
subtraction, and multiplication—if you add, subtract, or multiply two integers, the 
result is another integer. Note that integers are not closed over division, because 
dividing two integers can produce a fraction: The operations 1 + 2 and 3 + 5 produce 
fractions, not integers. 


In this chapter, you explore the dot product, an operation under which the set of 
vectors is not closed. The dot product of two vectors is not a vector; it is a real 
number. 


You spend the first half of the chapter getting familiar with the dot product, 
answering questions like “How do I calculate it?”, “Is it commutative?”, “Is it 
distributive?”, “Does it prefer dogs or cats as pets?”...that sort of thing. 


By the end of the chapter, you’!l be using the dot product to calculate the angle 
between vectors, to identify orthogonal (perpendicular) vectors, to create vector 
projections (and actually understand what that means), and to apply all of this in 
a real life situation. That’s a non-threatening way of saying “word problems,” 
but don’t panic. 


Dot Product 
Looks like multiplication, but it’s not 


16.1 Given v = <a, b> and w= <c, d>, explain how to calculate the dot 
product v - w. 


To calculate the dot product of two vectors, add the product of their x- 
components to the product of their y-components. 


v:-w=actbd 


Even though the dot here looks like multiplication, it stands for the 
“dot product.” 


Note: In Problems 16.2—16.4, v = <1, 4> and w = <5, 2>. 
16.2 Calculate v- w. 


Apply the formula presented in Problem 16.1, which adds the products 
of the x-components and the y-components. 


(1, 4)-(5, 2) =1(5)+4(2) 
5 


+8 
13 
Note: In Problems 16.2—16.4, v = <1, 4> and w = <5, 2>. 
16.3 Calculate 3v - w. 


Before you apply the dot product, multiply v by the scalar 3. 
3v-w = 3(1, 4)-(5, 2) 
= (3(1), 3(4))-(5, 2) 
= (3, 12)-(5, 2) 
Now apply the dot product formula. 
= 3(5)+12(2) 


=15+24 


= 39 
You conclude that 3v - w = 39. 


Note: In Problems 16.2—16.4, v = <1, 4> and w = <5, 2>. 
16.4 Calculate 2v - (—3w). 


Multiply both components of v by 2, multiply both components of w 
by —3, and then compute the dot product. 


2v -(—3w) = 2{1, 4) -(—3)(5, 2) 
= (2(1), 2(4))-(—3(5), -3(2)) 
= (2,8)-(—15,-6) 
= 2(—15)+8(—-6) 
=—30—48 


=—/8 


Note: In Problems 16.5—16.6, you verify that the dot product is commutative 
using the vectors r = <—3, 7> and s = <—2, 10>. 


In other words, r:-s=s-~-r. 


16.5 Calculate r-:s. 


Add the product of the x-components to the product of the y- 


components. 
r-s=(—3,7)-(—2,10) 
=—3(—2)+7(10) 
=6+70 


= 76 


Note: In Problems 16.5—16.6, you verify that the dot product is commutative 
using the vectors r = <—3, 7> and s = <—2, 10>. 


16.6 Calculates: r. 


According to Problem 16.5, r - s = 76. If the dot product is 
commutative, then s - r will also equal 76. 
sr =(—2,10)-(—3, 7) 

= —2(—3)+10(7) 

=6+70 

= 76 
The order in which you list the vectors does not affect the value of the 
dot product—you still add the products of the x-components to the 
products of the y-components, and the result is the same. Therefore, 
the dot product is commutative. 


Only the order of the components changes: —2(—3) instead of —3(—2), 


10(7) instead of 7(10). Because multiplication is commutative, the 
order doesn’t affect the products. 


Note: In Problems 16.7—16.8, you verify that the dot product of a vector with 
itself is equal to the square of the vector’s magnitude. 


16.7 Given v = <4, 6>, verify that v-v=|lvI’. 


In this problem, you demonstrate that the relationship vv =|vI is true 
for the specific vector v = <—4, 6>; in Problem 16.8, you prove that the 
relationship is true for any vector. 


Calculate the dot product v - v on the left side of the equation, and 
apply the vector magnitude formula to calculate lvl on the right side of 
the equation. 
vev=|vfP 
(—4,6)-(=4, 6) =(/(=4)' +(6)*) 
—4(—4) +6(6) =(V16 +36) 
16 +36 =(J/52) 


52=52 


The square and square root cancel out, leaving 52 on the right side of 


the equation. 


Note: In Problems 16.7—16.8, you verify that the dot product of a vector with 
itself is equal to the square of the vector’s magnitude. 


16.8 Prove that ¥'v=|¥l for any general vector v = <a, b>. 


Apply the same technique you used in Problem 16.7. In the solution 
below, note that the dot product v - v is equal to the expression inside 
the radical symbol. 


vev=(lvf 
(a, b)-(a, 6) = (Va? +0") 
a(a)+b(b)=(Va? +0") 


at+bhP=a +p 


Note: In Problems 16.9-16.10, you use vectors u = <—3, 5>, v = <-4, 2>, and 
w = <-9, —1> to demonstrate that the dot product is distributive over 
addition: u- (v+ w) =u-v+u-w. 


16.9 Calculate u- (v + w). 


In this problem, you calculate the dot product of u with the vector sum 

v + w. In Problem 16.10, you verify that this value is equal to the sum 

of the dot products u - v and u- w. In other words, the dot product can 

be distributed over a sum (or a difference). Begin by calculating v + w. 
u'(v+w)= (—3, 5)- ((—4, 2) + (—9, —-1)) 


= (-3,5)-(-4+(—9), 2+(-1)) 


= (—3,5)-(—13,1) 
Calculate the dot product. 
=—3(-13)+5(1) 
= 39+5 
=44 


Note: In Problems 16.9-16.10, you use vectors u = <—3, 5>, v = <—4, 2>, and 
w = <-9, —1> to demonstrate that the dot product is distributive over 
addition: u- (v+ w) =u-v+u-w. 


16.10 Demonstrate that u- (V+ w)=u-vtu-w. 


According to Problem 16.9, u - (v + w) = 44. In this problem, you 
calculate the sum of the dot products u - v and u - w to verify that the 
dot product with a sum is equal to the sum of the dot products. 


u'vtu-w=(—3,5)-(—4, 2)+(—3, 5)-(—9, —1) 
=—3(—4)+5(2)+(—3)(—9) +5(-1) 
=12+10+27—5 
=22+27—=5 
=49-5 
=44 


You conclude that u- (v+w)=u-vt+u-:w=44. 


\ 


oo, fo BY PSK fa 
16.11 Evaluate the expression: ( 3, 7, it 0, =) +425 }} 
\ / \ r, / \ ; / 


As Problems 16.9—16.10 demonstrate, the dot product is distributive 
over a vector sum. Thus, you can calculate the dot product of <3, 1/2> 
with each of the terms in parentheses and then calculate the sum. 


\ > 
\ 


= | Go 


)-(0,—)+(3, 
\ y 4 / \ 


‘ 1/3) , {1\ 
=3(0)+5|7|+3@)+ - [5 
Bice 4 
=0+—+6+— 
8 16 


Compute the sum using the least common denominator, 16. 


32 616 1 
82 116 16 
6 6 1 


Note: In Problems 16.12-16.14, you use the vectors v = <7, 2> and w = <-4, 
3> to investigate how scalar multiplication affects a dot product. 


16.12 Demonstrate that 5(v - w) # 5v- 5w. 


As Problems 16.9—16.10 demonstrate, the dot product is distributive 
over a vector sum. However, scalar multiplication is not distributive 
over a dot product. In this problem, you verify that multiplying the dot 
product v - w by 5 is not equivalent to the dot product of 5v and 5w. 
Simplify both sides of the equation individually. 
5((7, 2)-(—4, 3))#5(7, 2)-5(—4, 3) 
5(7(—4) + 2(3)) 4 (5(7), 5(2)) -(5(—4), 5(3)) 
5(—28 + 6) # (35, 10) -(—20, 15) 
5(—22) # 35(—20)+10(15) 
—110 #—700 +150 
—110#—550 


Note: In Problems 16.12-16.14, you use the vectors v = <7, 2> and w = <-4, 
3> to investigate how scalar multiplication affects a dot product. 


16.13 Demonstrate that 5(v - w) = 5v- w. 


In Problem 16.12, you verify that scalar multiplication is not 
distributive over a dot product. However, multiplying a dot product of 
two vectors by a scalar is equivalent to the dot product of those vectors 
when exactly one of them—not both—is multiplied by the scalar. 
According to Problem 16.12, 5(v - w) = —110; in this problem you 
verify that 5v - w = —110 as well. 


In other words, if you multiply ONE vector by the scalar and then 
calculate the dot product, you get the same answer as if you’d taken 


the dot product of the vectors first and then multiplied by the scalar. 


= (5(7), 5(2))-(—4, 3) 
= (35,10): (=4, 3) 

= 35(—4)+10(3) 
=—140+ 30 

=-110 


You conclude that 5(v - w) = 5v - w =-110. 


Note: In Problems 16.12-16.14, you use the vectors v = <7, 2> and w = <-4, 
3> to investigate how scalar multiplication affects a dot product. 


16.14 Demonstrate that 5(v - w) = v- Sw. 


In Problem 16.13, you verify that multiplying v by the scalar 5 and 
then computing the dot product with w is equivalent to multiplying the 
dot product v - w by the scalar 5. In this problem, you demonstrate that 
multiplying the other vector (w) by the scalar 5 has the same effect on 
the dot product. Recall that 5(v - w) = —110. 
v-5w =(7,2)-5(—4, 3) 

= (7,2)-(5(—4), 5(3)) 

= (7, 2)-(—20, 15) 

=7(—20)+2(15) 

=—140+30 

=-110 


Thus, 5(v - w) =v: 5w=-110. 


Moral of the story: If a dot product is multiplied by a scalar, you can 


multiply either one of the vectors by the scalar and then calculate the 
dot product to get the same result. 


16.15 Evaluate the expression: 2((10,—4):(—2,6)). 


You can either choose to calculate the dot product and then multiply by 
the scalar 2 or, as Problems 16.12—16.14 explain, multiply exactly one 
of the vectors by the scalar 2 and then compute the dot product. In the 
following solution, the vector <—2, 6> is multiplied by 2 and then the 
dot product is computed. 


2((10,-—4)-(—2,6)) = (10, —4)-2(-2, 6) 
= (10,—4)-(—4, 12) 
=10(—4) + (—4)(12) 
=—40— 48 

1f/_1 5\ /2 *)) 


16.16 Evaluate the expression: +{(-2. -)-(=, : 
3\\ 4°6/ \3’ 4/, 


In the following solution, the dot product is computed and the resulting 
value is multiplied by 1/3. 


Measuring Angles Between Vectors 
The dot product in disguise 


16.17 Identify the alternate dot product formula, which expresses a dot 


product in terms of the magnitude of the vectors. 


According to Problem 16.1, given vectors v = <a, b> and w = <c, d>, 
the dot product is defined according to the following formula. 


v:-w=ac+tbd 


You can also calculate the dot product according to an alternate 
formula, which is based on the magnitudes of the vectors and the 
cosine of the angle 8 between those vectors. 


v-w=|v|||lw] cos@ 


The alternate version is handy when you don’t know the components 
of the vectors. 


Note: In Problems 16.18—16.21, v = <0, 5> and w = <2, 2>. 


16.18 Calculate v - w using the standard dot product formula. 


To apply the standard dot product formula, you must know the 
components of the vectors. 


\ 


v-w=(0,5)-(2, 2) 
= 0(2)+5(2) 
=0+10 
=10 


Note: In Problems 16.18—16.21, v = <0, 5> and w = <2, 2>. 
16.19 Plot v and w on the coordinate plane and measure their direction angles 


in degrees. 


Both vectors have initial point (0, 0); v has terminal point (0, 5) and w 
has terminal point (2, 2). 


Vector v lies on the positive y-axis, which forms a right angle with the 
positive x-axis. Therefore, the direction angle of v is 90°. The direction 
angle of w is 45°. To calculate this value, apply the technique 
demonstrated in Problems 14.44—14.45. 


The tangent of the direction angle is equal to the y-component 
divided by the x-component. 


tand = 


| no 


4 
tand=1 
@=arctan! 


0=45° 
Note: In Problems 16.18—16.21, v = <0, 5> and w = <2, 2>. 
16.20 Use the diagram you created in Problem 16.19 to calculate the angle @ 


between v and w. 


As the following diagram illustrates, the measure of the angle between 
the vectors is equal to the difference of the larger and smaller direction 
angles. 


6 =90° —45° 


J, @=45° 


Note: In Problems 16.18—16.21, v = <0, 5> and w = <2, 2>. 


16.21 Verify your answer to Problem 16.20 by applying the alternate dot 
product formula. 


The alternate dot product formula comes from Problem 16.17. 


According to Problem 16.18, v - w = 10. If you substitute this value 
and the magnitudes of v and w into the alternate dot product formula, 
you can solve for 8 to verify that the measure of the angle between v 
and w is 45°. Begin by calculating the magnitudes of the vectors. 


vim vO" +5" lw] = V2? +2" 
- Jo +25 = Jara 
~ v25 =vV8 
=5 Jor 


Substitute ¥- w= 10. |v =5, and ||| =2V2 into the alternate dot product 
formula. Then, isolate cos 8 on the right side of the equation. 
v-w=|lv] fwil cos@ 
10= (5)(2/2 )(cos@) 
10= 10/2 cos@ 
4 
ee = cos 
Ww V2 
l 


—=cosf) 
ic 


4 


~ 


Rationalize the denominator and apply the arccosine function to solve 
for 0. 


a 


arccos 


“a 


According to the unit circle, ss 45° = os 7/4 =¥2/2., 


The alternate dot product formula verifies the solution to Problem 
16.20—the angle between v and w measures 45°. 


16.22 Calculate the dot product of vectors r and s, which form an angle 
measuring 30° and have magnitudes of 2 and 9. 


The alternate dot product states that r - s is equal to the product of the 
magnitudes of the vectors and the cosine of the angle between the 
vectors. In this problem, you do not know which vector has a 
magnitude of 2 and which has a magnitude of 9, but that is irrelevant. 
The following solution assumes that ||| = 2 and ||s|=9, but the dot 
product is unchanged if |s| = 2 and |[rl]= 9, 

rs =|rl||s|| cosé 

= (2)(9)(cos 30°) 


{ fe 
V3 

= 13| —— 
Air 2 


18 5 
gee 


- 


= 9 V 3 


16.23 Calculate the dot product of vectors u and v, which form an angle 
: : I l 
measuring 60° and have magnitudes of : and 7 


Substitute the magnitudes of the vectors and 8 = 60° into the alternate 
dot product formula to calculate u - v. 


u-v=[ul |v] cosé 


“Jase 


1 
=— cos 60° 
12 


1/1 
=sls] 
l 


24 


16.24 Calculate the dot product of vectors w and z, which form an angle 
measuring 120° and have magnitudes of 4V3 and 7. 


Substitute 4 = 120°, |w|=4V3, and |z|=7 into the alternate dot product 
formula. 


w'z= ||w| \|z| cos@ 
=(4V3)(7)(cos120°) 


= 28/3 cos120° 


16.25 Calculate the angle formed by r =(1, V3) and s=(V3,1). 


Calculate the magnitudes of the vectors. 


l= +(v3) Isl= y (v3) +7" 
= 1+3 = /3+1 
= v4 = /4 
=9 -9 


Now calculate the dot product of the vectors. 
r‘s= 1(/3)+ V¥3(1) 
= /3+3 
= 2/3 


Apply the alternate dot product formula and solve for 0. 


r-s= |r| [le] con0 
2/3 =2(2)(cos) 
2/3 =4cos0 
ly. ce, 1 ; 
q(2v3) =z (4cos8) 


2v3 


=cos@ 


— 


a: 


(i 
arccos |- 0 


€ 


\ 


30° =6 


According to the unit circle, ©°5 90° = $5 "/¢ = ¥372, 


Thus, vectors r and s form a 30° angle. 


16.26 Calculate the angle formed by w = <4, —3> and z = <6, —1>, and report 
your answer as a degree measurement accurate to the thousandths place. 


Calculate w-z. [wl], and |lzI, 


w-z=—4(6)+(-3)(-1) — Jwl=y(-4)°+(-3)" el = yo? +(- 
=—24+3 =VJ16+9 = /36+1 
=-2! _ 25 = 37 


=5 


Substitute these values into the alternate dot product formula and solve 
for 8. Use a scientific or graphing calculator set to degrees mode and 
calculate the measure of the angle. 

w z= |wl|||zl cosé 


-21= (5)(V37 )(cos@) 


9] 


2 
—-—— = cos 
~ lar 
537 
_ 2 
arccos| =—— |= 0 
537 , 


arccos(—0.6904757467 ) = 6 
133.668° = 6 


Unless two vectors have opposite directions, they will form two 
angles: one that measures less than 180° and one that measures 
greater than 180°. Arccos identifies the smaller one. 


| (53,668* 4 226,332° = 360° 


Note: In Problems 16.27—16.30, u = <—5, —12> and v = <-8, 10>. 


16.27 Calculate the angle 8 between vectors u and v, and report your answer 
accurate to the thousandths place. 


Calculate "- v./«l|, and |v 


u-v=—5(—8) +(—12)(10) jul] = y(—5)° +(-12)° I|v] = (—8)° +107 
= 40-120 = /25+144 = 64 +100 
=—80 = V169 = 164 
= 13 = 2/41 


Substitute these values into the alternate dot product formula. 
u-v=|lul||v]| cosé 
—80 = (13)(2V41)(cosd) 
—80 
== = cos@ 
26V41 
arccos(—0,480534652) = @ 
118.720° = 0 


Note: In Problems 16.27—16.30, u = <—5, —12> and v = <-8, 10>. 
16.28 Identify 0 and ¥, unit vectors that have the same direction angles as u 
and v. 


According to Problem 16.27, |u||=13 and |v]=2V41 Divide each 
component of u and v by the magnitude of its vector to identify the 


corresponding unit vectors. 


Niel el / I / 
f §.. 19 / 8 10 \ 
~\" 13" 13/ ~\~ Jal’ 2Ja1/ 
f[ 4 3 
=( a) 
| 4J41 5V/41\ 
“\a1 41 | 


Note: In Problems 16.27—16.30, u = <—5, —12> and v = <-8, 10>. 


16.29 Demonstrate that the dot product of the unit vectors you identified in 
Problem 16.28 is equal to the cosine of the angle between them. 


If i and ¥ are unit vectors, then they each have a magnitude of 1. 
Substitute these values into the alternate dot product formula. 


a-¥=|lal|||¥| cos@ 
=(1)(1)(cos@) 
=cosé 


Note: In Problems 16.27—16.30, u = <—5, —12> and v = <-8, 10>. 


16.30 Verify that the angle between u and v is equal to the angle between unit 
vectors fi and ¥ 


Calculate the dot product of the unit vectors. 


5 12\ / 4V41 5V41\ 
V=SQ50— TD) , } 
13’ 13/ \ 41° 41 / 
-_ 5 | | V41 | rf 12 | | 541 | 
13\ 41 13), 41 
_ 20V41 60V41 
533 = «533 
— 40V41 
533 


As Problem 16.29 explains, the dot product of the unit vectors is equal 
to the cosine of the angle 8 between them. 


533 
40/41 | 

= |=0 
533 | 


arce os| — 
arccos(—0.480534652) = @ 
118.720° = 0 
The angle between vectors u and v (calculated in Problem 16.27) is 


equal to the angle between unit vectors i and +. Both measure 
approximately 118.720°. 


Orthogonal Vectors 
Perpendicular vectors 


16.31 Describe the geometric relationship between orthogonal vectors. 


Orthogonal vectors are perpendicular to each other. Therefore, 
intersecting orthogonal vectors intersect at right angles. 


Note: In Problems 16.32—16.36, you explore four different techniques to 
verify that vectors u = <3, 3> and v = <5, —5> are orthogonal. 


16.32 Plot u and v, and use their direction angles to verify that the vectors are 
orthogonal. 


Plot u and v in the coordinate plane. You will measure the angle 
between them by calculating the angles each vector forms with the 
positive x-axis. 


Apply the technique demonstrated in Problem 16.19 to calculate the 
direction angle 8 of vector u—the measure of the angle formed by u 
and the positive x-axis. 


3 
tané =— 
3 


tan? =1 
0 =arctan! 
@=45° 
Similarly, the angle between v and the positive x-axis measures 45°. 
The angle between u and v is the sum of those angles: 45° + 45° = 90°. 
Lines—and vectors—that intersect at 90° angles are perpendicular, so 
u and v are orthogonal. 


Note: In Problems 16.32-16.36, you explore four different techniques to 
verify that vectors u = <3, 3> and v = <5, —5> are orthogonal. 


16.33 Calculate the slopes of the lines that coincide with u and v, and use 
them to verify that the vectors are orthogonal. 


“Coincide with” means “overlap.” 


The slope of a vector in component form—and the slope of the line 
that coincides with that vector—is equal to the y-component of the 
vector divided by the x-component. Therefore, the slope of the line 
that coincides with u is 3/3 = 1. The slope of the line that coincides 


with v is —5/5 = —-1. 


Perpendicular lines have slopes that are negative reciprocals of each 
other. Because 1 and —1 are negative reciprocals, they represent the 
slopes of perpendicular lines. You conclude that u and v are 
orthogonal. 


Note: In Problems 16.32-16.36, you explore four different techniques to 
verify that vectors u = <3, 3> and v = <5, —5> are orthogonal. 


16.34 Apply the standard dot product formula to verify that u and v are 
orthogonal. 


According to the standard dot product formula, <a, b> - <c, d> = ac + 
bd. 


a-vm (3, 3)-(5,— 5) 
= 3(5)+3(—5) 
=15—15 


=0 


You conclude that u and v are orthogonal because they have a dot 
product of 0. In fact, any pair of nonzero vectors that have a dot 
product of 0 are orthogonal. 


And vice versa: If vectors are orthogonal, they always have a dot 


product of 0. This only works for NONZERO vectors. The next 
problem explains why. 


Note: In Problems 16.32—16.36, you explore four different techniques to 
verify that vectors u = <3, 3> and v = <5, —5> are orthogonal. 


16.35 Determine whether u and w = <0, 0> are orthogonal vectors, and 
explain your answer. 


If you calculate the dot product of u and w, the result is 0. 
u-w=(3,3)-(0, 0) 
= 3(0)+3(0) 
=0+0 
=( 


In fact, the dot product of any vector and the zero vector <0, O> is 
equal to 0. However, you cannot conclude that u and w are orthogonal 
based upon the dot product value alone. Recall that orthogonal vectors 
are perpendicular, so the angle formed by the vectors should equal 90°. 
Solve the alternate dot product formula for cos 8 to better understand 
why u and w do not form a 90° angle. 
uw = |ull|lw|| cosé 
u'W 


——_— = cos@ 


[ul lw 


Some textbooks (and teachers) prefer this version of the formula. 


Calculate the magnitudes of u and w. 


jul =V3+9" w= VOF HOF 
=/or9 = V0 
= /18 =) 
= 3,/2 


Substitute the dot product and vector magnitudes into the modified dot 
product formula. 


— 
——_—-= cos@ 
|u| [Iw 

0 


(3V2)(0) _ 


0 
—=cos@? 


Dividing by 0 is prohibited. Because you cannot calculate 8, you 
cannot conclude that 0 is a right angle. Therefore, u and w are not 
orthogonal. 


Note: In Problems 16.32-16.36, you explore four different techniques to 
verify that vectors u = <3, 3> and v = <5, —5> are orthogonal. 


16.36 Calculate the angle between u and v to verify that the vectors are 
orthogonal. 


Recall that u - v = 0, and according to Problem 16.35, |«||= 32, 
Calculate the magnitude of v. 


Iw] = 5" +(-5y° 
= /25 +25 
= 50 
= 5/2 
Apply the modified dot product formula introduced in Problem 16.35 
to compute the angle 8 between u and v. 


uv 
rT Aaaaaaad 
0 
Ge)R) 
0=cosé 
arccos0 =@ 


90° = 6 


Vectors u and v form a 90° angle, so they are orthogonal. 


16.37 Determine whether the vectors <2, —3> and <6, 4> are orthogonal. 


Calculate the dot product of the vectors. 
(2, —3)-(6, 4) = 2(6) + (—3)(4) 
=12-12 
=() 
Because their dot product is equal to 0, vectors <2, —3> and <6, 4> are 
orthogonal. 


16.38 Given A = (8, —2), B = (6, 1), C = (3, —7), and D = (4, —4), determine 
whether AB and CD are orthogonal. 


Subtract corresponding coordinates to express the vectors in 
component form. 


AB =(6-—8,1-(—2)) CD =(4—(—3),—4 -(-7)) 


(6—8,1+2) =(4+3,-4+7) 


=(—2,3) = (7,3) 


Calculate the dot product of the vectors. 


AB: CD = (—2, 3)-(7,3) 
=-14+9 


Vectors AB and CD are not orthogonal because their dot product is not 
equal to 0. 


16.39 Calculate the value of c for which vectors a = <4, —2c> and b = <9, 3> 
are orthogonal. 


If a and b are orthogonal vectors, then a - b = 0. Compute the dot 
product and set it equal to 0. 
a‘b=0 
(4,—2c)-(9,3)=0 
4(9)+(—2c)(3)=0 
36 —6c = 0 


Solve the equation for c. 


16.40 Given A = (3, 4), B = (12, —10), and z = <5c, —2>, calculate the value of 
c for which AB and z are orthogonal. 


Express 48 in component form. 
AB =(12-3,-10—4) 
=(9,—14) 
Because the vectors are orthogonal, you can set their dot product equal 
to 0. 
AB-z=0 
(9,-14)-(5e,-2)=0 
9(5c)+(—14)(—2)=0 
15c+28=0 


Solve for c. 


Vector Projections and Work 
Create specific orthogonal vectors 


16.41 Given the diagram below, plot vectors a and b such that a + b = v. 
Explain why the solution is not unique. 


In other words, explain why there isn’t one correct answer to this 


problem. 


As Problems 15.1—15.3 demonstrate, you add vectors in the coordinate 
plane using the head-to-tail method. The terminal point of the first 
vector acts as the initial point of the second vector. In this problem, 
you are asked to create two vectors, a and b, that have a sum of v. Plot 
any vector in standard position and label this vector a. Then, plot a 
new vector b with an initial point at the terminal point of a and the 
same terminal point as v. 


The following diagram represents one solution to this problem, but any 
vectors a and b that meet the criteria described above are equally valid 
solutions. 


Y 


Note: Problems 16.42—16.45 refer to vectors v and w in the diagram below. 


16.42 Plot the unique vector b on the coordinate plane, such that: (1) b is 
orthogonal to w, (2) the initial point of b lies on w, and (3) b and v 
share the same terminal point. 


Problem 16.41 tells you that there are many ways to create two 
vectors that add up to v. In Problems 16.42—16.44, you create two 


perpendicular vectors whose sum is v, and one of those vectors 
will overlap vector w. 


The figure below illustrates b, the vector that is perpendicular to w, 


has an initial point lying on w, and terminates at the same point as v. 


Note: Problems 16.42—16.45 refer to the diagram in Problem 16.42. 


16.43 Based on your answer to Problem 16.42, identify vector a such that a = 
proj,, V. 


The notation “proj,, v” is read “the projection of vector v onto vector 


w.” Because you are projecting v onto w, the vector a you are seeking 
lies along vector w (but a and w do not have the same magnitude). As 
the diagram below illustrates, vectors a and w share the same initial 
point, but the terminal point of a is the initial point of vector b, which 
you identified in Problem 16.42. 


Note: Problems 16.42—16.45 refer to the diagram in Problem 16.42. 


16.44 Based on your answers to Problems 16.42—16.43, describe the vector 
sum a+b. 


According to the geometric technique of vector addition, a + b = v. 
Although there are infinite pairs of vectors that have a sum of v, which 
you demonstrated in Problem 16.41, these vectors have two unique 
properties: they are orthogonal and one of the vectors lies along the 
vector w that was specified in the problem. 


Note: Problems 16.42—16.45 refer to the diagram in Problem 16.42. 


16.45 Identify the formula that expresses a = proj, v in component form. 


Although it is important to understand the geometric derivation of the 
projection vector a = proj,, v, the graph alone is insufficient to 


calculate the components of a. Instead, you should apply the following 
formula. 


pre WV -|"" |w | 


Look at the fraction in this formula. It’s equal to a dot product 
(which is a number) divided by a magnitude squared (which is also a 
number). Basically, this formula multiplies vector w by some crazy 


number in parentheses. In other words, the projection of v onto w is 
just a scalar multiple of w! It has the same direction as w, but not the 
same length. 


Note: In Problems 16.46—16.47, v = <3, 0> and w = <2, 2>. 
16.46 Let a represent the projection of v onto w. Express a in component 
form. 


Substitute the vectors into the formula presented in Problem 16.45 to 
calculate a = proj,, v. 


a= proj,,v 


3(2)+0(2) E F 


| [ v2" + “J | 


Note that a = proj, v is equal to the vector w multiplied by the scalar 
3/4. 


° Zz. —" v4 } 
4 / 


\ 
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} 
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You conclude that the projection of v onto w, in component form, is a 
= <3/2, 3/2>, 
Note: In Problems 16.46—16.47, v = <3, 0> and w = <2, 2>. 


16.47 Plot v, w, a = proj,, v, and b in the coordinate plane, given a + b =v. 


Construct vector b as directed in Problem 16.42. It should be 
orthogonal to a = <3/2, 3/2>, have an initial point on w, and terminate 
at the same point as v. 


16.48 Given v = <—2, 1> and w = <—6, —2>, identify vectors a and b, such that 
a= proj, vanda+ b=v. 


Apply the vector projection formula to calculate a. 


ice 
a=—i-—7 |W 
lw , 


(-2,1)-(-6,-2)), 
= ——O (—6, —2) 
“Yes-2p 


f 


—2(-6)+1(-2) | 
[Vey +(—2)" | 


12-2 _|/_¢ 9) 
[V36+4] } 


Perform scalar multiplication and reduce the fractions to lowest terms. 


Recall that a + b = v. Substitute v = <—2, 1> and a = <—3/2, —1/2> into 
the equation and solve for b. 
atb=vyv 


/3 1\ F ‘ 
(——,——)+b=(—2,1) 
\ >] 9 / \ f 


= 


/ 3 1\ 
b=(-2,1)-(——,-—) 
1 2” 2} 
p=(-2-(-3).1--5) 
, 2) 2// 
432 1 
b=(——+-—,-+-— 
2 2s 2 
1 3\ 
b=(——,—) 
oe Sey 


16.49 Calculate the work done moving a particle from point A = (0,0) to point 
B = (4,1) on the coordinate plane with a force of 6. Assume that the 
force is applied in the same direction the particle is moving. 


The technique you use does not account for friction, so the answer 
is more theoretical than realistic. That’s why the problem asks you 


to move an atomic particle along a line instead of pushing a 
massive couch along a steep ramp. The smaller the mass of the 
object, the more realistic your answer is. 


The displacement of an object describes the movement of that object 
from its initial to final location. In this problem, the displacement 
vector d has initial point A = (0,0) and final point B = (4,1). In 
component form, d = <4,1>. The magnitude of the displacement vector 
is the distance traveled by the particle along that vector. 


Force is also expressed as a vector: F. The magnitude of the force 
vector is the total force applied; in this problem, ||F|=6. Note that the 
force is applied in the same direction as the displacement. When force 


is applied in the same direction as displacement, the formula for work 
done is W =| Fld]. 


The particle moves along a line with slope 1/4, so the force is 
applied along the same slope. Imagine that the particle is sitting on 


that line and you (in microscopic form) are pushing the particle 
along the line as well, up a teeny little ramp. 


W =|Filld] 


= 6( V17) 


Note: In Problems 16.50-16.52, you calculate the total work done to move a 


particle along displacement vector d = <3,4> by applying force vector F = 
<4,2>. 


16.50 Calculate the component of force along the displacement vector. 


Unlike Problem 16.49, the force on this particle is not applied in the 
same direction the particle is moving. Your objective is to calculate a = 
proj, F, the vector representing the force applied along the 


displacement vector. The magnitude of this vector is the component of 
F along d. 


proj,F 


“ba Mle “ja 


(4, 2)-(3, 4) ; 
= (42)-(8.4) (3,4) 
[ v3" +4 | 
'4(3)+2(4) 1). 
= One (3, 4) 
L| Vo+16 | | 
(12+8),. ., 
=| = |(3,4) 
| 2a 4 
20) 


= —(3,4) 
35 


= = (3, 4) 


0 


/ ] y 


16\ 
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Thus, the vector a = <12/5, 16/5> represents the force applied along 
the displacement vector. Calculate the magnitude of a to determine the 
amount of force applied to the i ve d. 


5) i pay 


The component of force along the displacement vector is 4. 


Note: In Problems 16.50-16.52, you calculate the total work done to move a 
particle along displacement vector d = <3,4> by applying force vector F = 
<4,2>. 


16.51 Apply the dot product to calculate the total work done. 


The total work done to move an object with force vector F along 
displacement vector d is equal to the dot product of the vectors. 


Even if F and d don’t share the same direction. 


a 
W=F-d 
= (4,2)-(3, 4) 
= 4(3)+2(4) 
=12+8 


= 20 


Note: In Problems 16.50-16.52, you calculate the total work done to move a 
particle along displacement vector d = <3,4> by applying force vector F = 
<4,2>. 


16.52 Verify your answer to Problem 16.51 by calculating the product 
W =|[proj.F| lal] 


According to Problem 16.51, total work done to move a particle along 
d using force F is equal to the dot product: F - d = 20. Problem 16.49 
presents an equally valid, if slightly more complicated, method to 
calculate work done. It states that the total work done is equal to the 
product of the magnitudes of the displacement vector d and the force 
applied in the same direction. In other words, “Y= lIproj.F| lla 


projq F represents force in the same direction as d. 


projaFl|= 4, Calculate {all 
al] = ¥3? +4? 


= /9+16 


According to Problem !°-”: 


foe 
= V25 


Calculate W =|[prei.F| lll 
W =|proj,F| |d| 
= 4(5) 
= 20 


W = 20 is the same solution generated in Problem 16.51. 


Chapter 17 


PARAMETRIC EQUATIONS AND POLAR COORDINATES 


Different ways to map the coordinate plane 


Throughout this book, you have explored the coordinate plane. Split horizontally by 
the x-axis and vertically by the y-axis, it pairs a simple coordinate (x,y) with any point 
in two-dimensional space. It is powerful in its simplicity, but it is not the only way to 
map points in the coordinate plane. 

In this chapter, you will explore parametrically defined curves, in which a third 
variable called the parameter works in tandem with the familiar variables x and y to 
define points in the plane. You will also plot points using polar coordinates, which 
eschew x and y and define the coordinate plane in an entirely new way. 


Don’t worry—it’s not as though you’|I never see the normal coordinate plane 
again. In fact, a lot of the problems in this chapter focus on translating 
parametric and polar graphs into old-fashioned “rectangular” form, which is a 
fancy way of describing the coordinate plane you’re used to. 


Spend some extra time studying polar form. Even though the notation feels 
uncomfortable at first, polar form allows you to create extremely complex 
graphs with ease. Also, polar form makes a surprise cameo appearance in 
Chapter 18. 


Parametric Equations 
Two equations that describe one curve 


Note: Problems 17.1—17.4 refer to the curve defined by parametric equations 
x=t+3andy=2t- 1. 


17.1 Identify the point on the curve that corresponds with t = —3. 


A parametrically defined graph uses individual equations to represent 
the coordinates of each point. In this problem, the x- and y-coordinates 
of each point are defined in terms of a third variable t called the 
parameter. Substitute t = —3 into both of the parametric equations to 
identify the coordinates of one point on the graph of the parametric 
curve. 


x=t+3 y=2t—-1 
=-3+3 = 2(—3)—1 
=0 =-6-1 


Thus, the parameter t = —3 corresponds with the rectangular 
coordinates (x,y) = (0,—7) on the parametric curve. 


“Rectangular coordinates” are the coordinates you’ve been using for 


the entire book, where x represents horizontal distance from the y- 
axis and y represents vertical distance from the x-axis. 


Note: Problems 17.1—17.4 refer to the curve defined by parametric equations 
x=t+3andy=2t- 1. 


17.2 Identify points on the parametric curve by substituting the following 
values into the parameter: —2, —1, 0, 1, and 2. 


Apply the technique demonstrated in Problem 17.1 to substitute the 
values —2, —1, 0, 1, and 2 into t. In the chart below, each value of t is 
substituted into both parametric equations, producing a coordinate pair 
(x,y) that represents a point on the graph of the parametric curve. 


y=2(-2)—1 


=-4-1 


y=2(-1)-1 


Note: Problems 17.1—17.4 refer to the curve defined by parametric equations 
x=t+3andy=2t- 1. 


17.3. Graph the parametric curve. 


In Problem 17.2, you substitute five values of t into the parametric 
equations to create five points on the parametric curve: (1,—5), (2,—3), 
(3,-1), (4,1), and (5,3). As the graph below illustrates, those points 
trace a linear path. 


Can a parametric “curve” be a straight line? Yes. The term “curve” is 
just a generic way to refer to a parametric graph, no matter how 
curvy it is or isn’t. 


Note that the graph also passes through the point (0,—7) that you 
identified in Problem 17.1. 


Note: Problems 17.1—17.4 refer to the curve defined by parametric equations 
x=t+3andy=2t- 1. 


17.4 Eliminate the parameter to express the parametric curve in rectangular 


form. 


To rewrite a parametric curve in rectangular form, you need to 
eliminate the parameter, leaving behind only the variables x and y. In 
this problem, you should solve one of the parametric equations for t 
and substitute it into the other parametric equation. 


If you subtract 3 from both sides of the parametric equation x = t + 3, 
the result is x — 3 = t. Replace t in the other parametric equation with 
the equivalent value x — 3. 

y=2t—1 

y=2(x—-3)—1 

y=2x—-6—1 


y=2x—7 


The parametric equations x = t + 3 and y = 2t— 1 describe the linear 
equation y = 2x — 7. 


Note: Problems 17.5—17.7 refer to the curve defined by parametric equations 
x=2-3andy=4-t. 


17.5 Identify points on the parametric curve by substituting the following 
values into the parameter: —2, —1, 0, 1, and 2. 


This problem asks you to generate a table of values, substituting t = — 
2, —1, 0, 1, and 2 into the parametric equations to produce points on the 
graph. 


The curve passes through points (1,6), (—2,5), (—3,4), (-2,3), and (1,2). 


Note: Problems 17.5—17.7 refer to the curve defined by parametric equations 
x=2-3andy=4-t. 


17.6 Graph the curve. 


According to Problem 17.5, the curve passes through points (1,6), (— 
2,5), (—3,4), (—2,3), and (1,2). 


Note: Problems 17.5—17.7 refer to the curve defined by parametric equations 
x=2-3andy=4-t. 


17.7 Rewrite the parametrically defined curve in rectangular form. 


Solve the parametric equation y = 4 — t for the parameter. 
y=4-t 
ytt=4 
t=4-y 
Substitute t = 4 — y into the parametric equation x = t2 — 3 and solve for 
x to create a function in terms of y. 


You could also solve the equation for y to create functions in terms 


of x, but that’s more complicated. You have to use a technique called 
completing the square. See Problem 17.10 for more information. 


x=t-3 

x=(4- y) =—3 
x=16-8y+ 7° -3 
x=y' —8y4+13 


Note: Problems 17.8—17.10 refer to the curve defined by parametric 
equations x = t?2 + 2tandy=-t 


17.8 Identify points on the parametric curve by substituting the following 
values into the parameter: —2, —1, 0, 1, and 2. 


Generate a table of values by substituting t = —2, —1, 0, 1, and 2 into 
the parametric equations to identify coordinates of points on the curve. 


If a problem doesn’t give you values of t, these numbers (—2, —1, 0, 


1, and 2) are good values to start with. You can always use more 
values of t if the shape of the graph isn’t obvious. 


=4—4 
=) 
x =(-1) +2(-1) 


=1]=2 


=-1 


Note: Problems 17.8—17.10 refer to the curve defined by parametric 
equations x = t?2 + 2tandy=t-t 


17.9 Plot the curve. 


According to Problem 17.8, the curve passes through points (0,6), (— 
1,2), (0,0), (3,0), and (8,2). Although the parametric equations that 
define the curve are simple quadratics, the resulting parabolic curve 
has an axis of symmetry that is neither horizontal nor vertical. This 
produces a graph that appears to be rotated in the coordinate plane. 


In other words, the parabola doesn’t open straight up, down, left, or 


right. Instead, it opens in the upper-right direction. 


As this example illustrates, parametric equations can produce very 
complex curves—curves that are far more difficult to describe in 
rectangular form, as you discover in Problem 17.10. 


Note: Problems 17.8—-17.10 refer to the curve defined by parametric 
equations x = t?2 + 2tandy=t-t 


17.10 Rewrite the parametrically defined curve in rectangular form. 


In order to eliminate the parameter t, you need to solve one of the 
parametric equations for either x or y. This requires you to complete 
the square. Begin by adding 1 to both sides of the equation x = t2 + 2t. 


It isn’t hard to complete the square, but it’s not something you do 


very often. If you need to review the technique, see Problems 14.12— 
14.19 in The Humongous Book of Algebra Problems. 


x+1=t2+2t+1 
Rewrite the right side of the equation as a perfect square. 
x+1=(t+ 1) 


Solve for t. 


tix+]1= V(t +1) 
+Jx+1=t+1 
—ltJx+1=1 
The parameter t is equivalent to two different expressions in terms of 
x: ~1+Vx+1 and -1+vx+1Substitute each into the parametric equation 


y=t?-t. 
y=t—t y=—t 
y=(-1+ x41) —(-14+ Ve +1) y=(-1-Vx+1) —(-1-Vx+1) 
y=1—2Vx4+14+(x4+1)4+1-Vx41 y=14+2Vx414(x 41) 414+ Vx41 
y=x—3vx4+14+3 y=xt3Vx4+143 


The rectangular form of the parametric curve is )=**3v*+1+5. 


Note: Problems 17.11—17.12 refer to the curve defined by parametric 
equations x = cos 0 and y = sin 8. 


17.11 Graph the parametric curve. 


The parametric equations in this problem contain parameter 8 instead 
of t. Furthermore, the parameter is substituted into a pair of 
trigonometric equations. Therefore, you should substitute angles from 
the unit circle into the parameter (such as 8 = 1/4 and 0 = m/2) rather 
than integers (such as t = —2, —1, 0, 1, and 2). In the following table of 
values, unit circle angles in (and bounding) the first quadrant are 
substituted into x = cos 8 and y = sin 8. 


Each angle 8 produces the corresponding coordinate (cos 8,sin 8) on 
the unit circle. For example, parameter 0 = 1/4 produces point 


(V2/2, v2 /2)-Thus, the graph of the parametric curve is the unit circle. 


Note: Problems 17.11—17.12 refer to the curve defined by parametric 
equations x = cos 0 and y = sin 8. 


17.12 Rewrite the parametrically defined curve in rectangular form. 


According to a Pythagorean identity, cos2 6 + sin? 6 = 1. The 
parametric equations state that x = cos 8 and y = sin 9, so replace cos 8 
and sin @ in the Pythagorean identity with x and y, respectively. 
cos’ 0+sin’ 0=1 
(cos@) +(sindy’ =1 
(x)? +(y) =1 
x + y =1 


The parametric curve has rectangular form x2 + y2 = 1. 


Note: Problems 17.13—17.14 refer to the curve defined by parametric 
equations x = 2cos@ and y = 5sin@. 


17.13 Based on the graph you generated in Problem 17.11, sketch the curve 
without using a table of values. 


Each of the points on this parametric curve, when compared to the 
points on the unit circle, is 2 times as far from the origin horizontally 
and 5 times as far from the origin vertically. Whereas the unit circle 
had a leftmost point of (—1,0) and a rightmost point of (1,0), this 
parametric curve will stretch twice as far, from point (—2,0) to point 
(2,0). Similarly, whereas the unit circle has a maximum height of 1 and 
a minimum height of —1, this parametric curve will have a maximum 
height of 5 and a minimum height of —5. 


Because x = 2 cos 0 is twice as large as x = cos 8, andy = 5sin@is5 


times as large as y = sin 9. 


Note: Problems 17.13—17.14 refer to the curve defined by parametric 
equations x = 2cos@ and y = 5sin@. 


17.14 Rewrite the parametrically defined curve in rectangular form. 


Solve x = 2cos@ for cos 8 and solve y = 5sin @ for sin 0. 


x =2cosé =5sin@ 


d 
x y 
—=cos@ +=sin 
2 5 


Substitute x/2 for cos 6 and y/5 for sin 8 in the Pythagorean identity 


cos2 8 + sin2 8 = 1. 
cos’ 6+sin*@=1 
(cos0) +(sind) =1 
(x (y\ 
oon + a = 
ts) *(§) = 


x y 
+—=1 
4° 2 


If you wish to eliminate the fractions from the equation x2/4 + y2/25 = 


1, multiply each term by the least common denominator: 100. 


100| "> }+ 100} 55 |= 100(1) 


1002) , 100, 


= 100 
4 a 


25x 2 4 4y? = 100 


Polar Coordinates 
Plot points using distances and angles 


P14 
| 52) 
Note: In Problems 17.15—17.17, point A has polar coordinates (1,0) = | 6 
17.15 Explain how to interpret the polar coordinate 3 of point A. 


The first coordinate of a point in polar form is called the radial 
coordinate or radius, usually written r in the coordinate pair (r,8). This 
value represents the distance between the point and a fixed location 
called the pole. The pole is typically defined as the origin of the 
coordinate system, so point A is a distance of 3 units from the origin. 
This is not sufficient information to plot point A, because there are 
infinitely many points on the plane that are r = 3 units away from the 
origin. 


4) 


Note: In Problems 17.15—17.17, point A has polar coordinates (1,0) = [3 6 
17.16 Explain how to interpret the polar coordinate 7/6 of point A. 


The second coordinate of a point in polar form is called the angular 
coordinate or polar angle, 0 in the coordinate pair (r,8). This value 
identifies an angle in the coordinate plane, measured from a ray called 
the polar axis. Typically, the polar axis is the positive x-axis. 


Recall that positive angles in the coordinate plane are measured in the 
counterclockwise direction and negative angles are measured in the 
clockwise direction. Thus, point A lies along the ray that forms a 7/6 = 
30° angle with the positive x-axis. 


P14 
3, = 
Note: In Problems 17.15—17.17, point A has polar coordinates (1,0) = | 4 
17.17 Plot A in the coordinate plane. 


Consider the following diagram. The point represents the pole, the ray 
represents the polar axis, and the concentric circles centered at the pole 
represent fixed distances from the pole. In other words, any point with 
a radial coordinate of 3 lies on the circle centered at the origin with 
radius 3—the darkened circle in the diagram. 


Concentric circles have the same center, in this case the pole. 


According to Problem 17.16, the angular coordinate identifies the ray 
upon which point A lies. The angular coordinate is 8 = 11/6, so point A 
lies at the intersection of the darkened circle with radius 3 and the ray 
that forms a 71/6, or 30°, angle with the polar axis. 


Note: In Problems 17.18-17.21, you plot four similar points to explore how 


negative signs affect polar coordinates. 
17.18 Plot the following point, expressed in polar coordinates: ©, = (12) 


The positive y-axis forms a 11/2 (or 90°) angle with the polar axis, so 
C, is located on that ray. Furthermore, C, is located 4 units away from 


the pole, as illustrated below. 


Note: In Problems 17.18-17.21, you plot four similar points to explore how 
negative signs affect polar coordinates. 


17.19 Plot the following point, expressed in polar coordinates: C, = (1-2) 


Negative angular coordinates are measured in the clockwise direction, 
so C, lies on the ray directly below the pole, whereas point C; in 


Problem 17.18 lies on the ray directly above the pole. 


Note: In Problems 17.18-17.21, you plot four similar points to explore how 
negative signs affect polar coordinates. 


17.20 Plot the following point, expressed in polar coordinates: C3 = [-4.2} 


\ 


When the radial coordinate of a point is negative, the point does not lie 
on the ray described by the angular coordinate. Instead, it lies on the 
opposite ray. In this problem, C3 does not lie along the ray measuring 8 


= 71/2; it lies along the opposite ray, the dotted ray in the figure below. 


The second coordinate identifies a specific ray. If the first coordinate 


is positive, then the point lies on that ray. If the first coordinate is 
negative, the point lies on the opposite ray. 


Note: In Problems 17.18-17.21, you plot four similar points to explore how 
negative signs affect polar coordinates. 


17.21 Plot the following point, expressed in polar coordinates: C, = [- -*). 


Like Problem 17.19, this point has an angular coordinate of —1/2. 
However, the radial coordinate is also negative, so C, lies on the 


opposite ray, the dotted ray in the diagram below. 


17.22 Plot the following point, expressed in polar coordinates: p = (2.=} 


Plot the ray in the counterclockwise direction that forms a 3n/4 angle 
with the polar axis. Because the radial coordinate is positive, P is 
located 2 units away from the pole along that ray. 


Note: In Problems 17.23-17.24, point Q has polar coordinates (—5,210°). 


The angular coordinate could be measured in degrees or radians. 


17.23 Plot point Q. 


In the diagram below, the solid ray is 210° from the polar axis in the 
counterclockwise direction. Because the radial coordinate is negative, 
Q lies on the opposite ray, 5 units from the pole. 


Note: In Problems 17.23-17.24, point Q has polar coordinates (—5,210°). 


17.24 Construct polar coordinates (r,8) for point Q such that the radial 
coordinate is positive and the angular coordinate is both positive and 
acute. 


There is only one way to write a point using rectangular 


coordinates, but there are infinitely many ways to identify the 
same point using polar coordinates. 


The reference angle for a 210° angle is a 30° angle, as illustrated 
below. Point Q lies 5 units away from the pole on the dotted ray in the 
diagram, which is 30° from the polar axis. Therefore, Q = (5,30°). 


17.25 Given point P = (1,0) expressed in rectangular coordinates, identify two 
points in polar form that coincide with P. 


Point P lies on the polar axis, exactly r = 1 unit away from the pole. 
The angular coordinates 8 = 0 and 8 = 2m (or 8 = 0° and 8 = 360°) both 
describe the polar axis, so the points (1,0) and (1,27)—or (1,0°), and 
(1,360°)—both represent P in polar form. All of these points coincide; 
they describe the same point in the coordinate plane. 


These are not the only solutions to this problem. If the radial 
coordinate is r = 1, any angle coterminal to 27 is also a valid angular 
coordinate, so (1,47), (1,67), and (1,—27) are also polar representations 
of P. 


Note: In Problems 17.26—17.29, you identify four different points in polar 
form that coincide with point A, illustrated below. 


17.26 Identify coordinates of point A = (r,8), such that r > 0 and 8 < 0. 


This problem asks you to identify a positive radial coordinate and a 
negative angular coordinate for A. Note that A is 3 units from the pole, 
so r = 3. Furthermore, A lies on the ray that is 45° from the polar axis 
in the clockwise direction. Recall that angles measured in the 
clockwise direction have negative measures, so 8 = —1/4. Thus, A has 
polar coordinates (3,—1/4). 


The diagram does not tell you that the angle measurement should be 
negative—it only tells you that the angle between the polar axis and 


the ray containing A measures 71/4. It’s up to you to know that 
clockwise = negative angle. 


Note: In Problems 17.26—17.29, you identify four different points in polar 
form that coincide with point A, illustrated in Problem 17.26. 


17.27 Identify coordinates of point A = (r,8), such that r > 0 and 0 < @ < 2n. 


According to Problem 17.26, A could have angular coordinate 8 = —1/4 
when r = 3. Add 21 to —n/4 to identify a positive angle coterminal to — 
T/4. 

 —— xn 8x ‘Tx 

—— +22 =—-— + — = — 

4 4 4 4 
Thus, point A has polar coordinates (3,77/4), as illustrated in the 
following diagram. 


Note: In Problems 17.26—17.29, you identify four different points in polar 
form that coincide with point A, illustrated in Problem 17.26. 


17.28 Identify coordinates of point A = (r,8), such that r > 0 and 2m < 0 < 4m. 


According to Problem 17.27, A = (3,71/4). To identify an angular 
coordinate for A that is between 2m and 4n, add 27 to the angular 
coordinate to calculate a positive angle coterminal to 77/4. 


The polar coordinate pair (3,15m/4) coincides with point A. 


Note: In Problems 17.26—17.29, you identify four different points in polar 
form that coincide with point A, illustrated in Problem 17.26. 


17.29 Identify coordinates of point A = (r,8), such that r < 0 and 0 < @ < 2n. 


A ray and its opposite ray form a straight line, which measures 180°, 


or 1 radians. Therefore, you can subtract 1/4 from mt to get 37/4. 


Extend the ray containing point A, and note that it forms a 3n/4 angle 
with the polar axis. Recall that a negative radial coordinate indicates 
that you should travel along the opposite ray. Thus, the point (—3,37/4) 
is located on the ray opposite 8 = 37/4, on the solid ray in the 
following diagram. 


* 


Converting Between Polar and Rectangular Form 
Given points or equations 


17.30 In the diagram below, point P has rectangular coordinates (x,y) and 
polar coordinates (r,6). Apply trigonometric ratios to express x and y in 
terms of r and 0. 


Note that the diagram contains a right triangle, so you can apply 


trigonometric ratios to describe the relationship between r, 8, x, and y. 
length of leg adjacent to 0 length of leg opposite @ 


cos 8 = so sing = 
length of hypotenuse length of hypotenuse 


x y 
cos@=— sing == 
r r 


Cross-multiply to solve the equations for x and y, respectively. 


cos@ x sin@ 


y 
l r ] r 
x=rcos0 y=rsin@ 


You conclude that a point with polar coordinates (r,0) has rectangular 
coordinates (x,y) = (r cos 9, rsin 8). 
Note: In Problems 17.31—17.32, point B has polar coordinates (r,9) = (6,7). 


17.31 Calculate the x-coordinate of B in rectangular form. 


According to Problem 17.30, x = rcos 8. Substitute r = 6 and 8 = mt into 
this formula to calculate r. 
x=rcosé 
=bcosz 
= 6(—1) 


= =f) 


Note: In Problems 17.31—17.32, point B has polar coordinates (r,9) = (6,7). 


17.32 Calculate the y-coordinate of B in rectangular form and rewrite B in 
rectangular form. 


Apply the formula y = r sin 8, generated in Problem 17.30. 


y=rsind 
= 6sinz 
= 6(0) 
=0 
According to Problem 17.31, the x-coordinate of B is —-6. You conclude 
that the rectangular form of B is (x,y) = (6,0). 


You can double-check your answer by plotting both the rectangular 


and polar coordinates to make sure the points overlap. 


It 
2,— 
17.33 Convert the point from polar to rectangular form: | 6 | 


Substitute r = 2 and 6 = 5n/6 into the formulas x = rcos 8 and y = rsin 8 
to calculate the rectangular coordinates of the point. 
x=rcos@ y=rsin@ 


. 57 _ OT 
= 2cos— = 2sin—— 


You conclude that the point with polar coordinates (2,57/6) coincides 
with the point (-V3, in rectangular form. 


17.34 Convert the point from polar to rectangular form: (-1, -=| 


Add 2n to —1/3 to calculate a positive angle coterminal to —1/3 that lies 
on the standard unit circle. 


Substitute r = —1 and 8 = 5m/3 into the formulas x = r cos 8 and y=r 
sin 8 to convert the polar coordinates into rectangular coordinates. 


x=rcos0 y=rsin@ 


==1(cos=| =~1(sin=} 


/ 1 \ / [3 \ 
=H) walle 
=-> : v3 

2 
You conclude that the point with polar coordinates (—1,—1/3) has 


—1/2, V3/2) 


rectangular coordinates ( 


17.35 Rewrite the polar equation r = 2cos@ in rectangular form. 


Whereas a polar equation is written in terms of r and 9, a rectangular 
equation is written in terms of x and y. According to Problem 17.30, 
the following statements are true. 


*=cos0 x=rcosé J = sing y=rsin@é 

r r 
Thus, you can replace the expression cos @ in this problem with the 
equivalent fraction x/r. 


Cross-multiply to eliminate the fraction. 

r2 = 2x 
Consider the diagram in Problem 17.30. It contains a right triangle 
with legs of length x and y and a hypotenuse of length r. Apply the 


Pythagorean theorem: x2 + y2 = r2, This allows you to rewrite r2 in the 
equation r2 = 2x in terms of x and y. 


x2 + y2 = 2x 


You conclude that the rectangular equation x2 + y2 = 2x is equivalent to 
the polar equation r = 2cos 8. 


Some instructors want you to end up with an equation that equals 0, 


which means you’d have to subtract 2x from both sides: x2 + y2 — 
2x = 0. 


lym 


RK 


17.36 Rewrite the polar equation r2 = 3sec@ csc@ in rectangular form. 


Apply the reciprocal identities to express sec 8 and csc @ in terms of 
cosine and sine. 


r° =3secOcsc0 


2 de (4) 
= 3| cos@ Nae 0 
3 


r= "cos0sind 
Cross-multiply to eliminate the fraction. 
r2 (cos Osin 8) = 3 
According to Problem 17.35, cos 8 = x/r and sin 0 = y/r. 


o{x y) ? 
y" \*.2)= 3 
se a 


You conclude that xy = 3 is the rectangular form of the polar equation 
r2 = 3sec8 csc. 


17.37 In the diagram below, point P has rectangular coordinates (x,y) and 
polar coordinates (r,6). Based on the diagram, express r2 and tan 8 in 
terms of x and y. 


According to the Pythagorean theorem, x2 + y2 = r2. The tangent ratio 


establishes the relationship between 9, x, and y. 
length of leg opposite @ 


in? = — 
length of leg adjacent to @ 


: y 
tan@é == 


Note: In Problems 17.38—17.39, point A has rectangular coordinates (x,y) = 
(3,0). 


17.38 Calculate the two possible radial coordinates of A in polar form. 


A point in polar form has coordinates (r,8). You are asked to calculate 
r, the radial coordinate. Substitute x = 3 and y = 0 into the formula x2 + 
y2 = r2, presented in Problem 17.37. 
x + y =r 
3° +0? =r’ 
9+0=r° 
9=r* 
19 =r 
+3=r 


Both r = 3 andr = —3 are possible radial coordinates of A. 


Note: In Problems 17.38—17.39, point A has rectangular coordinates (x,y) = 
(3,0). 


17.39 Calculate the angular coordinates of A that correspond with the radial 
coordinates you calculated in Problem 17.38. 


Substitute x = 3 and y = 0 into the formula tan 8 = y/x, presented in 


Problem 17.37. 


0 
tan@ =— 
3 
tan? =0 


Many angles have a tangent of 0. One such angle is 8 = 0 and another 
is 8 = 1m. The points (3,0) and (—3,m) are polar representations of the 
rectangular coordinate pair (3,0). 


The point (3,0) in rectangular form lies on the x-axis, three units 
right of the origin. In polar form, it lies r = 3 units from the pole on 


the ray 8 = 0 If you select the ray 0 = m instead, you have to travel in 
the negative direction, along its opposite ray, to reach the same 
point. In that case, r = —3. 


17.40 Convert the point from rectangular to polar form: (1,—1). 


Apply the formula x2 + y2 = r2 to calculate the radial coordinate of the 
point. 


1? +(-1) =r’ 
1+1=r’ 


Select one value of r to represent the radial coordinate. You now must 
calculate a corresponding angular coordinate 8 using the formula tan 0 
= y/x. Note that the point (1,—1) lies in the fourth quadrant of the 
coordinate plane, so you must select a value of 0 that lies in the fourth 
quadrant. 


If you selected * = ~¥2,you’d need to pick a value of 7 that lies in the 
second quadrant, which is opposite the fourth quadrant. That’s 


because a negative radial coordinate indicates movement in the 
opposite direction, along the opposite ray. 


tan@ = 2 
tan@ = = 
1 
tan? =—1 
Both 8 = —1/4 and 8 = 71/4 are angular coordinates that identify the 
correct ray in the fourth quadrant. Thus, (V2)- 7/4) and (v2. 77/4)are 
both valid polar representations of the point (x,y) = (1,—1). 


17.41 Convert the point from rectangular to polar form: (—2,—5). 


Apply the formula tan 8 = y/x to calculate the angular coordinate. 


_ sy 
tan@ == 
x 


=) 
tan@ = — 


: 5 
6 =arctan— 
9 


= 


Apply the formula x2 + y2 = r2 to calculate possible radial coordinates. 


The arctangent function only reports values on the restricted range — 
1/2 <8 <mn/2. Because 5/2 is positive, arctan 5/2 is positive as well. 


However, the point (—2,—5) lies in the third quadrant, which is opposite 
the quadrant containing 8 = arctan (5/2). 


Thus, you must select the negative value of r to ensure that you are 
traveling along the ray opposite 0 = arctan (5/2). You conclude that the 


polar form of point (—2,—5) is (—V29, arctan(5 / 2), 


Or you could add mt to 8 to get a coterminal angle that lies in the third 
\\ 


ji 
fy 


{ IS 
| 4/249, avctow |= + 7 
\ \2 


quadrant. If you do that, the final answer is 


17.42 Rewrite the rectangular equation y = 2x + 1 in polar form. 


A rectangular equation is written in terms of x and y, whereas a polar 
equation is written in terms of r and 0. Recall that x = rcos 8 and y = 
rsin 8. Substitute these values into the rectangular equation. 
y=2x+1 
rsin@ = 2(rcos@)+1 
rsin@ = 2rcosé+1 
Move the terms containing r to the left side of the equation and factor 
the shared r out of both expressions. 
rsin@—2rcosé =1 
r(sin6—2cos@)=1 
Solve for r. 
1 


r GR: 
sin? —2cos@ 


Polar Graphs 
They can be hard to BEAR (get it?) 


17.43 Plot the graph of the polar equation r = 3. 


The equation r = 3 describes the set of points that are r = 3 units away 
from the pole. All points in the plane that are a fixed distance r from a 
point (in this case the pole), form a circle of radius r around that point 
(called the center). In other words, r = 3 is the polar equation for a 
circle with radius 3 that is centered at the pole. 


17.44 Based on your answer to Problem 17.43, construct the polar equation of 
a circle with radius 5 that is centered at the pole. 


All points on the circle are a distance of r = 5 from the pole, so the 
polar equation is r = 5. 


17.45 Plot the graph of polar equation is 


All of the points on the graph of 0 = 7/6 lie either on the ray that is 11/6 
radians from the polar axis in the counterclockwise direction or on the 
opposite ray. Thus, the graph is a line consisting of that ray and its 
opposite ray. 


If r > 0, then the points have angular coordinate 6 = 7/¢.!? ¥< Of r <0, 
then the points have angular coordinate 6 = 77/¢. 


17.46 Based on your answer to Problem 17.45, express the y-axis of the 
rectangular coordinate system in polar form. 


The y-axis of the rectangular coordinate system forms an angle 
measuring 8 = m/2 with the positive x-axis (or polar axis). Thus, one 
polar equation representing the y-axis is 8 = m/2. Other correct 
solutions include (but are not limited to): 8 = 51/2, 8 = —n/2, and 8 = — 
om/2. 


17.47 Rewrite the polar equation r = 4csc 8 in rectangular form and graph it. 


Rewrite the cosecant function in terms of sine. 
/ | \ 
r=4 
| sin@ } 
4 


sin@ 


f= 


Cross-multiply to eliminate the fraction. 
rsin@=4 
As Problem 17.30 explains, y = rsin 0. 
y=4 
Thus, r = 4csc 6 is equivalent to the rectangular equation y = 4, the 
horizontal line 4 units above the x-axis. 


r=4csc0 


17.48 Graph the polar equation r = 1 + 2sin 8 by constructing a table of values 
that includes the following values of 0. 


Plug 13 different values into 8 to figure out the corresponding 


value of r. This gives you 11 points on the graph (in polar form). 


aaa 3a Sa 7x 5a 3x Tx 11x 
0—,-—,-—,—  — 2% SoS AP ee Na ek Leer eS “@ and 20 


7a 
r =1+2sin— 
6 


r=1+2sin0 
=1+0 ; =1+2|-5} 


z 


3x 
r=1+2sin— 


=1+2(—1) 
==] 
7” 
cd r =1+2sin— 
r =1+2sin> 4 
2 Li 5 
=1+2(1) 3,- -1+3|-F| 
=—0.41 


mae 5 llx 
r=1+2sin— r=1+2sin— 
a 6 


ae 


=0 


r=142sin(27) 
=1+2(0) 
=1 


Plot each of the points generated by the table of values to create the 


following graph, called a limac¢on. 


17.49 Plot the graph of the polar equation: r = 2 sin30. 


Apply the technique demonstrated in Problem 17.48, creating the table 
of values that contains the following points: (0, 0), (71/6, 2), (1/3, 0), 
(1/2, —2), (2171/3, 0), (51/6, 2), and (m, 0). This polar graph is called a 
three-petal rose curve. 


17.50 Plot the graph of the polar equation: r2 = 4 cos 20. 


Substitute unit circle values into 6 to generate the points on the graph. 
For example, substituting 6 = m into the equation produces the 
following values of r. 

r*> =4cos20 

r? =4 cos (27) 

r* =4(1) 
r=tV4 

+2 

Thus, (2,7) and (—2,7) are points on the polar graph, which is called a 
lemniscate. 


Chapter 18 


TRIGONOMETRY OF COMPLEX NUMBERS 


66599 
1 


You can’t spell “trig” without 


In the final chapter of this book, you briefly explore complex numbers. Unlike the real 
numbers in the preceding chapters, complex numbers are two-dimensional. Every 
complex number is comprised of two distinct parts: a real number and an imaginary 


number that is multiplied by ' = v-1. 

The first problems of this chapter introduce complex numbers, including how to graph 
them and how to combine them with other complex numbers via addition, subtraction, 
multiplication, and division. You then use a familiar technique to express complex 
numbers in a unique, trigonometric form, which allows you to perform arithmetic 
operations on complex numbers with ease. 


This chapter is all about complex numbers. After a quick intro to remind you 
how complex numbers work, you’! quickly transition into a new way to write 
complex numbers. Basically, you use the same strategies you applied to polar 
coordinates, measuring how far they are from the origin and what angles are 
formed with the x-axis. Finally, you use a handful of formulas to multiply and 
divide complex numbers, raise them to powers, and calculate square and cube 
roots. 


Rectangular Form of Complex Numbers 
Add, subtract, multiply, divide, and graph 


Note: Problems 18.1—18.3 refer to the complex number z = 5 + 33. 
18.1 Identify the real and imaginary parts of z. 


A complex number is the sum of two distinct parts, a real number part 
and an imaginary number part. In this problem, the complex number z 
= 5 + 37 equals the sum of its real number part 5 and the imaginary part 
3 that is multiplied by i. Note that ‘= V=1; it is considered imaginary 
because you cannot calculate the square root of a negative number. 


The imaginary part is the real number that is multiplied by i. In other 


words, 3 is the imaginary part of 5 + 3i, not 3i. 


Note: Problems 18.1—18.3 refer to the complex number z = 5 + 3i. 
18.2 Identify the conjugate of z. 


To derive the conjugate of a complex number, change the sign of its 
imaginary part: 5 — 37 is the conjugate of 5 + 3i. 


Note: Problems 18.1—18.3 refer to the complex number z = 5 + 33. 


18.3 Plot z on the complex plane. 


The complex plane is similar to the coordinate plane, but the 
horizontal and vertical axes do not represent x and y. Instead, the 
horizontal axis represents the real part of the complex number, and the 
vertical axis represents the imaginary part. The real part of z = 5 + 3i is 
5, so Z is located 5 units right of the origin. The imaginary part of z is 
3, so z is located 3 units above the origin, as illustrated below. 


5+3i 
3+ e 
‘il 
‘ 
en ee a a oe on or oe or 
~ =| =—3 =-2 =! 1 5 4 5 6 
-1+ 
=2+ 
-s+ 


Therefore, z = 5 + 3i has rectangular coordinates (5, 3). More 
generally, any complex number a + bi has rectangular coordinates (a, 
b). 


To plot a complex point, treat the real part as the x-coordinate and 


the number multiplied by i as the y-coordinate. 


18.4 Given the complex number z, = —1 + 5i, identify its conjugate z, and 
plot z, in the complex plane. 


To calculate the conjugate of z,; = —1 + 5i, change the sign of 5i, the 
imaginary part: z) = —1 — 5i. Therefore, z, is located 1 unit left of, and 
5 units below, the origin. The rectangular coordinates of z, are (—1, — 
5). 


18.5 Simplify the expression: i®. 


Recall that i=/—1. Therefore, i =(V-1) =-1, Rewrite i6 as a series of i2 
factors multiplied together. 
gr mgt <g7 5" 
=(—1)(-1)(-1) 
=(1)(-1) 


You conclude that i 6 = —1. 


Note: 
i. 


18.6 


Problems 18.6—18.9 refer to complex numbers c, = 2 — 3i and cy = 5 + 


Calculate c; + C>. 


To add complex numbers, combine their real and imaginary parts 
independently. 
c +c, =(2—3i) + (5 +i) 
=(24+5)+(—3:+7) 


=7—2i 


Problems 18.6—18.9 refer to complex numbers c, = 2 — 3iand cy = 5 + 


Calculate c, — Cp». 


In order to subtract c from c,, subtract the real and imaginary parts of 
Cy from the corresponding parts of c,. 
6, —¢, =(2—31)—(5 +i) 
=2-3i-5-i 
=(2—5)+(-—3i-7) 
=—-3—4: 


Problems 18.6—18.9 refer to complex numbers c, = 2 — 3iand cy = 5 + 


Calculate c; C>. 


Apply the FOIL method to multiply complex numbers, the same 
technique you use to multiply two binomials: (a + b)(c + d) = ac + ad 
+ be + bd. 
€, Cy =(2—37)(5 +7) 
=10+2i-15i—3i° 
=10—13i—3:° 
Recall that i2 = —1. 
=10-—13i—3(—1) 
=10-13i1+3 
=13—-13: 


Note: Problems 18.6—18.9 refer to complex numbers c, = 2 — 3iand cy) =5 + 
i. 


18.9 Calculate c, + cp. 


Begin by writing the quotient as a fraction. 


5+i 


Multiply the numerator and denominator of the fraction by 5 — i, the 
conjugate of the denominator. 


2-31 5-i 


ote 5=—s 
Apply the FOIL method to calculate the product (2 — 3i)(5 — i) in the 
numerator and the product (5 + i)(5 — i) in the denominator. 


_ 10-25-15 + 31” 
9 =—5i4+ 51-77 
10-1714 3i° 

: 95—i" 

_ 10—171+3(—1) 
~  25—(=1) 
_10—3—17% 
954] 
7-17: 


26 


Most instructors require you to express the real and imaginary parts of 
the quotient as individual values, as demonstrated below. 


Divide each term of the numerator 7 — 17i by the denominator 26. 


Note: Problems 18.10-18.12 refer to complex numbers z, = 9 + 4i and z, = 9 
— Ai. 


Z1 and zp are conjugates. 


18.10 Calculate z,; — Z,. 


Subtract the real and imaginary parts of z, from the corresponding 
parts of z;. 
2, —2, =9+4i-(9—4)) 
=9+4i-—9—(—4i) 
=9+4i—9+4i 
= (9-9) +(4i+4i) 
= 8 


Note: Problems 18.10-18.12 refer to complex numbers z, = 9 + 4i and z, = 9 
— Ai. 
18.11 Calculate z, Z>. 


Apply the FOIL method to calculate the product of two complex 
numbers. 
z 2% =(9+4i)(9—4:) 

= 81—36i + 361 —16i* 

= 81—16i" 

= 81—16(—1) 

=81+16 

=97 
Notice that the product of a complex number and its conjugate is a real 
number—it contains no imaginary part. 


That’s why you multiply by the conjugate when you divide complex 


numbers. You need to get rid of the complex number in the 
denominator. 


Note: Problems 18.10-18.12 refer to complex numbers z, = 9 + 4i and z, = 9 
— Ai. 
18.12 Calculate z, + Zp. 


Express the quotient as a fraction and multiply the numerator and 
denominator by 9 + 4i, the conjugate of the denominator. 


9 — 41 
_94+4i 944i 
 O=4i 944i 
_ 81+ 361 + 361 + 16%" 
> 97 
_ 81+72i+16(—1) 
. 97 
_ 81-16 +72i 
7 97 


65 + 72: 
97 
65 72. 


97 97 


According to Problem 18.11, (9 — 4i) (9 + 4i) = 97. 


Trigonometric Form of Complex Numbers 
The reason you learned polar coordinates 


Note: Problems 18.13—18.16 explain how to convert the complex number 
c= /3+i into trigonometric form. 


18.13 Calculate lel, the absolute value of c. 


The absolute value of the complex number c = a + bi is equal to «= v3, 
In this problem, «= V3 and b = 1. 


\c| = Va? +h" 


Note that the absolute value of c is the distance between c and the 
origin of the complex plane. 


Note: Problems 18.13—18.16 explain how to convert the complex number 
c= 3 +i into trigonometric form. 


18.14 Calculate the modulus, r, of c in trigonometric form. 


The modulus r of a complex number in trigonometric form is equal to 


the absolute value of the complex number. According to Problem 
18.13, "=|d=2 


Note: Problems 18.13—18.16 explain how to convert the complex number 
e=\3+i into trigonometric form. 


18.15 Calculate the argument, 0, of c in trigonometric form, and report the 
answer in radians. 


To calculate the argument 0 of the complex number a + bi, evaluate 
arctan (b/a). In this problem, «= v3 and b = 1. 


: b 
@ = arctan— 
a 


= arctan—— 
V3 
Divide the numerator and denominator by 2 to produce familiar values 
from the unit circle. 


1/2 


= arctan ——— 


Vv 3 {2 


Tan = sine/cosine. This angle has a cosine of ¥3/2 and a sine of 1/2. 


Note: Problems 18.13—18.16 explain how to convert the complex number 
ce = 3 +i into trigonometric form. 


18.16 Express c in trigonometric form. 


A complex number c with modulus r and argument @ has the following 
trigonometric form. 


c =r(cos 8 + isin 8) 
According to Problems 18.14—18.15, complex number = V3 +ihas 
modulus r = 2 and argument 8 = 71/6. 


| n 96) 
( = 2|cos—+ isin — 
\ 5 | 


6 t 


18.17 Given a complex number z = a + bi, such that a > 0 and b > 0, plot z in 


the complex plane and compare the polar and trigonometric forms of z. 


If a> 0 and b > 0, then complex number z = a + bi appears in the first 
quadrant, as illustrated below. Let r represent the length of the segment 
connecting point z to the origin, and let 8 represent the angle formed 
by the x-axis and that segment. 


In polar form, z has coordinates (r,8). Note that the radial coordinate r 
is equal to the modulus of z, and the angular coordinate 8 is equal to 
the argument of z. Therefore, in trigonometric form, z = r(cos 8 + isin 
Q). 


Note: Problems 18.18—18.20 refer to the complex number c = -4 + 4i. 
18.18 Calculate the modulus of c in trigonometric form. 
Apply the modulus formula stated in Problem 18.13, noting that the 


modulus of a complex number is equal to its absolute value. In this 
problem, a = —4 and b = 4. 


r=Va° +h’ 
= V(— 1)’ + 4 


= J16+16 


| 


RS 


ve 
4 J . 


II 
] N 


ll 


hs 


Note: Problems 18.18—18.20 refer to the complex number c = —4 + 4i. 


18.19 Calculate the argument of c in trigonometric form. 


Substitute a = —4 and b = 4 into the argument formula stated in 
Problem 18.15. 


. b 
@=arctan— 
a 


/ 4 \ 
arc tan| oa | 
=T 


arctan(—1) 

Technically, arctan (—1) = —1/4 because of arctangent’s restricted 
range. However, the angle —1/4 lies in the fourth quadrant, and c = —4 
+ Ai lies in the second quadrant of the complex plane. Add m (the 
period of tangent) to —m/4 to calculate a coterminal angle that lies in 
the second quadrant. 


You conclude that the argument of c is 0 = 3n/4. 


Note: Problems 18.18—18.20 refer to the complex number c = -4 + 4i. 


18.20 Express c in trigonometric form. 


Substitute r =4V2 and @= 32/4 into the formula stated in Problem 
18.16. 
c=r(cos@+isin@) 


~{ 32 _ 3a) 
= 4,/2| cos—— + isin] 


18.21 Express the following complex number in rectangular form and identify 
its real and imaginary parts. 


at 65 oe 
¢ =D] cos—+tsin 
3 3 


\ re ne 


Distribute 5 to the terms in parentheses and evaluate the trigonometric 
expressions. 


. 5x ls CO 
¢ = 9cos— + 51 ant a 


3 
~{ 1 ; p: V3 
= 5) — 17.53) —-— 
9 
} 4 
5 Re fg 
5 V3 
2 2 
5 53 
2 2 
5 5/3 


The complex number c has real part 2 and imaginary part 2 


18.22 Express the following complex number in rectangular form and identify 
its real and imaginary parts. 


It Sete, | 
z=3|cos—+isin— 
Z 


Distribute 3 to each of the terms in parentheses and simplify the 
expression. 
z= 3¢ os + Sisin— 
9 9 


= 3(0)+3i(1) 
=0+ 3: 
= 33 


The complex number z has real part 0 and imaginary part 3. 


Multiplying and Dividing Trigonometric Form 
By plugging into one of two formulas 


7: Pee, 2. oo Gale 
snd Valabaaall™| and z, =2 one 8 ARCS: : 


=4 
Note: In Problems 18.23-18.25, ° | 3 3 


18.23 Calculate z, z> using the trigonometric form of the complex numbers. 
Given complex numbers * = " (cos 4, + #sin @,) and *% = (cos @ + #sin 4), you 
can apply the formula below to compute the product z, Z>. 

2, %y =H °% [ cos(@, +6,)+isin(0, +0,)| 


In this problem, r, = 4, 0; = 1/3, ry = 2, and 05 = 2n/3. 


PR oo fe Be) 
ZZ =4°2 cos = +=] + isin{ = + | 
eae te, 3 68] 


3x .. 3x 
= 8] cos—+ isin— 
3 3 


= 8[cosa + isinz] 


= 8[-1+i(0)] 


=8[-1] 
=-8 
Sm 4{ cos isin | and x, = 2{ cos ail isin, 
Note: In Problems 18.23-18.25, 3 3 3 3 


18.24 Express z, and z, in rectangular form. 


Distribute the modulus of each complex number through the 
parentheses and simplify the expressions. 


=. a) ee (i) {V3} e.:olk 
z= 4 cos— + isin—|= 4cos— + 4isin—= 4{—|+4i| ~—|=2+ 2V3: 
\ 3 3) 3 3 \2) es, 


BI aM gic ayes Mo Vie llann, Fe 
+ isin— |= 2cos— + 2isin— =2 a —J=—-1+Vv3i 
3 be 3 3 . 2, 2 


- | 


Zz = 2| cos 


3 ; 27 23 
4 cos + isin | and z, = 2| cos = + isin ==. 


Note: In Problems 18.23-18.25, | | 3 3 


18.25 Verify your solution to Problem 18.23 by multiplying the rectangular 
forms of the complex numbers. 


According to Problem 18.23, z, z) = —8. In Problem 18.24, you 


identify the rectangular forms of the complex numbers. Multiply the 
rectangular forms of z, and z, to verify that the product is equal to —8. 


You could write the product as —8 + Oi to make it clear that the 


product is a complex number with an imaginary part equal to zero. 


= =2+2,/3 i —2V31+2(3)7 
=—2+6(—1) 

=-2-6 

=-8 


The product of z, and z, is -8, whether you express the complex 
numbers in rectangular or trigonometric form. 


18.26 Calculate the product: [3(cos 40° + isin 40°)] [7(cos 225° + isin 225°)]. 


Substitute r; = 3, 8, = 40°, r, = 7, and 85 = 225° into the product 
formula, presented in Problem 18.23. 
4% =n %| cos(0, +0,)+isin(0, +0, )| 
= 3-7[cos(40° + 225°) + isin(40° + 225°)] 


= 21(cos 265° + isin 265°) 


Multiply the moduli (3 - 7) and add the arguments (40° + 225°) 


. 
. 
(he 
. 


; ’ J 73 73 
18.27 Given z, = 10{ cos + isin =| and z, z, = sfcos- = + isin | calculate Z5. 
8 8 24 24 
Let r(cos 8 + isin 8) represent z, in trigonometric form. Therefore, its 
modulus is r and its argument is 0. To calculate r, note that the 
modulus of z, Z is equal to the product of the moduli of z, and z,. 


(modulus of z, )(modulus of z, = modulus of (z, z, ) 


10(r)=5 


The argument of the product zz, is 171/24. Note that this argument is 
equal to the sum of 1/8 and 0, the respective arguments of z, and Z). 
Solve the following equation for 6 to identify the argument of z>. 


argument of z, + argument of z, = argument of (z, z, ) 


bi 4 17x 
—+4= 
8 24 


24 
7 
12 


Now that you have calculated r and 8, you can express Z> in 
trigonometric form. 
z, =r(cos#+isin@) 


7x .. Tn 
=—| cos +isin 
2\ 12 12 | 


c, = 6(coss +isinz) and c, = 2{ cos isin I, 
Note: In Problems 18.28-18.30, 4 4 


18.28 Calculate c; + c, using the trigonometric form of the complex numbers. 


To calculate the quotient of complex numbers c, = r,(cos 8, + isin 8,) 
and C5 = r5(cos 85 + isin 85), apply the following formula. 


4 = “[cos(@, —6,)+ isin(@, -6, )| 


Cs t, 


When you multiply complex numbers, you multiply the moduli and 


add the arguments. When you divide complex numbers, you divide 
the moduli and subtract the arguments. 


In this problem, r, = 6, 8, = 1, ry = 2, and 8, = 3n/4. 
p { 1 2 2 
= 9 cos{x— 32} sin(x 72) 
. seu A eg 


‘ (4 Sa\ |. (4a 32) 
=3 cos|—-— +isin|——— 
4 4 . 4 4 | 


f on mt | 
= 3| cos~+ isin | 
4 4, 


ae SSE 
Cc, = 6 (cos + isinz) and c,= 2{ cos 4 isin), 
Note: In Problems 18.28—18.30, 4 4 


18.29 Express c,, Cy, and c; + C> in rectangular form. 


Distribute the modulus in each complex number and evaluate the 
trigonometric expressions. 


c, = 6cosa + 6isina = 6(—1)+ 61(0) =—6 


320 sx _f J2). _ (V2) ee ge 

¢, = 2cos— + 2isin— = 2] -—— |+ 2:1] — ]=-v2 + V2: 
< ¢ d « 
4 4 \ 2 \ 2 / 
{ fg) 'f [5 \ 3 Ig 3 Ip 

C, : : TS ol V4 o:| V4 INS IVS 
“= = 3cos— +3isin— = 3| - +3) | 
C, 4 \ 2} \ 2 2 2 


c, = 6 (cos + isinz) and c, = 2{ cos + isin 2 ‘ 
Note: In Problems 18.28-18.30, 4 4, 


18.30 Verify your solution to Problem 18.28 by dividing the rectangular forms 
of the complex numbers. 


According to Problem 18.29, c; =—6 and & = —V2 + V2iCalculate Ci 
3/2 3/2 

. 7 é : = hee 

Cy to verify that the quotient is equal to 2 2 


The answer to Problem 18.28 written in rectangular form 


Apply the technique described in Problem 18.9, multiplying the 
numerator and denominator of c,/cy by the conjugate of c5. 


rm = 


i 
ly —/2 +J/2i 


—§6 —, lo sot J2 i 
—/2 + V2: —yV 9 = /2 1 
6/2 + 6/2 i 


~ 24+ 2)—-2i—2F 
_ 6V2 + 6y2i 
~ 2=2(-1) 

_ 6V2 + 6V2i 

2+2 
_ 6y2 +62: 
a 4 
Divide each of the terms in the numerator by the denominator. 


6 V2 6 J2 
_ + 


This verifies the quotient that you calculated in Problem 18.28 and 
converted into rectangular form in Problem 18.29. 


18.31 Calculate the quotient: 12(cos 120° + isin 120°) + [3(cos 25° + isin 
25°)]. 


Substitute r, = 12, 8, = 120°, rj = 3, and 8, = 25° into the formula 
introduced in Problem 18.28. 


4 =1{cos(0, -0,)+isin(0, -4,)] 
C5 


" 
12 
== [cos(120° -25°) + isin(120°— 25°)] 


= 4(cos 95° + isin 95°) 


18.32 Given ¢, = 18{ cos + isin =) and =: 2f cos + isin | calculate c>. 
5 Cs ~ 
Let c> = r(cos 8 + isin @) represent the unknown complex number. The 
modulus of the quotient (c, /cy) is equal to the quotient of the moduli 


(r,/rp). 


modulus of ¢, C 
res ee es eee modulus of. 
modulus of c, iP 

18 


r 


=. 


Cross-multiply and solve for r to calculate the modulus of c,. 


The argument of the quotient is equal to the difference of the 
arguments. Solve the following equation to calculate the argument 0 of 
Co. 


" 
» pe 

argument of c, argument of c, = argument of — 
€5 


Thus, c has modulus r = 9 and argument 8 = 281/15. 


c, =r(cos@+isin@) 


2} 


287 | 


Ls 


Ce =9| cos 
\ 5} 


wes, Bee 
+isin 
15 


De Moivre’s Theorem 
Raising complex numbers to powers 


Note: In Problems 18.33-18.36, z = 5(cos 30° + isin 30°). 
18.33 Apply De Moivre’s theorem to calculate z2. 


Given a complex number written in trigonometric form, you can apply 
De Moivre’s theorem to raise that complex number to exponents. 
Specifically, given complex number z = r(cos 6 + isin 8), the following 
formula represents z", such that n is an integer. 


[r (cos + isin 0)}" =" [cos(n) + isin(né)] 


In this problem, r = 5, 8 = 30°, andn = 2 


You’re squaring the complex number, so n = 2. If you were raising z 


to the ninth power, you would set n = 9. 


[5 li on a os (2+ 30°) +isin(2: 30°)] 
25(cos 60° + isin 60°) 


Note: In Problems 18.33-18.36, z = 5(cos 30° + isin 30°). 


18.34 Verify your answer to Problem 18.33 by expressing z in rectangular 
form and calculating z2. 


Begin by converting z to rectangular form. 
= 5(cos 30° + isin 30°) 
= 5cos 30° + 5isin 30° 


5|—_— +5i|— 
| 2 2) 


? [3 5 \ 
z= Z +3 
9 2 
53 5 \5V3 5 
= —*? +—1 
12 2} 2 2 
25(3) 25/3. 25/3. 25, 
= t t 
4 4 4 
75 50/3. 25. 
=—+——i+—(-1) 
4 4 
50 50V3 
=—— t 
4 4 
25 25/3 . 
—_ i 
2 2 


This complex number is equal to 25(cos 60° + isin 60°), the solution to 
Problem 18.33 in rectangular form. 


z” = 25cos60° + 25isin 60° 


f+ f 
1 \ V3 
a (—|+25 ———iN 
2) 2 
25 25/3 
~ 9 a, 


Note: In Problems 18.33—-18.36, z = 5(cos 30° + isin 30°). 
18.35 Calculate z3. 


Substitute r = 5, 8 = 30°, and n = 3 into De Moivre’s theorem. 
[r(cos0+ isind)]" =," [cos(n@)+ isin(n@)] 
[5(cos30° + isin30°)]’ = 5° [cos(3- 30°) + isin(3- 30°)| 


= 125(cos90° + isin 90°) 


Note: In Problems 18.33-18.36, z = 5(cos 30° + isin 30°). 
18.36 Calculate z°. 


Substitute r = 5, 8 = 30°, and n = 5 into De Moivre’s theorem. 
[r(cos@ + isin)]" = [cos(n@)+ isin(né)| 
[5(cos 30° + isin30°)]’ = 5° [cos(5- 30°) + isin(5-30°)] 


= 3,125(cos150° + isin 150°) 
: y Se aa £3 
18.37 Given «=2 cos] + ‘in alculate c4. 


Substitute r = 2, 8 = 7/4, and n = 4 into De Moivre’s theorem. 
[) (cosO+ isin@)]" =," [cos(n@)+ isin(né)] 


{ In .. In\t ., (4 In\ .. [A Tx 
2{ cos—+ isin} = 2"| cos| —:— + isin| = — 
\ 4 4 } (1 Ay l 


\ 


= 16(cos7+isin72) 


Although this answer is correct, it is customary to identify an angle 
coterminal to 7m that lies between 0 and 27, the bounds of 1 rotation 
on the unit circle. You conclude that c+ = 16(cos m + isin 7). 


0 ana 2T: 
Tw —27 = S47 
Sv -27r= 37 


Subtract 27 until you get a value between) = 39-2 = 4 


Note: In Problems 18.38—18.39, z, = 2(cos 40° + isin 40°) and z, = 3(cos 15° 
+ isin 15°). 


18.38 Calculate (z; z>)?. 


The order of operations dictates that you multiply inside parentheses 
before you raise the product to the second power. To calculate z; Z5, 


apply the formula presented in Problem 18.23. 
ZZ =H [ cos(4, +0,)+ isin(6, +0, )] 

=2: 3 ¢ os (40° + 15°) + isin (40° + 15°)] 

= 6(cos55° + isin 55°) 
Apply De Moivre’s theorem to raise the product z, Zz) = 6(cos 55° + 
isin 55°) to the second power. 

[6(cos55° + isin55°)] = 6° [c os(2-55°) +isin(2°55° )| 
= 36(cos110° +isin110°) 


Thus, (z, Z)? = 36(cos 110° + isin 110°). 


Note: In Problems 18.38—18.39, z1 = 2(cos 40° + isin 40°) and z2 


= 3(cos 15° + isin 15°). 


3 
be 
Z5 


Calculate the quotient inside the parentheses by applying the formula 
from Problem 18.28. 


a. =f. os(0, -—0,)+isin(0, -0, )] 
I 


~9 


18.39 Calculate 


2 m r 

=< [cos (40° — 15°) + isin (40° —15°)| 
2 

ae os 25° +78in 25°) 


Apply De Moivre’s theorem to raise the quotient to the third power. 
9 $ / 9\ $ 
|= (cosase + isin25*)| =|<| [cos(3- 25°) + isin(3-25°)] 
a \o/ 


= 57 (cos 75° +718in 75°) 
Roots of Complex Numbers 
Square roots, cube roots, etc. 


18.40 State the formula used to calculate the nth roots of complex number z = 
r(cos 8 + isin 8) and explain how to apply it. 


The number of nth roots of a complex number is equal to n. For 
example, if you are calculating square roots, then there are exactly n = 
2 square roots of z. Similarly, there are exactly n = 3 cube roots of z. 
These roots are evenly spaced around the unit circle according to the 


following formula. 
O+k-360° | 0+k-360°) 


p= Vr | cosx——_—— + isin ————_], such that k=0,1,---,n—1 
\ n n } 


In the formula, p, represents one root. The subscript merely numbers 


the roots, from 0 to n— 1. For example, when you calculate cube roots 
using this formula, n = 3 and the names of the cube roots are Do, P1, 


and p>. The highest subscript is 2, which is exactly one less than n = 3. 


Calculating roots is not complicated if you keep these facts in mind: 


¢ Each root has the same modulus, 7. Only the arguments of the roots 
vary. 
¢ The argument of the first root, po, is equal to 8/n. 


If you substitute k = 0 into Se 


, you get 2. 
* To calculate the remaining arguments, add 360°/n to the first 


argument. 


Note: In Problems 18.41-18.42, c = 16(cos 100° + isin 100°). 


18.41 Determine how many square roots exist for c and calculate the square 


root with the smallest argument. 


You are asked to calculate the square roots of c, son = 2. The number 
of roots is equal to n, so there are two square roots of c, named pp, and 


P,- The modulus of the roots is equal to the square root of r = 16, the 
6 
modulus of c. Thus, py and p, both have modulus ». 


The smaller the subscript of p, the smaller the argument of the root is. 
Therefore, Py always represents the root with the smallest argument. 


To calculate the argument of po, divide 8 = 100° by n= 2. 


é 
argument of p, =— 
i n 


_ 100° 
~ 9 


= 50° 


You conclude that pp is a square root of c; it has modulus 4 and 


argument 50°. 
Po = 4(cos 50° + isin 50°) 


Note: In Problems 18.41-18.42, c = 16(cos 100° + isin 100°). 


18.42 Calculate the remaining square root(s) of c. 


As Problem 18.41 explains, c has two square roots: Pp and p;. Both 
have the same modulus, so p, also has a modulus of V16 =4. To 


calculate the argument of the remaining root, first divide 360° by n= 
2. 


360° 360° 
— =—— = 180° 

n “ 
Add this value to the argument of pp, which is 50° according to 
Problem 18.41. That sum is the argument of pj. 


360 
argument of p, = argument of p, +— 
n 


= 50° + 180° 
= 230° 


You conclude that p, = 4(cos 230° + isin 230°). 


Note: In Problems 18.43-18.44, z = 8(cos 210° + isin 210°). 


18.43 Determine how many cube roots exist for z and calculate the cube root 
with the smallest argument. 


Exactly n = 3 cube roots exist for any complex number: Po, pj, and p>. 
You are asked to calculate pp, the cube root with the smallest 
argument. 


Not all books name the roots the same way. Your book might use a 
different letter than p, but the process is the same. 


Each of the roots has the same modulus: the cube root of the modulus 
of z. 
modulus of p,, p,, and p, = 4/modulus of z 

= 3/8 

=9 
The argument of pp is equal to 8 = 210° divided by n. 

argument of p, =— 
7 
_ 210° 
3 


= 70° 


You conclude that pp = 2(cos 70° + isin 70°). 


Note: In Problems 18.43-18.44, z = 8(cos 210° + isin 210°). 


18.44 Calculating the remaining cube roots of z. 


In Problem 18.43, you determine that py = 2(cos 70° + isin 70°). The 
moduli of p, and p> are equal to the modulus of po. To calculate the 
arguments of p, and p», you must first divide 360° by n = 3. The 
angles are evenly spaced at an interval of 360/n degrees around the 
unit circle. 


Add 120° to the argument of pp to calculate the argument of pj. 


360° 


argument of p, = argument of p, + 
= 70° + 120° 
= 190° 
Add 120° to the argument of p, to calculate the argument of pp. 


360° 


nm 


argument of p, =argument of p, + 
p rt 1 


= 190° +120° 
= 310° 
Recall that both p, and p, have modulus 2; their arguments are 190° 
and 310°, respectively. 
p, = 2(cos190° + isin190°) 
p, = 2(cos 310° + isin310°) 


18.45 Calculate the fifth roots of «= 243{cos= 4 isin | 


You are directed to calculate all of the fifth roots of complex number c. 
There are n = 5 fifth roots, named pp, Pj, P2, P3, and py. Each of the 
roots has the same modulus. 


modulus of p,, p,, Ps, P,, and p, = /modulus of z 
(243 


To calculate the argument of po, divide 8 = n/3 byn=5. 


6 
argument of p, =— 


You now know the modulus and argument of po, so you can express 
the complex number in trigonometric form. 


mY Bs on 
fp) =3 cos— + isin—| 
15 15, 


The remaining roots have arguments that are equally spaced around 
the unit circle, at an interval of 2r/n. 


This angle is measured in radians, so use the formula 27/» instead of 


360°/n. 


2x 2x 


n 5 
Add 2n/5 to the argument of pp to calculate the argument of p,. 


argument of p, = TI 
2) 


On 

~* 

argument of p, = argument of p, +— 
a 


mam 2x 

1 5 

x 6x 
=— + — 

15 15 
_ 7x 

15 


Add 2n/5 to the argument of p, to calculate the argument of p>. 


« 


argument of p, = argument of p, + - 


7x 20 
a sores 
15 5 

7x 6% 
SSO ae 

L5 5 
_ 132 


15 


Add 2n/5 to the argument of p> to calculate the argument of p3. 


argument of p, = argument of p, + = 
_ 13% , 2x 
1b 6 
13x 6x 
15 15 
19x 


Finally, Add 2n/5 to the argument of p3 to calculate the argument of py. 


« 


2m 
argument of p, = argument of p, + = 
> . ; a) 


_ 19x 2a 

15 5 
19x 6x 

= +— 
Ib 15 

_ 252 

~ 15 

_ oat 

~ 3 


List all of the fifth roots, recalling that each has modulus 4/243 = 8. 


14 er 
po = 3] cos— + isin— 
15 15 


- 


[Ix te 
p= 3| cos <= + isin 
15 l 


DIE. Syn OE 
p, = 3| cos— + isin— 
\ 3 3 


Appendix A 


TABLE OF TRIGONOMETRIC VALUES 


Nine pages that answer the question “Why do I need a calculator?” 


This table is presented in increments of quarter degrees; each of the other values 
(including the equivalent radian measure for the angle) is accurate to the 
thousandths place. 


Degrees Radians Cosine Tangent Secant Cosecant Cotangent 


a SC CA A A 
fos fonoa [oro Joona nos [1000 | 201m) [220182 
[030 [0000 [ox00 [ooo [oan [uno [rgzos ura 
a CE CC CC 
foo oor [o1so___Joor [oor [1.000 rae [ara 

Foor [oso foo oor [1.00 [asaio [45820 
rise [onas [100 [ones [035 —— c000 | 3.302 3168 
fizs foo [oro Joos _oosi [1.000 [32716 [32730 
[00 _Jooxs [ooo Joos [ooss [om] 2sosa__[2noxo 
2s fours [oo fooso fos [io fanart [2542 
fas0 _[ooss _[oooo _Joora _Joora [1.01] 22026 [22008 _] 
a7 foo foo oor foows [io _|20ais [20819 
[x00 [oose [oso [oose [oor _[.0or__]roa07 J 19081 
fz foos7  [ooos foos7 foos? [ion [izes0 [17611 
[aso __Jooor [aos Joost [oosr___[ 002 __]1s380 [150 
75 fooos [oss fooes [ooo [ion |is200  [inas7 
[00 _[oo70 _[oaos [oor [oor __[xooz_]ua36 [sor 
2s foo [ooo oom [oor [i.oos [isa [1Sas7 
raso oor [ooo7 oor» [oor [00s z7a___[12700 
7s fooss [o.007 Joos fooxs [00s [1207 [12035 
[00 ons? [oe Joos? [oos? [x08 Java] 1.430 
2s foo [ooo fooor foo [oo |10.929 [1088s 
[a0 [0006 [99s [0006 [00s [1.005 __]roass__[u0se5__ 
7s foi00 ‘foo foio0 foam‘ [i.oos joosi [oom 
fe00 [0105 [0995 __Joa0s Joos [1.006 oar [oss] 


For angles less than 20°, the radian measure of an angle is almost 
equal to its sine and tangent values. That’s why some people use the 
radian measure of an angle to approximate small sine and tangent 
values. 


Degrees Radian Sine Tangent Secant 


a CA CC 


37% 8.75 [o. 153 al 0.988 lois | [ 0.1 E a O12 Co 6007 
fozs fois foos7 Joan Jouss ros Joa foo | 
a A CN CC 
a a CC A a 
75 fo205 oom Jo Jo2s [ron [aon f4sas | 
a a a 


12.75 


CC 
a 
fas Toss Tosco fozso foam ioe ase [aasr 


Degrees Radians Sine secan Cotangent 


as a a a CC 
CE CE CO CEC 
rims fosio0 Joos fosos fos20 [ios [saa [sin 
is25___fosio [oss loss lossy [oss [sos [oss 
A OA CC CT CC CC EC 
hoa [oss Joos [oso Jos [1050 [sass Joao 
a 


75 fosso [oo fos toss [i077 [260 [2so7 | 


Pas Josss foos fos [oa iow [aon [2a 
a a a a CC 
zs Toss [oon Joan foaso [ion [ass [aw 
A CL CTS CT CE SO 


De s Radiar Six Tangent ent 


a CS CC 
jonas Toss fosst foams doss7 iiss aus [ise | 


a a a a a 
eC 
a a a a Ce 
Ee A (CC CE 
a a a 


Degrees Radians Sine ent t Cosecan Cotangent 


fre [oes fom fone form digests [ae | 


a a a a 
rams Jone forss oor» foo ]isce —[iars [os | 


A CO CO CC CC CC CC CC 
————— 
a 
ris25 Jomo foro fori om [iazo aos foo 
A CS CO CL A 
a a CC a 
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Degrees Ra nt 


EE CE CC CC CCE 
jio25 Tosco fosss dors Tutor [issz is20 Toss 
as as Ca Ce CC a 
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a CN CS CE 


A CT CS CC C(O 
a a a 
_— a a cs a Cc 


fm foors Joss fos dia fim fiz foot | 
pa pe — fs — fas fr — foe ae — 
a a CE CC 
ras ose fost os Tiss Tis Taso Too 
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De s Radiar Six Tangent ent 
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a a | | 
fret Joss foo fr fos rr Yrs — 


Degrees Ra Sine Tangent Cotangent 


Ca CC 
[7025 fizz fosss [oon [27s [zoo fist L030 
A CE CC CC EE OC 
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Deg s Radiar Six Tangent ent 


A 
a EC (| 
Cc CC CC 
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a a CC 
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A A CC CC CE CO 
srs [ior foo oor Yasar [ison [ios fours 
a VV 
fz75 [assez fooso [ooo Janae fanart fon foas9 | 
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Appendix B 


THE UNIT CIRCLE 


Just in case you didn’t memorize it 


ANGLES MEASURED IN RADIANS 


37 /2 J2 2 /2 
4(2"2 2° 2 


z:(=—1,0) 0, 27: (1,0) 


ix {V3 1 Ix (V3 1 

eo | 3°32 6 2""s 

5a 2 2 72 J2 2 

gla” 2 7 v3) “4 {2°79 
2 2 ” ¢ 


3x , 


ANGLES MEASURED IN DEGREES 


1 V3 1 V3 
120:[-} 3 90°: (0,1) 60": E 3 
sare. (_2 2 2’ 9 ae (v2 v2 
{22 : Ess 
150 ¥3 1 7 30": 31 
9'9 -. ae 
180°; (-—1,0) 0°, 360°: (1,0) 
210": v3 1 $30": 3 1 
9° 9 a 6 
as: (22) 
eS 


270°: (0,—1) 


Appendix C 


FORMULAS AND IDENTITIES 


To memorize or reference 


Chapter 1 


o a 


d* m a : 
* Degrees/minutes/seconds to decimal degrees: 60 3,600 


/ 
e-— 
* Degrees to radians: 180 


180 
* Radians to degrees: x 


* Arc length: s = ré 
Chapter 2 


¢ Pythagorean theorem: a2 + b2 = c2 


» 9 


¢ Distance formula: P=vl—") +(»-») 


_ length of leg opposite @ 


sin 
e length of hypotenuse 
length of leg adjacent to 6 
08 B= acc 
e length of hypotenuse 
length of leg opposite 6 
idee ee 
e length of leg adjacent to 0 
length of hypotenuse 
e length of leg opposite 0 
length of hypotenuse 
sec ; 


° length of leg adjacent to 


length of leg adjacent to 6 
coté =—— 


e length of leg opposite @ 


small angle difference _ small trigonometric value difference 
¢ Table interpolation: large angle difference large trigonometric value difference 


Chapter 3 


» 45° —45°— 90° triangles: J2-1=h 


oO ~syo o ° l 
50° — 60° — 90° triangles: s = 5h l= V3 "§ 


y4 


Chapter 4 


* Reference angle a for angle 8 terminating in the second quadrant: 
mZa=1—mZ0 


¢ Reference angle a for angle 8 terminating in the third quadrant: 
mZa=mZL0—2 


* Reference angle a for angle 8 terminating in the fourth quadrant: 
mZa=21—mZ0 


Chapter 5 


maximum value — minimum value 
¢ Amplitude of a periodic function: 2 


period of g(x) 
nx) = -—__—_—_—_*— 


( 
* Given periodic function g(x), the period of . n 


Chapter 7 


* Cofunction identities: 


_{x Ca) ae x) 
sin 9 = COSX cos a7 x}=sins tan 9 * =cotx 


x ‘x a 
CSC] —~— xX 1] = 8ccx seci——~— Xi = ca9cx col|—~—x |= tanx 
.2 \ 2 } ne 


* Reciprocal identities: 


sx =— tanx= 


cos 


sinx = 
CSC Xx cotx 


cotx = 
CcCOSxX tanx 


sec x = 


cscx = — 
sinx 
* Negative identities: 


sin(—x)=—sinx tan(—x)=—tanx cos(—*x)=cosx 


csc(—x)=—cscx cot(—x)=—cotx sec(—x)=secx 


¢ Pythagorean identities: 
cos’ x +sin’ x =1 
1+tan’ x = sec’ x 
1+cot® x= csc’ x 


¢ Sum and difference formulas: 


inf x = sj + in’ 
sin (x + y) sinx cos y+ cosx sin y 
+y 


cos(x ) = cosx cos y F sinx sin y 


Chapter 8 
* Double-angle formulas: 


sin 2x = 2 sinx cosx 


2 2 2 Ag 
cos2x = cos’ x—sin’ x =2cos° x—l1=1—2sin* x 


* Power-reducing formulas: 


P 1+cos2x 
cos x =— 
2 


= 1— cos 2x 
sin x= 


* Half-angle formulas: 


———— 
x 11+ cosx 
cos— = +,/————_- 
es ae 
|l—cosx 


= = 


¢ Product-to-sum formulas: 


cosx cos y= s[cos(x = y) a cos(x + y)| 
sinx sin y= s[eos(x- y)—cos(«+ y)] 
cosx sin y = [sin(x + y)—sin(x -»)| 


sin x cos y= sLsin(« + y) + sin(x— y)] 


¢ Sum-to-product formulas: 


xt+y xy 
cosx +cos y = 2cos cos 
; 2 2 
(Fo). [*— 9 
cosx— cos y=—2sin sin 
2 2 


scl eo ( 7 
sinx + sin y = 2sin cos 
> 2 2 


' 9 (4 9). (=) 
sinx —sin y = 2cos sin 
, 2 2 


¢ Tangent identities: 


tanx + tan y 
tan(x + y) ee 
1} tanx tan y 
2 tanx 
tan2s =——__— 
l—tan’ x 
‘ l— cos 2x 
tan* x = ————_ 
1+ cos2x 
x sinx 1—cosx 
tan— = ————_ = —_ 
2 1+cosx sin x 
Chapter 10 
—p+ Vb? —4ac 
: x = ———__ 
* Quadratic formula: 2a 
Chapter 12 


¢ Triangle area formulas: 


I 
A=—bh 
2 


l 
A=—xy sinZ 
2 


Sd . . ’ 
x” sinY sinZ 


Ps 
d 


* Heron’s formula: - 


measure of central angle ‘ 
tre 


¢ Area of a sector: measure of one full rotation 


Chapter 13 


sinA sinB sin€ 


*Lawofsines: a  »b c 


¢ Law of cosines: 


9 9 > 
a’ =b° +c" —2be cosA 
2 2 2 € . 
b° =a’ +c’ —2ac cosB 


c=at+h* —2ab cosC 
Chapter 14 


* Magnitude of ¥= (a): Iwl= va" +5" 


¥ 


v= 


* Unit vector of v in the same direction: || 


Chapter 15 


a. eae aN 
¢ Arithmetic vector addition: \@ ?)+(\% 4) =( 


. 4 : .f a o's] 
¢ Scalar multiplication: “\® 2) =\« 


* Horizontal and vertical components of a vector: 


x =|v|| cos0 


y= ||| sin@ 


tan@d = 


x [Ne 


=(a+c,b+d) 


2 sin X 
ee es | chytz 
— Js(s—x)(s—y)(s—z), where — 


Chapter 16 
¢ Dot product: (a, b) ° (c ,d ) =act+bd 


¢ Alternate dot product formula: vw =|/¥||||™| cosé 
vw 
sags ——__ = cos@ 
* Modified dot product formula: ||¥|||| 
P vw 
proj, v= lm 


¢ Vector projection: 
° Work: 
W =||F| |ld|], when F and d have the same direction 
W=F-d 


W= |pre riaF | ||cl| 


—./ 77 b 
=Va +b 


Zz 


Chapter 18 
¢ Absolute value/modulus of complex number z = a + bi: 


z D 
=arctan— 
a 


6 
¢ Argument of complex number z = a + bi: 
6, +0,)+isin(0, +8, )] 


¢ Product of complex numbers: * * ~" "2 [cos 
=“ [cos(4, —0,)+isin(6, -0,)| 
r . : 


le 


* Quotient of complex numbers: * 


¢ De Moivre’s theorem: [r(cosO + isin6)|" =" [cos(n@) + isin(n@)| 
- O6+k: 360° | 6+k- 360° 
rt 


= ar(cos 
n n 


* Roots of complex numbers: \ | such that 
k=0,1L--,n—1 


Index 


ALPHABETICAL LIST OF CONCEPTS WITH PROBLEM NUMBERS 


This comprehensive index organizes the concepts and skills discussed within the 
book alphabetically. Each entry is accompanied by one or more problem 
numbers, in which the topics are most prominently featured. 


All of these numbers refer to problems, not pages, in the book. For example, 4.9 
is the ninth problem in Chapter 4. 


Numbers & Symbols 


30°-60°-90° triangle: 1.34, 3.10-3.21, 12.6, 12.8-12.10, 12.21 
45°—45°-90° triangle: 2.7, 3.1-3.9, 12.7, 12.15-12.16, 15.40 
m/4—n/4—n/2 triangle: see 45°-45°-90° triangle 

m/6—n/3—n/2 triangle: see 30°-60°-90° triangle 


A 


absolute value 
(of a) complex number: 18.13 
(of a) real number: 8.26-8.27 
adding 
complex numbers: 18.6 
vectors (algebraically): 15.12, 15.15, 15.17, 15.20, 15.29, 16.48 
vectors (graphically): 15.1-15.11, 15.14, 15.27, 16.41, 16.44 
adjacent leg: 2.15—2.16, 2.18—2.23, 2.43-2.44, 3.14 
ambiguous case: 13.9-13.12 
amplitude: 5.4, 5.8, 5.11, 5.31 
angle 
between vectors: 16.19-16.27, 16.29, 16.36 
complementary: 1.31-1.34 
converting units of measure: 1.20-1.30 
coterminal: 4.16—4.29 
degrees: 1.10, 1.14, 1.16 
initial side: 1.6—1.8 
minutes/seconds: 1.18—1.19 
naming: 1.2 
negative: 1.17, 1.26, 1.28 


radians: 1.11—1.14, 1.17 
reference: 4.1-4.5, 4.30, 4.33, 4.37, 4.44, 7.45 
revolutions: 1.9, 1.14-1.15 
right: 1.14 
standard position: 1.3—-1.8, 1.14 
straight: 1.35-1.37 
supplementary: 1.35-1.39 
terminal side: 1.6—1.8, 1.15-1.17, 3.34, 3.36, 4.36, 4.40, 4.44 
angular coordinate: 17.16, 17.45 
arc 
central angle: 1.40-1.45 
length: 1.41-1.45, 12.37, 12.42 
major: 1.45 
measure: 1.40 
minor: 1.45 
radius: 1.41-1.45 
arccosine: 9.5—9.8, 9.21, 9.23, 9.25, 11.25-11.26, 13.16, 13.21 
arcsecant: 9.25 
arcsine: 9.9-9.11, 9.17, 9.20, 9.22, 9.24, 12.43, 13.11, 13.17, 13.19 
arctangent: 9.12—9.14, 9.19, 9.26, 11.12, 11.21, 11.35 
area of a triangle 
AAS: 12.19-12.20 
ASA: 12.19, 12.22-12.24 
base and height: 12.1—12.12, 12.15, 12.21, 12.28 
Heron’s formula: 12.25-12.27, 12.29-12.34, 12.44, 13.24 
SAS: 12.14, 12.16-12.18, 12.24, 13.22 
SSS: 12.25-12.27, 12.29-12.34, 12.44, 13.24 
argument: 18.15, 18.19 
asymptote: 5.10, 6.2, 6.7, 6.12, 6.17, 9.14 


B-C 


base: 12.1-12.12, 12.15, 12.21, 12.28 


calculator-based values: 2.37—2.45 
central angle: 1.40—-1.45, 12.35, 12.37-12.39, 12.41, 12.43 
circle: 12.35—-12.45, 17.12, 17.43-17.44 
circumference: 1.13, 1.42, 12.40 
cofunction identity: 7.1-7.4, 7.6, 7.11—7.12, 7.17—7.18, 7.40-7.41, 8.16 
commutative: 15.5, 16.5-16.6 
complementary angles: 1.31—1.34 
complex fraction: 2.28 
complex number 
absolute value: 18.13 
adding: 18.6 
argument: 18.15, 18.19 
conjugate: 18.2, 18.4, 18.9, 18.12, 18.30 
De Moivre’s theorem: 18.33, 18.35-18.39 
dividing: 18.9, 18.12, 18.28, 18.30-18.32, 18.39 


imaginary part: 18.1 
modulus: 18.13—-18.14, 18.18 
multiplying: 18.8, 18.11, 18.23, 18.25-18.27, 18.38 
plot: 18.3-18.4 
real part: 18.1 
rectangular form: 18.1-18.17, 18.21-18.22, 18.24-18.25, 18.29-18.30, 18.34 
roots: 18.40-18.45 
trigonometric form: 18.16, 18.18-18.23, 18.26—18.28, 18.31-18.33, 18.35-18.45 
component form: 14.12—14.24, 14.31-14.32, 15.19-15.20, 15.38-15.44 
compression: see graphing transformations 
conjugate: 18.2, 18.4, 18.9, 18.12, 18.30 
conversion fraction: 1.20—1.30 
converting 
between degrees and radians: 1.24—1.30 
between degrees and revolutions: 1.20-1.21 
between minutes/seconds to decimal form: 1.18-1.19 
between parametric and rectangular form: 17.4, 17.7, 17.10, 17.12, 17.14 
between polar and rectangular form: 17.30-17.42, 17.46-17.47 
between radians and revolutions: 1.22-1.23 
coordinate plane: 2.8, 3.5-3.8, 3.17-3.22 
cosecant: 2.22, 2.24, 3.43, 4.39, 4.44, 6.16-6.20 
cosine: 2.18, 2.20, 2.26, 2.27-2.28, 2.43, 3.14, 3.22, 3.24, 3.26, 3.28, 3.30, 3.32, 3.35, 3.39-3.40, 4.4, 4.28, 
4.32, 4.37, 4.43, 5.35-5.41, 6.11, 12.12, 15.37-15.44 
cotangent: 2.21, 2.25, 3.42, 4.29, 4.38, 4.42, 4.45, 6.6-6.10 
coterminal angles: 4.16—4.29 
cube root: 18.43-18.44 


D-E-F 


De Moivre’s theorem: 18.33, 18.35-18.39 
degrees: 1.10, 1.14, 1.16 
diameter: 1.13, 1.42, 1.44 
difference of perfect squares: 8.13, 8.41, 10.17, 10.21 
direction angle (of a vector): 14.44-14.48, 14.50-14.51, 15.37-15.44 
displacement: 16.49-16.52 
distributive: 16.9-16.16 
dividing complex numbers: 18.9, 18.12, 18.28, 18.30—18.32, 18.39 
domain: 5.1, 5.6, 5.10, 6.2, 6.4, 6.7, 6.11, 6.16, 9.7, 9.11, 9.14 
dot product 
alternate version: 16.17, 16.21—16.27, 16.29-16.30 
modified version: 16.35—16.36 
standard version: 16.1-16.16, 16.18, 16.30, 16.34, 16.37-16.40, 16.45-16.46, 16.48, 16.50-16.51 
double-angle formula 
cosine: 8.8-8.16, 8.18, 8.45, 11.30 
sine: 8.1-8.7, 8.11-8.13, 8.16, 8.45, 11.29, 11.31 
tangent: 8.39-8.41, 11.31 


equation: see solving equations 
equivalent vectors: 14.3—14.4, 14.7-14.11, 14.18, 14.34, 15.36 


exact solutions: 9.17, 9.19, 10.3, 10.5-10.6, 10.11 


factoring 
difference of perfect squares: 10.17, 10.21 
greatest common factor: 10.16 
(by) grouping: 10.22-10.23 
trinomials: 10.18—-10.20, 10.26, 10.29, 10.44 
force: 16.49-16.52 
formula: see identity 
function: 9.2 


G-H 


general distance formula: 2.11—2.12 
general solution: 9.16, 10.2, 10.4, 10.7, 10.9-10.10, 10.16, 10.18-10.19, 10.21—10.22, 10.40-10.41, 10.43, 
10.45, 11.11—11.12, 11.20-11.22 
graphing parametric curves: 17.1-17.3, 17.5-17.6, 17.8-17.9, 17.11, 17.13 
graphing polar equations: 17.43—17.50 
graphing transformations 
horizontal compression: 5.20, 5.32, 5.38, 5.41, 6.5, 6.9, 6.15 
horizontal shift: 5.15-5.17, 5.27, 5.33, 5.36-5.37, 5.39-5.41, 6.4, 6.10, 6.20 
horizontal stretch: 5.21, 5.34, 5.39-5.40, 6.19 
reflection about x-axis: 5.22, 5.24, 5.29, 5.34, 6.10, 6.14, 6.20 
reflection about y-axis: 5.23, 5.25, 5.30, 5.38, 6.8 
reflection about y = x: 9.4 
vertical compression: 5.19, 5.34, 6.9 
vertical shift: 5.13-5.14, 5.17, 5.25, 5.28, 5.33, 5.38, 6.5, 6.8, 6.14 
vertical stretch: 5.18, 5.24, 5.31, 5.37, 6.3 
graphing trigonometric functions 
cosecant: 6.16-6.20 
cosine: 5.35—-5.41, 6.11 
cotangent: 6.6—6.10 
secant: 6.11-6.15 
sine: 5.26—5.34, 6.16 
tangent: 6.1-6.5, 6.10 
greatest common factor: 10.16 
grouping (factoring by): 10.22—10.23 


half-angle formula 
cosine: 8.22, 8.24, 8.26 
sine: 8.23, 8.25, 8.27 
tangent: 8.44—8.45, 11.34 
head-to-tail technique: see adding vectors (graphically) 
height: 12.1-12.12, 12.15, 12.21, 12.28 
Heron’s formula: 12.25—12.27, 12.29-12.34, 12.44 
horizontal line test: 9.2, 9.5 
hypotenuse: 2.1—2.10, 2.13—2.20, 2.22—2.24, 2.26-2.28, 2.42—2.43, 2.45, 3.6-3.7, 3.11-3.14, 3.22 


I-J-K 


i: see standard unit vector 
identity 
cofunction: 7.1—7.4, 7.6, 7.11—7.12, 7.17-7.18, 7.40-7.41, 8.16 
double-angle: 8.1—8.16, 8.18, 8.39-8.41, 8.45 
half-angle: 8.22-8.27, 8.44 
negative: 7.13—7.22, 7.33, 8.30 
power-reducing: 8.17-8.23, 8.42-8.43 
product-to-sum: 8.28-8.31 
Pythagorean: 7.23-7.33 
reciprocal: 7.5—7.10, 7.12, 7.14-7.15, 7.19-7.20, 7.22, 7.26, 7.30-7.33 
simplifying: 7.1-7.4, 7.6-7.12, 7.14-7.15, 7.18, 7.21, 7.26—7.28, 7.30, 7.43, 8.3, 8.13, 8.16, 8.26-8.27, 
8.37-8.38, 8.41 
sum and difference: 7.34—7.45, 8.2, 8.29, 8.36-8.39 
sum-to-product: 8.32-8.35 
verifying: 7.16—-7.17, 7.19-7.20, 7.22, 7.24—7.25, 7.29, 7.31-7.33, 7.41, 7.44, 8.2, 8.6-8.7, 8.9, 8.11, 8.14, 
8.18, 8.21-8.23, 8.29, 8.31, 8.35, 8.39, 8.42 
imaginary number: 18.1, 18.5 
initial point: 14.1-14.14, 14.16, 14.18 
initial side: 1.6-1.8 
interpolation: 2.32—2.36 
interval notation: 5.1—5.2, 5.6—-5.7 
inverse 
functions: 9.1—-9.4 
trigonometric functions: 2.40-2.41, 2.43, 2.45, 3.27-3.28, 3.45, 9.5-9.26, 10.4—10.6, 10.11, 10.22-10.23, 
10.28-10.30, 10.32, 10.45, 11.12, 11.21, 11.25-11.26, 11.35, 12.43, 13.11, 13.16-13.17, 13.19, 13.21 
isosceles triangle: 2.7, 2.13, 3.4, 12.7, 12.15-12.16, 12.28, 12.43 


j: see standard unit vector 


L-M 


law of cosines 
formula: 13.13-13.14 
SAS: 13.18-13.21, 13.23 
SSS: 13.14-13.17, 13.21 
law of sines 
AAS: 13.2-13.4, 13.8 
ambiguous case: 13.9-13.12 
ASA: 13.5-13.7 
formula: 13.1 
SSA: 13.9-13.12, 13.17, 13.19 
leg: 2.1-2.10, 2.13-2.28, 2.42-2.45, 3.6-3.7, 3.11-3.14, 3.22 
lemniscate: 17.50 
length (of an arc): 1.41-1.45 
length, signed: 4.34.5, 4.30-4.35, 4.37—4.39, 4.41-4.45 


limacon: 17.48 
linear trigonometric equation: see simple equation 


magnitude: 14.25—14.36, 14.38-14.40, 14.48-14.51, 15.20, 15.24, 15.26-15.28, 15.31, 15.34, 15.38-15.45, 
16.7-16.8, 16.49-16.50, 16.52 

major arc: 1.45 

maximum: 5.3-5.4, 5.8 

measure 
angle: 1.9-1.17, 1.20-1.30 
arc: 1.40 

minimum: 5.3-5.4, 5.8 

minor arc: 1.45 

minutes: 1.18—-1.19 

modulus: 18.13-18.14, 18.18 

multiple-angle equation: 10.34—10.45, 11.8 

multiplying 
complex numbers: 18.8, 18.11, 18.23, 18.25—-18.27, 18.38 
vectors: see scalar multiplication or dot product 


N-—O-P 


negative 
angles: 1.17, 1.26, 1.28 
identities: 7.13-7.22, 7.33, 8.30 
notation 
interval: 5.1-5.2, 5.6—5.7 
set: 5.1-5.2, 5.6-5.7 


one-to-one function: 9.2 
opposite 
leg: 2.15-2.17, 2.19, 2.23, 2.42, 2.44—2.45 
vector: 14.5, 14.15, 15.7, 15.9-15.11 
orthogonal: 16.31—-16.40, 16.42, 16.47 


parallel lines: 1.38 
parametric equations: 17.1—17.14 
perimeter 
sector: 12.37, 12.42 
triangle: 13.3 
period: 5.5, 5.9, 5.12, 5.32, 5.41, 6.2, 6.5-6.6, 6.11 
periodic functions: 5.1—-5.41, 6.1-6.20 
perpendicular: 12.4—12.12, 13.3, 16.31 
plotting vectors: 14.1, 14.6, 14.14, 14.16, 14.22-14.23, 16.19, 16.32, 16.47 
polar 
angle: see angular coordinate 
axis: 17.16 
coordinates: 17.15—-17.34, 17.37-17.41 
equations: 17.35-17.36, 17.42-17.50 
pole: 17.15 


power-reducing formula 
cosine: 8.17, 8.19-8.22, 8.42 
sine: 8.17-8.18, 8.21, 8.23, 8.42 
tangent: 8.42-8.43 
product-to-sum formula: 8.28-8.31 
projection (of a vector): 16.42—16.48, 16.50, 16.52 
proportion: 2.33, 2.35-2.36 
Pythagorean identity: 7.23—7.33, 8.6-8.7, 8.10, 8.18, 8.21, 8.41, 11.14—11.23, 11.25-11.26, 11.28, 11.33- 
11.34 
Pythagorean theorem: 2.1—2.10, 2.13—2.14, 2.24, 2.26, 3.2, 7.45, 8.4-8.5, 12.5, 12.28, 12.33 


quadrantal: 3.36 


quadratic equation: 10.16—10.19, 10.20, 10.24—10.32, 10.44—10.45 
quadratic formula: 10.24—10.25, 10.27-10.28, 10.30—-10.32, 10.45, 11.21, 11.35 


radial coordinate: 17.15, 17.43-17.44 
radian: 1.11—1.14, 1.17 
radius: 1.41-1.45, 12.35-12.45, 17.15, 17.43-17.44 
range: 5.2, 5.7, 5.10, 6.2, 6.7, 6.13, 6.18, 9.8, 9.11, 9.14 
rational equation: 11.7—11.13, 11.27, 11.31, 11.34-11.35 
rationalizing the denominator: 3.3, 3.7, 4.31-4.32, 4.34-4.35, 4.38-4.39, 4.43-4.45, 14.40 
real part of a complex number: 18.1 
reciprocal: 2.21—2.22, 2.24, 2.26, 3.30, 6.12, 6.17 
reciprocal identity: 7.5—7.10, 7.12, 7.14—7.15, 7.19—7.20, 7.22, 7.26, 7.30—7.33 
rectangle: 12.1 
rectangular form: 17.4, 17.7, 17.10, 17.12, 17.14, 17.30-17.42, 17.46, 18.1-18.17, 18.21-18.22, 18.24— 
18.25, 18.29-18.30, 18.34 
reference angle: 4.1—4.5, 4.30, 4.33, 4.37, 4.44, 7.45, 8.4-8.5, 13.12 
reflection: see graphing transformations 
restricted domain and range: 9.5, 9.9, 9.11—-9.12, 9.14, 9.20-9.26 
resultant vector: 15.1-15.11, 15.14 
revolution: 1.9, 1.14-1.15 
right angle: 1.14 
right triangle 30°-60°—-90° triangle: 1.34, 3.10-3.21 
45°-45°-90° triangle: 2.7, 3.1-3.9 
adjacent leg: 2.15—2.16, 2.18-2.23, 2.43—2.44, 3.14 
cosecant: 2.22, 2.24 
cosine: 2.18, 2.20, 2.26—2.28, 2.43, 12.12 
cotangent: 2.21, 2.25, 3.42, 4.29, 4.38, 4.42, 4.45 
hypotenuse: 2.1—2.10, 2.13—2.20, 2.22-2.24, 2.26-2.28, 2.42-2.43, 2.45, 3.6-3.7, 3.11-3.14, 3.22 
isosceles: 2.7, 3.4 
leg: 2.1-2.10, 2.13-—2.28, 2.42-2.45, 3.6-3.7, 3.11-3.14, 3.22 
opposite leg: 2.15—-2.17, 2.19, 2.23, 2.42, 2.44—2.45 
Pythagorean theorem: 2.1—2.10, 2.13-2.14, 2.24, 2.26, 3.2, 7.45, 8.4-8.5, 12.5, 12.28, 12.33 
secant: 2.22, 2.26, 4.35, 4.44 
sine: 2.17, 2.20, 2.24, 2.27-2.28, 2.42, 2.45, 12.43 
tangent: 2.19, 2.21, 2.23, 2.28, 2.44, 2.46, 12.11, 14.44-14.45 


terminal side: 1.6—1.8, 1.15-1.17, 3.34, 3.36 
roots of complex numbers: 18.40—18.45 
rose curve: 17.49 


S 


same-side interior angles: 1.38 
scalar multiplication: 14.46-14.48, 14.50-14.51, 15.21-15.36, 16.3-16.4, 16.12-16.16 
secant: 2.22, 2.26, 3.30, 4.35, 4.44, 6.11-6.15 
seconds: 1.18—1.19 
sector 
area: 12.35, 12.38-12.39, 12.41, 12.43, 12.45 
perimeter: 12.37, 12.42 
semicircle: 1.45 
semiperimeter: 12.25-12.27, 12.29-12.32, 12.34, 12.44, 13.24 
set notation: 5.1—5.2, 5.6—5.7 
shift: see graphing transformations 
side: 1.1 
signed length: 4.3—-4.5, 4.30-4.35, 4.37-4.39, 4.41-4.45 
simple equation: 9.15—9.19, 10.1—10.11, 10.33—10.45 
simplifying identities: 7.1-7.4, 7.6—7.12, 7.14—7.15, 7.18, 7.21, 7.26-7.28, 7.30, 7.43, 8.3, 8.13, 8.16, 8.26— 
8.27, 8.37-8.38, 8.41 
sine: 2.17, 2.20, 2.24, 2.27-2.28, 2.42, 2.45, 3.22, 3.25, 3.27, 3.32, 3.37-3.38, 3.41, 3.45, 4.3, 4.26, 4.31, 
4.33, 4.44, 5.26-5.34, 6.16, 12.43, 15.37-15.44 
solution 
exact: 9.17, 9.19, 10.3, 10.5-10.6, 10.11 
general: 9.16, 10.2, 10.4, 10.7, 10.9-10.10, 10.16, 10.18-10.19, 10.21-10.22, 10.40-10.41, 10.43, 10.45, 
11.11-11.12, 11.20-11.22 
(on an) interval: 9.15, 9.18, 10.1, 10.8, 10.14, 10.17, 10.20, 10.23, 10.27—10.30, 10.32-10.39, 10.42- 
10.44, 11.1-11.10, 11.13-11.19, 11.23-11.35 
solving equations 
(involving) double-angle identities: 11.29-11.31 
(involving) half-angle formulas: 11.34 
multiple angles: 10.34—10.45, 11.8 
(using) Pythagorean identities: 11.14—-11.23, 11.25-11.26, 11.28, 11.33-11.34 
quadratic: 10.16—10.20, 10.24—10.32, 10.44-10.45 
rational: 11.7—11.13, 11.27, 11.31, 11.34-11.35 
simple: 9.15—9.19, 10.1—10.11, 10.33-10.45 
(using) square roots: 11.2—11.7, 11.10, 11.14—-11.15, 11.20 
(by) squaring both sides: 11.23-11.26, 11.28 
(involving) sum and difference formulas: 11.32—11.33, 11.35 
(using) trigonometric identities: 11.4—11.23, 11.25-11.26, 11.28-11.35 
zero-product property: 11.1, 11.3, 11.6, 11.10—11.11, 11.16—11.19, 11.22-11.23, 11.25, 11.29-11.34 
solving triangles: 13.1-13.24 
square root: 11.2—11.7, 11.10, 11.14—11.15, 11.20, 18.41-18.42 
standard position: 1.3-1.8, 1.14, 3.5-3.8, 3.17—3.22 
standard unit vector: 14.41-14.43, 15.8-15.9 
straight angle: 1.35-1.37 
stretch: see graphing transformations 


subtend: 1.12, 1.40 
subtracting 
complex numbers: 18.7, 18.10 
vectors (algebraically): 15.13, 15.16, 15.18-15.19, 15.30-15.35 
vectors (graphically): 15.7, 15.9-15.11 
sum and difference formula 
cosine: 7.37—7.39, 7.41, 7.43, 8.9, 8.29, 11.32 
sine: 7.34—7.36, 7.40, 7.43-7.45, 8.2, 11.33 
tangent: 8.36—8.39, 11.35 
sum-to-product formula: 8.32-8.35 
supplementary angles: 1.35—1.39 


1 


tangent: 2.19, 2.21, 2.23, 2.28, 2.44, 3.29, 3.33, 3.44, 4.5, 4.30, 4.34, 4.41, 4.45, 6.1-6.5, 6.10, 12.11, 
14.44-14.45, 15.37 
terminal point: 14.1-14.14, 14.16, 14.18 
terminal side: 1.6—-1.8, 1.15-1.17, 3.34, 3.36, 4.36, 4.40, 4.44 
transformation: see graphing transformations 
transversal: 1.38 
triangle 
area: see area of a triangle 
right: 1.34 
sides: 1.1 
vertex: 1.1, 1.3 
trigonometric form of a complex number: 18.16, 18.18-18.23, 18.26-18.28, 18.31-18.33, 18.35-18.45 
trigonometric function 
cosecant: 2.22, 2.24, 3.43, 4.39, 4.44, 6.16-6.20 
cosine: 2.18, 2.20, 2.26—2.28, 2.43, 3.14, 3.22, 3.24, 3.26, 3.28, 3.30, 3.32, 3.35, 3.39-3.40, 4.4, 4.28, 
4.32, 4.37, 4.43, 5.35-5.41, 6.11, 12.12, 15.37-15.44 
cotangent: 2.21, 2.25, 3.42, 6.6—6.10 
inverse: 9.5—9.26 
outside of the unit circle: 4.26, 4.28-4.45, 7.45 
secant: 2.22, 2.26, 3.30, 6.11-6.15 
sine: 2.17, 2.20, 2.24, 2.27-2.28, 2.42, 2.45, 3.22, 3.25, 3.27, 3.32, 3.37-3.38, 3.41, 3.45, 4.3, 4.26, 4.31, 
4.33, 4.44, 5.26-5.34, 6.16, 12.43, 15.37-15.44 
tangent: 2.19, 2.21, 2.23, 2.28, 2.44, 2.46, 3.29, 3.33, 3.44, 4.5, 4.30, 4.34, 4.41, 4.45, 6.1-6.5, 6.10, 
12.11, 14.44-14.45, 15.37 
trigonometric identity: see identity 
trigonometric tables: 2.29-2.36 
trigonometric triangle area formula: 12.13-12.14, 12.16-12.20, 12.22-12.27, 12.29-12.34 


U-V 


undefined: 5.10 
unit circle: 3.8, 3.18-3.19, 3.23-3.45, 4.26, 4.28-4.29, 5.26, 5.35 


unit vector: 14.37-14.43, 14.48, 14.50-14.51, 15.31, 16.28-16.30 


vector 
adding algebraically: 15.12, 15.15, 15.17, 15.20, 15.29, 16.48 
adding graphically: 15.1-15.11, 15.14, 15.27, 16.41, 16.44 
angle between vectors: 16.19-16.27, 16.29, 16.36 
component form: 14.12-14.24, 14.31-14.32, 15.19-15.20, 15.38-15.44 
direction angle: 14.44-14.48, 14.50-14.51, 15.37-15.44 
displacement: 16.49-16.52 
dot product: 16.1-16.18, 16.27, 16.29-16.30, 16.34—16.40, 16.45-16.46, 16.48, 16.50-16.51 
equivalent: 14.3—14.4, 14.7-14.11, 14.18, 14.34, 15.36 
force: 16.49-16.52 
head-to-tail technique: see adding vectors (graphically) 
initial point: 14.1-14.14, 14.16, 14.18 
magnitude: 14.25-14.36, 14.38-14.40, 14.48-14.51, 15.20, 15.24, 15.26-15.28, 15.31, 15.34, 15.38- 
15.45, 16.7-16.8, 16.49-16.50, 16.52 
multiplying: see scalar multiplication or dot product 
naming: 14.2 
opposite: 14.5, 14.15, 15.7, 15.9-15.11 
orthogonal: 16.31—-16.40, 16.42, 16.47 
plotting: 14.1, 14.6, 14.14, 14.16, 14.22-14.23, 16.19, 16.32, 16.47 
projection: 16.42-16.48, 16.50, 16.52 
resultant: 15.1-15.11, 15.14 
scalar multiplication: 14.46-14.48, 14.50-14.51, 15.21-15.36, 16.3-16.4, 16.12-16.16 
standard unit vectors: 14.41—14.43, 15.8-15.9 
subtracting algebraically: 15.13, 15.16, 15.18-15.19, 15.30-15.35 
subtracting graphically: 15.7, 15.9-15.11 
terminal point: 14.1-14.14, 14.16, 14.18 
unit vector: 14.37-14.43, 14.48, 14.50-14.51, 15.31, 16.28-16.30 
work: 16.49-16.52 
zero vector: 16.35 
verifying identities: 7.16—7.17, 7.19—7.20, 7.22, 7.24—7.25, 7.29, 7.31—7.33, 7.41, 7.44, 8.2, 8.6-8.7, 8.9, 
8.11, 8.14, 8.18, 8.21-8.23, 8.29, 8.31, 8.35, 8.39, 8.42 
vertex: 1.1, 1.3 
vertical asymptote: see asymptote 
vertical line test: 9.2 


W-X-Y-Z 


work: 16.49-16.52 
y-symmetric: 5.38 


zero-product property: 10.12—10.23, 10.26, 10.29, 10.44, 11.1, 11.3, 11.6, 11.10-11.11, 11.16—11.19, 11.22- 
11.23, 11.25, 11.29-11.34 
zero vector: 16.35 


